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On a class of vector-valued entire Dirichlet series
in n variables

LAKSHIKA CHUTANI, NIRAJ KUMAR, AND GARIMA MANOCHA

ABSTRACT. We consider a class F' of entire Dirichlet series in n variables,
whose coefficients belong to a commutative Banach algebra E. With a
well defined norm, F' is proved to be a Banach algebra with identity.
Further results on quasi-invertibility, spectrum and continuous linear
functionals are proved for elements belonging to F'.

1. Introduction

Let E be a commutative Banach algebra with the identity such that all
non-null elements of E are invertible. In this case E is also a field. Let

oo oo o0
f(s1,82,...,8n) = Z Z ) Z aml,mz,...,mne(Alml 51+A2,, $24+ Ay, Sn)

mi1=1meo=1 mnp=1
(1.1)

be an n-tuple Dirichlet series, where am, mo,..m, € £, sj = oj +it;, j =
1,2,...,n, and
0<Ap, <Apy <+ <Ay, w00 ask o0, for p=1,2,...,n.
To simplify the form of n-tuple Dirichlet series, we use the following notation:
s =(s1,82,...,8,) € C",
m = (my,ma,...,my) € C",
A, = (Alml,)\gm, .. .,)\nmn) e R".

We further define

M8 = Ay 81+ A2, 82+ 0+ Ay S,
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g = Aty g, 4002
jm] = my + g+ -+ 1

Thus, the series (|1.1)) can be written as

Nmp ?

F(8) =" aperrmn®, (1.2)
m=1

Janusauskas [I] showed that if there exists a tuple p > 0 = (0,0, ...,0) such
that

[o¢]
1
hm sup Zk:l og myg _

|m|—o0 p)\nmn

0, (1.3)

then the domain of absolute convergence of coincides with its domain
of convergence. Sarkar [6] proved that a necessary and sufficient condition
for the series with a,, € C and satisfying to be entire, i.e., to
converge in the whole complex plane, is

lim 10g Jam| = —00. (1.4)

|m|—o0 })\nmn ‘

Liang and Gao [5] investigated the convergence and growth of n-tuple
Dirichlet series and thus established an equivalence relation between order
and the coefficients. Vaish [7] proved a necessary and sufficient condition so
that Goldberg order of multiple Dirichlet series defining an entire function
remained unaltered under rearrangements of the coefficients of the series.
Kumar and Manocha in [2] generalised the condition of weighted norm for a
Dirichlet series in one variable. In the present paper, we extend some results
from [2] and also prove some new results for a Dirichlet series in n variables.

2. Basic results

In this section, some basic results are proved which are required to prove
our main results.

Lemma 1. The following conditions are equivalent.

: log(mi+mo+-+mn
(a) imsupj,| o0 Nty Fhamy P = D < co.

(b) limsup,,,, o0 h;fmk’ =Dp<oo, keN={1,2,...}.
my,

(c) There exists o, 0 < av < 00, such that the series

oo
Z o~ (Mnmy FA2my o+ A0, ) (2.1)

mi,ma,...,Mp=1

converges.



ENTIRE DIRICHLET SERIES IN n VARIABLES 5

Proof. (a)=(b). Let € > 0 be arbitrary. There exists My = My(e) such
that

log (my +my + -+ +my) < (D+e€) (A, + A2, + + Anpyy)
for my +mo + -+ - + my, > My. According to the relation
Vmimg . omy < (mp+me+ -+ my),
we get,

log my,

Mnm, + Ay, + -+ A
< 2AD 4 e o
kmk kmk
where M = M (e).

(b)=(c). For arbitrary numbers ¢, > 0, 1 < k < n, we may choose
My (ex), 1 <k <mn, such that

) ]-Skénv meMa

logmk < (Dk + Ek))\kmk, 1<k < n, mg > Mk(ek)

Then the series (2.1)) converges for a > max;<p<n(Dy + €x).
(c)=(a). Let S be the sum of the series (2.1). There exists My € N such
that

Mi1g,M2q,---,Mng
g eia(’\lm1+)‘2m2 A, ) < S for my,,ma,, ..., My, > M,.

mi,mg,...,mnp=1
Hence

—a(A A A
M1, M2y -+ Mg € a( Ly TA2my Tt nmn)

mlo,m20 ,ooMing

< > Aty FAomy + P ) G < o,

mi,ma,...,mp=1

Thus
log (my +mg + -+ my)

lim sup
m1+m2---+mnaoo)\1m1 + A2m2 + -+ )\nmn

lo .
< lim sup g (mims ... mn) < a.
mi+ma-+my—00 >\1m1 + )\2m2 + -4 )\nmn

0

Theorem 1. A necessary and sufficient condition for the series (|1.1))
satisfying (L.3]) to be entire is that
10g (l|tmy .ms.....mnl)

lim su = -0 2.2
m1+m2++gln4>00 )\1m1 + )\27YL2 + e + )\nmn ( )
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Proof. Suppose that (1.1) defines an entire function. Then it converges
absolutely for all (s1,S2,...,sy). Thus, taking the points with coordinates
(¢,q,-..,q), where ¢ > 0, it follows that

o0 o0 oo
ST S g | Pt Pt A )i o,

mi1=1mo=1 mp=1

Therefore,

Haml’mgw.’mn H e(>‘1m1 +>\2m2 +...+>\nmn)‘1 < 17((17 q..., q) <1

for sufficiently large values of mi + mgo + - -+ 4+ m,,. Hence

. log ||a
lim sup 8 |y ma,....mn | <—q
my +ma +... +myu—00 >\1m1 + )\zm2 +o A,

Since ¢ > 0 is arbitrary, the “necessity” part of the theorem is proved.

Conversely, let be satisfied. It is sufficient to prove that con-
verges for all (si,s2,...,8,). Let 0 > 0 be such that Rs; < o,Rse <
o,...,Ns, < 0. By Lemma |l| we can find a > 0 such that the series
converges. Now we fix Ny(a) such that

log Hamhmz,..-,mn”

>\1W1 + )\27712 +ot )\”mn
Thus

< —o —a«a for my,ma,...,m, > No(a).

[@my,ma,....mn B(Alml A2y o+ Ay, )0 < e_a()‘lml +)‘2m2+"'+)‘"m”).

Since the series ([2.1) converges, the series (|1.1)) converges absolutely for all
(81,82, ..., 5n)- O
From the above notations one gets

 logllan] _
m ———77 =

—00. (2.3)

Nmp ‘

We denote by F' the set of the series (1.2)) satisfying (|1.3)) and for which
the sequence of numbers
A ‘01\Anmn\ (
is bounded, where c1,co > 0 and ¢y, co are simultaneously not zero. Thus
there exists a number G such that

m[)* flam|

MNmy,

D, [Pl (i Yl < G
log (jm|!))  log lam| _ logG
c1 log /\nm” + co + < ,
R T e P
10g [|arm | { log (Im|!) ~ logG }
——— < —<clog )\nmn + co .
|Anmn ‘ ‘ ‘ ‘)\Tbm" ‘)\nmn |
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This implies (2.3). Hence by Theorem [I| every element of F' represents an
entire function.

Define binary operations in F' as

FO) +906) = 3 (am + ) o

m=1

vf(s) = Z (Yam) emn®,  ~ € E,
m=1

f(s) . g(s) = Z {/\nmn ‘Cl|>\nmn| (‘m“)cz Ambim, e)‘”mns_

m=1
The norm in F' is defined by

1 [ Anmy, c

I = sup An,| Pl () ol (2.4)

It is not difficult to see that F' forms a linear space over the field E.

3. Main results

Theorem 2. F is a commutative Banach algebra with identity over the

field E.

Proof. In order to prove this theorem we need to show that F' is complete
under the norm defined by (2.4). Let {f;,} be a Cauchy sequence in F,

where

fu(s) =D agt) e,
m=1

Then, for given ¢ > 0, we can find t > 1 such that ||f;, — fi,]| < € for
ti,te > t, ie.,

alt2)

sup a,, [Pl (1) (

Im|>1

<€ t1,l2 > t.

m

‘am) _

This shows that {a%l)} forms a Cauchy sequence in a Banach space E for
all values of |m| > 1. Hence

lim o) = ¢ m| > 1.
t1—0o0 m mo ‘ ’_

Letting to — oo, we get

sup [An,,, [Pl (fmiye:
jm|>1

m

‘a(tl) — amH <€ tp >t

Thus f;, — f as t; — co. Also

alt)

)"ﬂm )""«m
sup A, P ) a1 < sup [, 2P ) ) =
1

lm|>1 m|>
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+ sup ‘)\nmn‘q‘)\nm”‘ (jm[He |[al) || < co.
|m[>1
The identity element in F' is
oo
() = 3 [y, | Pl iy ez
m=1

where e is the identity element of E. Now, if f,g € F, then
Hf . gH = sup ‘/\nmn |Cl|)\nmn| (’m“)cz {H ‘/\nmn }C1|)\nmn| (‘m“)czam bmH}
Im|>1

< [If[Hgll-
This proves the theorem. O

Theorem 3. The function (1.2)) is invertible in F if and only if the se-
quence

{12, |7 P gty

s bounded, where d,, is the inverse of a,.

} (3.1)

Proof. Let f € F be invertible and let g(s) = 3.°°_, by, eMma® be its
inverse. Then f(s) - g(s) = e(s). Therefore,

‘)\ Cl‘)\nmn‘ (|m\!)02am bm :e‘)\nmn‘—61|)\nmn| (‘m“)*m,

Mmn, ‘

which implies that

A [P (i) ) =

Nmp ‘

—1
(A 2Pl e} |

or, equivalently,

P 2P ()2 0l = ([ A, |20 ] ()2

Nmp,

Thus (3.1)) is a bounded sequence since g € F.

Conversely, suppose that the sequence (3.1]) is bounded. Define g(s) such
that

o0

9(s) = 3 €, |2 Pl ()22 gt vt
m=1
Then
o0
) g(s) = 3 e P, | Pl (mityez edemas = ().
m=1

The proof is complete. O
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Definition 1. A function g € F is said to be quasi-inverse of f € F' if
f(s)*g(s) =0, where

f(s)xg(s) = f(s) +g(s) + f(s) - g(s).
Theorem 4. An element is quasi-invertible in F if and only if

inf {H1+ | A ‘alxnmn! (|m|1)02amH} > 0. (3.2)
|m|>1 "
The quasi-inverse of f is the function g(s) = 1 bm e Mmn S where
b = - . (3.3)
14+ ‘)\nmn ‘01’ nmn’ (|m“)02am

Proof. Let f € F be quasi-invertible, then there exists g € F' such that
f(s) * g(s) = 0. This implies
tm + b + P, [P0 (1)) 2 b = 0 for m] > 1.

Suppose that (3.2) does not hold, that is,

inf {Hl T Ay, 2P| (|m|1)02amH} ~0. (3.4)

Im|>1

There exists a subsequence {m;} of a sequence of indices {m} such that

c1 | Anm,
1’ t"’ (|meN? ||am, || = =1 as [t| — oco. (3.5)

Mgy,

Now (3.3)) implies that

1Ay, |
T (g 192 g, |

c1|A v ‘ nmn
o (Ime )= 1o, [| = :

LI

1+ A

LI

Using (3.4) and (3.5)), we see that

lge(s)l| = o0 as [t] = oo,

which is a contradiction.
Conversely, if (3.2]) holds, then the function g belongs to F' and

f(S) * g(S) = Z {am + bm + |)\nmn ‘Clp\nm"‘ (|m“)820mbm}€)\"mns

m=1

=0.

Hence f is quasi-invertible. This completes the proof of the theorem. O
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Definition 2. Let f € F'. The set
o(f)={l € C: f—le is not invertible}
is called the spectrum of f.

Theorem 5. The spectrum o(f), where f € F, is precisely of the form
o(f) = el {[An, [Pl (i) 0 < ) > 1}

Proof. By Theorem 3, f(s) = S.°°_, @, e’mn® is invertible in F' if and

m=1
only if the sequence (3.1 is a bounded. Thus, the function {f(s) — ae(s)}
is not invertible if and only if

{H(am —ae })\nm”

is not bounded. This is possible only if there exists a subsequence {m,} of
the sequence of indicies {m} such that

_Cl|>\nmn| (’m“)fcg)fl' (‘)\n —cl|)\nmn| (\m|‘)762)

€1 ’Anmrn ‘ (

|me ) am, —ozH — 0 as |r| — oc.

Thus a € ¢l {|>\nmn‘01hnmn’ (Im|N%2 ap, : |m| > 1}. The proof is com-
plete. O

Theorem 6. Every continuous linear functional 8 : F — E is of the form

0(f) = Z am P [ A, ’Cl‘)\nm"‘ (Im|h),

m=1

where f is defined by (1.2) and {pn} is a bounded sequence in E.

Proof. Assume that 6 : F' — FE is a continuous linear functional. Since 6
is continuous,

o) =0 ( Jim_100).

M—o0

where
M
FM)(s) = Z Ay €7 S,
m=1
Define a sequence {f,,} C F as

O B (D

Therefore, using also the linearity of 6, we have

M
0(f) = 9( lim > anm !Anm\clwm”’ (Imll)”fm)

M—oo
m=1
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M

: c Anm”
= zv}féon;am e, P L (i 0(f1m).

Denoting 0 (fm) = pm, we may write

M—o0

M
0f) = Tim > ampm [Aun, [P (i),
m=1

We now show that {p,,} is a bounded sequence in E. Indeed,

[Pl = 1100l < 7 [ fmll
and || fn| = 1 imply
[pmll <7
Thus {p,,} is a bounded sequence in E. This proves the theorem. O

Theorem 7. Let f(s) = > | am ermn® € F, where an, # 0 for every
|m| > 1, and let K € C" be a set having at least one finite limit point. Define
o0
Fr() = 3 @ [, [Pl ez dem 0 (36)
m=1
Then the set Ay = {f; : 7 € K} is a total set with respect to the family of
continuous linear functionals ¢ : F — E.

Proof. Note that, for all 7 € C",
o

1= Nl €® (rma),
m=1

Since is an entire Dirichlet series which converges absolutely in the
whole complex plane, the series on the right hand side of the above equality
is convergent for every 7 € K. Hence f;(s) € F for every 7 € K.

Let ¢ be a continuous linear functional such that ¢(Ay) = 0, that is
¢(fr) =0 for all 7 € K. Then, by Theorem [6]

h(s) = Z Um P € ® = 0 for all 7 € K.

m=1

Since {pm} is a bounded sequence in E and f € F, the function h also
belongs to F'. But

[e.e]
Wr) =" ampmem™ =0 for all 7€ K.
m=1
Since K has a finite limit point, we have that h = 0. This however implies
that

am pm =0 for all |m| > 1,
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The assumption a,, # 0 implies that p,, = 0 for all |m| > 1. Thus ¢ =0
and the proof is complete. ]

(1]

(6]

(7]
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