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Complete asymptotics of the approximation
of function from the Sobolev classes
by the Poisson integrals

I. V. KAL'CHUK AND YU. I. KHARKEVYCH

ABSTRACT. We obtain the complete asymptotic expansions of the least
upper bounds of approximation of functions from the classes W[, and
W1, r € N, by their Poisson integrals in the uniform and integral metrics.

1. Problem statement

Let C be the space of 2m-periodic continuous functions with the norm
Il fllc = maxy |f(t)], let Lo be the space of 2r-periodic measurable essentially
bounded functions with the norm || f|l.c = esssup, |f(¢)|, and let L be the
space of 2m-periodic Lebesgue summable on the period functions, in which

the norm is || f[|, = [|f]lx = J7, | f(t) dt.
We consider a boundary value problem in a unit disk for the equation

Au =0, (1)

where A is the Laplace operator in the polar coordinates. Thus the equation
(1) can be rewritten as follows:

82u+ 18u+ 1 0%u
op>  pdp  p?Ox?

The solution of the equation (2) that satisfies the boundary condition
u(pv'x)‘p:l:f(x)v —T ST <, (3)

where f is a Lebesgue summable 2r—periodic function, will be denoted by
P(p; f;x) = u(p,x). Then the solution of the boundary problem (2)—(3)

=0 (0<p<l, —7<z<m). (2)
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could be represented as follows:
1/ R
Plps fiz) =~ | ft+a) {5+ preosktfat, 0<p<1 (1)
s 2 P
g =

The equality (4) is referred as the Poisson integral of the function f.

Assuming that p = ¢~3 we will rewrite the Poisson integral by the means of
the formula

17 "
P&(f;l”):W/f(t+x){2+26_§cosk:t}dt, 5> 0.
o k=1

We denote by Wy, p =1, oo, the class of 2m-periodic functions f having
absolutely continuous derivatives including to (r —1)-th order and
| £ () ||, < 1. Classes W, are called the Sobolev classes.

Let us consider the quantities

EMG By)e = f}elgllf ()= Fs (f;)lles ()

EM; Ps), = J%gg”f(') = Ps (f; )y (6)

If the function g (9) = ¢g (M;9) is found in an explicit form such that
EMGBs)x =9(0) +0(g(9)), &= o0,

then, in consistence with Stepanets [11], we will say that Kolmogorov—
Nikolsky problem for given class 9t and Poisson integral Ps(f;z) is solved in
the metric of space X.

A formal series Y 7, gn (0) will be called the complete asymptotic expan-
sion or the complete asymptotics of the functions f (§) as § — oo, if for all
n €N,

|gn+1(6)] = o (lgn (9)]) (7)
and for every natural m,
f((S):Zgn (5)+O(gm(5))> 0 — oo. (8)
n=0

Briefly, this fact could be written as follows:
F(8)= gu(9).
n=0

The purpose of this work is to obtain the complete asymptotic expansions
of the quantities (5) and (6) settings 0 = W}, p =1, 00, in the terms of 1/§
as § — oo for any r € N.
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25
We denote by K, and K,, the well-known constants of Favard—Akhiezer—
Krein:

4 & 1m(n+1)
;Z 2m+1n+1) n:071,27...,
=0

_4 00 (_1)mn
Kn_;zmi

n € N.
+17
m=0 + 1)"

2. Complete asymptotic expansions of the approximation by
Poisson integrals on the classes W/ and W[

The first results that are connected with the research of the quantity

E (W2 P(p))q were received by Natanson [8]. In particular, he solved the

Kolmogorov-Nikolsky problem on the classes WL for the Poisson integral
Namely, he proved the equality

2
EWxiP(0)) o=~ (1=p)In(l=p)[+O0(0=p), p=>1=. (9)
Timan [12] obtained the exact values of approximation characteristics
EW" P(p)oas0<p<l:
& (Wee; P(0)) g = Ki;
E (Wi P(p), = z(1 —p)ln ! +e€ (10)
o) C T 1— p P
1-p

2 1 2—1t
€p = ; / {Hln tt + 1} dt.
0

The equalities (9) and (10) as p — 1— allow us to write down constants
corresponding to the asymptotic term of the least order of the smallness

In the paper of Shtark [10] the complete asymptotic expansion was ob-
tained for the characteristics & (W1

(p)) - Tt enables us to write down
constants of an arbitrary order of smallness. Namely,

1. L 2w k 1 k
6(W007P(:0))C:ﬂ_k§_1 O (1_:0) lnl—p—{_ﬂk (1_p) ) (11)
where
1 1,1 hlg-i
=g B=g(prm-X )

1=

In the work of Zhyhallo and Kharkevych [14] the complete asymptotic
expansions were established for the quantity £(W.,; P(p))c in the terms of
(1—p)asp—1—.
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Later, approximation properties of the Poisson integrals were investigated
on other functional classes. In particular, we note the works [1]-[7], [13],
[15]-[17].

We will pay more attention to the work of Baskakov [1]. Note, that in the
works [10] and [14] the complete asymptotic expansions were found in the
terms of (1 — p) as p — 1—. And in the paper [1], there were obtained the
analogical expansions for the quantities £ (WC}O, P(;) o but in terms of 1 /9 as
d — oo:

21 1{2ln7w 2 Oo(t)
1. _“- - “ \"/)2m
€ (Wi Ps) o= —sInd+ < | — +7r/ ot

" (12)

2 & [y 1 |1
FZ 2417 o2k | 528

™

where (f(t)),, is an even 27-periodic extension of the function f (¢), 0 <t <
.

In this paper we continue and generalise the research of Baskakov. Our
ailm is to obtain the complete asymptotic expansions for the values
E(WZL;Ps)o and € (W]; Ps), in terms of 1/§ as 6 — oo for an arbitrary
r € N. This will allow us to calculate the Kolmogorov—Nikolsky constants
of an arbitrary order of smallness.

Following theorems take place.

Theorem 1. Ifr =2l —1, 1 € N, then the following complete asymptotic
expansion holds:

EWL;Ps)p=E (W P5), &= <.57« nd + Zﬁk5k> §— o0, (13)

where (—1)’%190 k o
! r—k> )
Br=< A (m2+Y7 1), k=r (14)
k—1
(71)! Ok—r, k>,
. i1
2 (j — 1) % virs D
. 1)/ J+1 —1DICH — )Y
95 = 2i—14 |Z (2])' i_o( 1) C](] ,L) )
) 1 1=1, i=5—-1
. . ’ ’ 15
% {ag_l(Zi—1)+a§:11(2(j—z’)—1), l<i<j—1, (15)
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Proof. Using Theorem 4 from the article of Pych [9] for the Poisson inte-
grals, we obtain

EW; Ps)e =& (Wi; Fs),, reN.

Therefore, it is sufficient to consider the case of the uniform metric

(16)
Timan [12] obtained the following equalities

——a =—¢,(0), r=21-1,1€N,
= (2k + 1) 17

1+eh
// /m te S bty .. dt,

K. n=2—1
o L 28n, )
#n0) = on '_{ TRn  n=2l, el

0o 2k+1
- 4 1—e "5 2
EWL;Ps)e == (17)

where

and

We find the complete asymptotic expansions of the functions ¢, () in the
terms 1/0 as § — oo.
Let

then 5 5
a] =1 fT( ) lim (fr( 1)
In the case

s
we obtain
1 1 1
p] = lim #r(9) _105{3 In o — lim ©r(0) +1a§g In 5
d—o00 5 %—)0

Thus, the possibility to write down the asymptotic expansion of functions
©r (0) in the form

[e.o]

» 1 » 1

or (0) %Z{akéklné—k,@kak} (18)
k=1

is equivalent to the fact that the coefficients o, and 3j, are connected with

the function ¢, (§) through the equalities

]5]

k—1
ro__ 1 1 Ti
W= T QOT((S)_;(QIDMBW) W
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(ozj 5 Ind+ B — ) . (20)

28

ok
To check the conditions (7) and (8), it is necessary to assume that

.1
B = lim — @ (8) - ak5k1n5 Z

1 1
Gok—1 = 0/1;57 Ind, gox = 5%57-
Using the L’Hospital rule k times, we obtain that if K = 1 and r > 1, then

oo o0 o0 ¢
_1 1 —1l1
= lim 1//.../111 te ety dty .ty =0,
g—>01+lng 1—

1
:hm// /ln Tty dty..dtoy = o,

Ifk::2andr>2,then
. 1 1
ay = lim —— {cpr (6) — gprlé}

d—00 5% Ind
%

oo o0 t
—1 1+e™™
= lim ——— oo In——dt1dty .. . dt,—o =0
11111)(]211’1%—}_3// /n]_—e_tl 1 2 r—2 )
° 1tyg i

or () — ‘Pr—l%

85 = lim
2 d—00 1

1+e ™ 1
T hm / / /ln e dtl dty...dt,_9 = —=pr_o.
,_>0 2 2

In the case of kK < r — 1, using the obvious equalities

d* o, 1+€_t1
7%’1( = (—1)F~ 1// / ———dtidty ... dt, y,
1t g

d(3)"
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—1)" r 1+e
i Y / / / matC g dty ot (22
% k 1—e Ut

ok i=1
1 oo o0 o0 1 7t1
= lim '(—1)’f—1/ / .../m lfe_tl dtydts ... dt,_y, (23)
1 _y0 KR! (&
o 1t to
-1 k—1
If £ = r, then we have
r—1
1 -1 d o, (6
op = lim 5{%(5)—2/3;61}:}11]0 ; @ (T),
%0 v In P 20l 1y 40)

, dror (8
:?glor!{ d(?;)—l—ar'(ln—i—z )}

=1In(1+ e_%) —In(1 - e_%),

we get

- — (24)




30 I. V. KAL’CHUK AND YU. I. KHARKEVYCH

By = }imi(ln(l—i—egﬁ) —ln<1—eé>+ln§+§1>

50
) o (25)
-1 (m 243 ) |
i=1
Now we study the case when k > r. It is possible to show that
(—1)k-1 kiT k—r+1 (2i—1)1
—1)"72 a’ e\ s
d*p, (6 = "
(p’/‘( ) — =1 ) (26)

d(%)k <e%_1>k—r

7 are defined by correlation (15), and

where a;

S (LI L e ), ks (@)
d(h)t oo ’

If k=r+1, then

1
ar 61i> 1 7. ¢ { (5) 7"57« 11’15 Z/Bz 51}

ST Ino

_ r+1 At (Lnl
~ im 1 ) {d r (9) Yo (5 na)}

0 (1) <ln +Z a@T T a@™

1
-1 2es
= lim - (— — +5> ~0.
5%0(7‘+1)!<1n(15+2%> es —1
=1

Further, using similar transformations, we obtain

1
1 2es
M hm +46 ] =0.
fran = <r+1>< S >

From the equalities (26), (27), and the formulas (19) and (20) we get, that
if k£ > r, then the following equalities hold:

, 1
a;;:hml{ - (0) — Wlné Zﬁw}

P gy e ()

0
i=1
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—1)k
= lim (=1) Ag—r (9),
—0 1 oy

i=1

d—00

T 3 1 T 1 -— T 1
i=1

6k
1 [ dbe, (6 " (1.1
:}imk'{ SDl(k)JrO‘: 1k<(57“1n5>}
320 R d(5) d(3)
N G O
= ;1_% X Ap—r (6),
where
9 XJ: G-}
A =1 ¢ (.7 B 1)!
J (5) - 2 o 1
(es —1)J 57
Obviously
I SRS R 2 J
R A LR A R
0j = lim Aj(é) = — lim = 1
150 2 10 627

é

Further, using the L’Hospital rule 25 times, we obtain

j . i o

2y C§; (ji!k)! SoF O al T (2i — 1)% k=13
.
T2 10 (25)!
=1 . 2(j—4)
(7= DY Ci(=1)2%(j — i)™
i=0
(25)!

D N e T
. 2%;’!& al "M (2i - 1)7 — (j - 1) z Ci(—1)2%(j — i)

2 (29)!
1 i+l Qj(j—l)!jil i 2]
= M;(Qz—l)]ag _Tj)! ZO(_l) Cj(]_z) 7,

where a! are defined by the correlation (15).

%



32 I. V. KAL’CHUK AND YU. I. KHARKEVYCH

In the case k > r we get
of =0, (28)

———Ok—r- (29)

From the formulas (18), (22)—(25), (28), and (29) we get the complete
asymptotic expansion of the function ¢, (d), r=2l—1, [ € N,

1

rl

1 o 1
or(0) = S Ind+ ) B, (30)
k=1
where (] are defined by the formula (14).

From the formulas (17) and (30) we obtain the equality (13). Theorem 1
is proven. ]

Remark 1. By virtue of Theorem 1, we can write the following complete
asymptotic expansion in the case r = 1:

ewhip), =2 (tussy gl (31)
00 C r\s Pt k ok |-
It is necessary to notice that the results, written down by formulas (12) and

(31), are different by the form. However it is possible to show the equivalence
of coefficients with respect to the terms 1/4 in the mentioned formulas:

olnr 2 [ (t
Bl = n”+/()2ﬂdt=1+1n2, By =0,
s

T 12
2 [ T (t) 1 |
t
1 27 1
/83 T / t4 27‘(‘2 (3‘)27 54 )
T
oo( )
2 t 1 14
1_“ 27rdt _ — _ 1 _ 0
B5 T / 16 o4 (5‘)27 66 )
T
oo( ) 4
2 t 1 1240
1 21 1
=2 g - — | =22 Bl=0
[ / 8 276 | — (71’ fs =0,

etc.

Theorem 2. If r = 2[, |l € N, then the complete asymptotic expansion

4N 1
EWL: Ps)o =& (Wi Ps), = ;Z Veges 0 00, (32)
k=1
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holds, where
(=nF!
k! wrfka k < T,
Ve =X —11 k=r, k reN, (33)
%Tk,ﬁ k>r,

0, J =2
J )
. L
2 (DTl =21
1=
the coefficients a{ are defined by the formula (15), and

TK; j=2m-1
) gty )
) {Z = 2m, m € N.

leN,

Proof. According to the equality (16), it is sufficient to prove Theorem 2
only for the case of the uniform metric. In Timan’s article [12] it was shown
that

o9 _2k+1
4 pl—e s 4
EWL:Ps)y=— 1) ———=—9y,.(6), r=2l,1N, (34
(Wi e = 23 (1 Gy = 790 0) (34)
where
1
5 oo o)
Uy (9) ://.../arctane_tldtl...dtn
0 tn to
and

TR, n=2—1
— — 41 )
U (0) = 1y, : { K o ] €N.

Let us find complete asymptotic expansion of the function 1, (4) on de-
grees of 1/ as § — oc.
In the asymptotic expansion of the function 1, (9) of the form

()= A (35)
k=1

the coefficients v; are connected with the function 1, (0) by the correlations

1 Gt
sk = Jim 1 {u —275&}.

o Ek
Applying k times the L’Hospital rule in the case k < r — 1, and taking
into consideration the equality

oo o0

d*, (5 7
a4 (9) = (—1)k1/ / .../arctauaet1 dty dty ... dt,_p,

k
d (%) % tr—k to
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—00 == i—1
(-1
= hm/ / /arctane Bdty dty ... dt,_p (36)
= 'r k
-1 k—1
= ( k)' %4«

If £ = r, then, using the fact that

M = — arctan e_%,

d(3)
we obtain the equalities
= 1 1 1 T
T T I -5 —_ _
= ali)rgo; {wr (0) — ;%’ 5l} == ;Lr})arctane =T (37)
At last, we consider the case k > r. In this case
k—r
1 i—lal‘c—r+le(2ifl)%
) &
d(3)" (e3 + 1)k
Taking into account the fact that a]+1 a;:i}_i, 1 <1 < j, we have
J , < N1
Z:I(_l)zflag—&-le(m—l)g 0, j =2l
7= lim £ = J , )
T (65 + 1) %2( il ™ j=21-1
1=
So, we obtain
d’“w ()
T L T
HT e { ZW} CREIL
kir( 1)1‘—1&1; r+1,(2i—1)% (38)
= lim = : = i7'
k“ 1_>() (6% + 1)k—r k! b

From the correlations (35)—(38) for the function v, (§) we make the conclu-
sion, that the following complete asymptotic expansion holds:

o ; 1
§) = Z’Ykg- (39)
=1
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From the formulas (34) and (39), we get the equality (32). Theorem 2 is
proven. ]

Let us notice, that in an explicit form the asymptotic expansion of the
quantity £ (WZ; Ps) in the terms 1/6 were written down only for the cases
r = 1,2, 3 by Baskakov (the case r = 1 was represented by the formula (12)).

In contrast to the results of Baskakov, Theorems 1 and 2 contain the com-
plete asymptotic expansions of the quantities £ (W2, ; Ps)~ and & (W7 Ps),
in an explicit form for all powers of smoothness r € N.
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