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Quasi-monomiality and operational identities
for Laguerre-Konhauser-type matrix polynomials
and their applications

MAGED G. BIN-SAAD AND FADHLE B. F. MOHSEN

ABSTRACT. It is shown that an appropriate combination of methods,
relevant to matrix polynomials and to operational calculus can be a
very useful tool to establish and treat a new class of matrix Laguerre—
Konhauser polynomials. We explore the formal properties of the
operational identities to derive a number of properties of the new class
of Laguerre-Konhauser matrix polynomials and discuss the links with
classical polynomials.

1. Introduction

The analogous extension to the matrix framework for the classical case
of Humbert, Hermite, Jacobi, Gegenbauer, Laguerre, and Chebyshev poly-
nomials has been carried out in recent years. Properties and applications
of different classes for these matrix polynomials are the focus of a num-
ber of previous papers (see, for example, [5]-[13], [15]-[21] and references
therein). Motivated by the works mentioned above, we aim in this paper
to construct a matrix version of the Laguerre-Konhauser polynomials given
in [1] and exploit the monomiality principle to discuss various properties of
these polynomials.

Throughout this paper, for a matrix A €
by o(A). The two-norm of A is defined by

A
14| = sup 142l2.
x40 ||:L'”2

CN*N its spectrum is denoted
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where, for a vector y € CV*N_ ||y|lo = (yTy)% is the Euclidean norm of y. I
will denote the identity matrix in CV*V. We say that a matrix A in CV*V
is positive stable if R(\) > 0 for all A € o(A), where o(A) is the set of the
eigenvalues of A. If Ag, Ay, ..., A, are elements of CV*V and A,, # 0, then
we call

P(z) = Apz™ + Ap 12" N+ Ay oz 2+ + Ay + A

a matrix polynomial of degree n in x. If A+4nl is invertible for every integer
n > 0, then

(A =AA+D(A+2D)---(A+(n—1)]), n>1; (A)p=1.
Thus we have
(A)p, =T(A+nDT(A).
For any matrix A € CN*¥ | we have the following relation (see [12])

1-z)4= i (A 1. (1.1)

|
ne0 n:

In [4] Dattoli and Torre introduced Laguerre polynomials of two variables

in the form
8 S TL S

W—”Z :
nfs'

combined with the principle of m0n0m1ahty, which provided new means of
analysis for the derivation of the solution of large classes of partial differential
equations often encountered in physical problems. Also two interesting unifi-
cations and generalizations of Laguerre polynomials L, (z,y) are considered
by Dattoli et al. [2] in the forms

n S

=nl
Lnpl,y) = nzs'n—s Flp+s+1)

and
n ( 1)51'32/" s

Ln'(wy) = (m+n)!2 sl(n — s)!/(m + k)!"

s=0

The Konhauser polynomials of second kind are defined by (see [13])

8. _ D(kn+B8+1) " /n ki
Iz k) = n! ]Z:; j)Tkj+B+1)

where 8 € CT;, n € N, and k¥ € N. Bin-Saad [1] studied the Laguerre—

( 7/3)(

Konhauser polynomials Ly, y) as follows:

n n—s 1)5+7“ r+a, ks+3

W) =D D e s DTG s A D (Y
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where k =1,2,3,... and a, 8 € R. These polynomials can be written in the
more elegant forms:

P ks+ﬁLa (.Z')
L( :B — nl n—s
() nZs'Fa+n—s+1) T(ks+B+1)

and

_1)3 s+a Zﬁ_ (1’)
(75) — ( n—s
(z,9) = nZs'Fa+s+1) T(kn—ks+pB+1)

It may be of interest to point out that the series representation (1.2), in
particular, yields the following relationships:

0 nze® () = 1Laston) (1.9
(m + n)' n+m,_—m_7(m0) [ L m
YT 1Ly™ 5,0 =L (x,y), (1.4)
F(kn+pB8+1) _
Ut 0L 5,109 (0,4) = 23 b), (15
r 1
(n +n?é + )x_ax_nlL%a,o) (x’ 0) — L%O‘) (x)

In this work, we will deal with operational definitions ruled by the opera-
tors D, and 15*1 where D, denotes the derivative operator and ZA?* defines
the inverse of the derivative. The followmg two formulas are well- known con-
sequences of the derivative operator D, and the integral operator D L (see

[14]):

. T(A+1)
Dm A — A—m 1.
. r 1
Doma? = Laf"”m, (1.7),

F'A+m+1)
where m € NU{0}, A e C/{—-1,-2,...}.

2. The Laguerre-Konhauser-type matrix polynomials

Let us consider the generating relation

—xt

CiA+ 1, —————
1—t(1—Dy"

FAEO (@, yit) = [1 - t(1 - Dy¥)]

x {zyPT YA+ DTN (B + 1)},
where {A, B,C} C CV*N | whose eigenvalues j satisfy $(u) > 0, and

e = Y O 21

|
= nl(c)n
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is the confluent hypergeometric series (see [22]). Making use of the series
representation (2.1), the binomial relation (1.1), and applying the results
(1.6) and (1.7), we can conclude that

C+nI A—l—rl B+ksl
FABO) (g p) = Z {Z Z H)S! y

n=0 r=0 s=0
xr—l(A +(r+ D)D" Y(B+ (ks + 1)I)} t"F*.

Thus, we find that

N —xt
[1—t(1—Dy )] B C A+ ——————
1 —t(1—Dy")
(2.2)
A (A.B) (5 )2
x {zYyPr A+ DI YB+1)} = Z nkLy, xy)n!a
where, for k=1,2,3,...,
LAB i’i s-‘,—r A+rIyB+ksI
— = s'r' (n—s—r)! (2.3)

YA+ (r+ 1) Y B+ (ks+ 1))},

(CNXN (CNXN

C is any matrix in ,and A, B are matrices in whose eigenvalues
w satisfy R(p) > 1. When C' = A+ I, the generating relation (2.2) simplifies
at once to the following elegant result:

N

[1 —t(1 — Dy_k)} - exp

—xt
1—t(1—Dy*)

oo
- _ x
x {aty TN A+ DI B+ D = Y (A+ DL (@)
n=0
The definition (2.3) suggests us (as particular cases) to define the following
matrix versions of the polynomials defined by (1.3), (1.4) and (1.5):

( 1)AyA+nI L(A O) < 0)
Yy
n s[—A nfsl'\fl A 1T
= nl : . S‘(n(—s; (S+ ) ) :an,A(wvy)a
s=0 ’ ’
L(A+nl+1) yAtnl A (A < )
n!

o 1V8,..8 n sp— 1 A+ kI
:F(A+n[+[)z( L)'z (,+ ):L;m(x,y),

l _
— sl(n —s)!
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(B +knl +1)

o y" 1Ly (x,0)

(B +ZLI+I) 3 (’;)xka‘p—l(g + (kj + 1)) = ZE (y; k).

(2.5)

=0
Also, it may be of interest to point out that the series representation (2.3)

yields the relationship
IrA+nl+1
AATED 0y L0 (o0, 0) = LV @), (26

where L%A’A)(a:) is the known Laguerre matrix polynomial of one variable
(see [11]). Further, in view of relations (2.5) and (2.6) we may write the

series representation (2.4) in the more elegant forms

n o a\s,.A+sl, B7B/(,,.
kL%A’B)(x,y):n!{Z( Vet TyB 27 (y; k)

|
=0 S:

xI YA+ (s + )T HB+ (kn — ks + 1)I)}

and

n s s AN
3 (—1)szAyBHrsI LAY (4 )
s!

KL (20, y) = nl {
s=0

xI" YA+ (n—s+1))T B+ (ks+1)I)}.

Next, in view of the definition of Kampé de Fériet’s double hypergeometric
series (see [22], p. 27(28))

ok (ap) = (bg);  (ck);
Flom: Y
(di) = (em); ( fn);
k
- - H§:1(aj)r+s H?:l(bj)r Hj:l(cj)sxrys
- l n )
r,s=0 Hj:l(dj)rJrs H;'nzl(ej)r Hj:l (fj)srls!
we can easily establish the following series representation for the polynomials
AB
kLglA’B) (x,y) = {xAyBI‘*l(A + NI Y (B + 1)}
—nl : —; —;
’ ’ 2.7)
1:0;0 k (
X FO:l;k x, %) ’
—: A+1I;, A(k;B+1I);
where, and in what follows, A(k; B) abbreviates the array of k£ parameters
B B %, k > 1, and dashed line “—" means that the number of

k' k>
parameters is zero. Another interesting operational formula for kLﬁf"B) (z,y)
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can be derived, as a consequence of the explicit representation (2.7). Indeed,

since
—-r __ '
rlD;" =a",

formula (2.7) yields
R LAB) (2,4) = {xAyBF_l(A + I (B+1)}

—nl : I A(k; T);
x Foitit D', Dk
—: A+1I; A(k;B+1I); 0
On the other hand, if we employ the result
R 1, n—r—Ss
Dr+s n _ ny
v Y (n—s—r)’

then we find that
yA“”Lﬁ’B(m/y Y) {yBF (A+1)T 71(B—|—I)}
X oy {—; Ak B4+~ (¥) gD ] exp(~D; ' Dy) {ay"),
or equivalently,
y ML fyy) = {2y TN A+ DT (B + 1)}
Yy ko4 A H—1 n
% oFy | =i Ak B+ D= (2) yDy| 1B [LA+L=D.Dy | ().

Further, according to the inverse operator (1.7), we can rewrite kL%A’B) (x,y)
in the series representation

kL
=0 7=3 5'7"' (2.8)

[ YA+ DrY(B+1 )] } .
This yields the Rodrigue-type formula

P ) = (1= D7 = D) (o T A+ DT (B4 D) (29

Directly from (2.8), by exploiting the same procedure leading to equation
(2.8), we can establish the following operational connecting relationships of
kLgA’B) (x,y) with the Laguerre matrix polynomials L%A’/\

matrix polynomials Z2 (y; k):
R LAB) (2, y) = nlyPT Y (knl + B4+ 1)(1 — D;Y)"
x Zy(y/(L = D) k) {2 T (A+ 1)}

) () and Konhauser
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and
(LD (@, y) = nle TN A+ + 1)1~ Dy *)"
X LY (y/ (1= D)y T (B + D}

3. Quasi-monomiality and operational identities
(A,B

The Laguerre—-Konhauser polynomials L,
under the action of the operators (see [3])

M=1-D;'—D.*,

)(:1:, y) are quasi-monomials

P = —z4D,z= 41D, (3.1)
Py = _%nykI+IDyny+kIﬁlyf‘ (3.2)
According to the quasi-monomiality properties we have
M LD (@, y) = kL (2, y),
P L) (2,y) = n kLt (2, ),
Py LM (2, ) = ﬁﬂi(a: Y),
%(pl + P L) (,y) = n w Ly (2, y),

(A

which can be combined to prove that gL,
ferential equations:

[(xf)m + A= 1)D,DF +2D? + (I — A)D, — (A + nf)[)’yf] RLAB) (2, ) = 0,

'B) (z,y) satisfy the following dif-

y(1 — xDy)D¥ + (kI — B)(1 — Dy) D% + yD, D%
~(knl + B)Dl.} WLAB) () = 0.

From the lowering operators Py and P,, we can define operators playing
the role of the inverse operators P, ' and P, ! (see [4], equation (15)). Thus
we get

Pl = 2D A DY
]52—1 _ —kyBﬁ; nyflﬁyfk’
and they satisfy

kLn—i—l(x Y) S

Pl_lkngA’B) ((E, y) (n + 1) - PQ_lkLglAyB) (IL', y)

Clearly, we have

PPTY LA (2,y) = ( LAP) (2, y).



20 MAGED G. BIN-SAAD AND FADHLE B. F. MOHSEN

Regarding the Lie bracket [, |, defined by [A, B] = AB — BA, we are led to
[P, ML) (2, y) = o LD (@, y), [Poy ML (2,y) = 1L (2, ),
From relations (3.1) and (3.2), it is also proved that the set of polynomials

WL (x,y) satisfy the partial differential equation

0 o 1 d oF

A —A+I L B—kI+1 Y  —B+kI (A,B)

[ az” or k7 8yy 8yk} kL (@, y) = 0.
4. Some applications

By starting from identity (2.9), multiplying both sides of (2.9) by ¢, /n!
and then taking the sum, we obtain

gmg“ﬂ (@)l = exp (11~ D — By)
x {zyPT YA+ DI Y (B+1)}.
Now, according to the facts that
exp (tD;) {z T (A+ D)} = {2 T (A + 1)} oFi [ A + I; —ta]

(4.1)

and
exp(tf) ){yBF B+I} {yBF B+I)}

Y\ k
X oFy | = Ak B+ 1); - (*) tl,
the generating function (4.1) further yields the interesting generating relation

> L, y)% = {aMPT A+ DI (B+ D)} oFi[—; A+ [; —ta]

% oFk [—; A(k; B+ 1); — (Z)kt] .

A similar procedure yields

ZkL(AB)(x y)t {x yPr A+ NI (B +1)}
n=0

]1Fk[IA(k:B+I) (y)k ! }

1
(l—t)lFl [I A+ 1T,

On account of the identity

(1-t0- Dy ) {yPT Y (B+D} = {y°T B+ D} (1-1)C

(1—75)

X o}, [—;A(IﬁB—i‘I)%— (Z)kt} ;
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the generating relation (2.4) can be written in the more compact form
{z2yB1 — )T YA+ DTN (B + 1)}
A+1: —; —;
X F&:ﬂf L _ﬁ (%)k
—:  A+1I; Ak;B+1I);

= > (A+ DL, y) S

n=0

From relation (2.9), we can state that

(1—M)" {a*Pr 1A+ DI (B +1)}

= -1 (:) RLP) ()
s=0 (4.2)
= {24 yPr YA+ nI + NI Y(B + 1)}
y\k
X oFy |—nl,—A—nl; A(k;B+1);— (E) /x| .
The Jacobi matrix polynomials pAB) (), n € N, have been given in [7],

for parameter matrices A and B whose eigenvalues p satisfy (u) > 0, as
follows:

PP @) =1 B+ DB + (n+ 1)) L
» 1} | (4.3)

X o I [A—i—B—i—nI,—nI;B—i—I;

Now, in view of representation (4.2), equation (4.3) provides us the following
connection between Laguerre matrix polynomials kL;A’B) (x,y) and Jacobi

matrix polynomials pB (z,y) in the form:

Sy (227

= (=)'l BT Y B + (n + 1))I Y (=A — B+ (n+ 1)) P1B (2, y).
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