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Remarks on locally closed set

Shyamapada Modak and Takashi Noiri

Abstract. In this paper, we study properties of pre-I-open sets and
CI -continuity. We also establish a relation between LC-continuity and
CI -continuity. Moreover, we investigate properties of pre∗I -open sets and
pre∗I -continuity defined in [3] and [6], respectively.

1. Introduction and preliminaries

The concept of ideals [13] is well known in topological spaces. Let (X, τ)
be a topological space and let ℘(X) be the family of all subsets of X. A
subfamily I of ℘(X) is called an ideal if it satisfies the following properties:

(1) A ∈ I and B ∈ I implies A ∪B ∈ I;
(2) A ∈ I and B ⊆ A implies B ∈ I.

A topological space (X, τ) with an ideal I is called an ideal topological space
and is denoted by (X, τ, I). A new topology τ∗ for X, called the ∗-topology
[12], has been constructed from (X, τ, I). It is known that τ∗ is finer than
τ ; and the family {V \ J : V ∈ τ, J ∈ I} is a base of τ∗. The closure
(respectively, interior ) of a subset A of X in the topological space (X, τ∗)
is denoted by Cl∗(A) (respectively, Int∗(A)). Many mathematicians have
been interested in (X, τ∗), and different types of generalized open and closed
sets have been defined with the help of the closure and the interior operators
with respect to τ and τ∗. Using these sets, different kinds of continuity have
been defined and investigated.

In this paper, we investigate relations between pre-I-closed sets [2], CI -sets
[5], locally closed sets [1], and A∗

I -sets [5]. We also study several properties
of pre∗I -open sets [3] and pre∗I -continuity [6].

The following lemma plays an important role in the study of this paper.
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Lemma 1.1 (see [12, 11, 16]). Let (X, τ, I) be an ideal topological space.
The following statements are equivalent:

(1) X = X∗.
(2) τ ∩ I = {∅}.
(3) If J ∈ I, then Int(J) = ∅.
(4) For every U ∈ τ, U ⊆ U∗.
(5) For every U ∈ τ, U∗ = Cl(U).
(6) For every semiopen set G in (X, τ), G ⊆ G∗.

2. Pre-I-open sets

Definition 2.1 (see [2]). A subset P of an ideal topological space (X, τ, I)
is called pre-I-open if P ⊆ Int(Cl∗(P )).

The collection of all pre-I-open sets in (X, τ, I) is denoted by PIO(X).

Definition 2.2 (see [14]). A subset P of a topological space (X, τ) is
called preopen if P ⊆ Int(Cl(P )).

The collection of all preopen sets in (X, τ) is denoted by PO(X).
If a set is pre-I-open, then it is obviously preopen. For the converse, we

have following proposition.

Proposition 2.3 (see [15]). Let (X, τ, I) be an ideal topological space,
where I is codense. Then PIO(X) = PO(X, τ∗(I)), where PO(X, τ∗(I))
denotes the collection of all preopen sets in (X, τ∗).

If I = {∅} for an ideal topological space (X, τ, I), then τ ∩ I = {∅} and
hence PIO(X) = PO(X, τ∗(I)).

Let In denote the collection of all nowhere dense subsets of the topological
space (X, τ). Then In is an ideal on (X, τ) and for the ideal topological space
(X, τ, In), PIO(X) = PO(X, τ∗(I)) as τ ∩ In = {∅}.

Theorem 2.4 (see [7]). For a subset A of an ideal topological space
(X, τ, I), A is pre-I-open if and if and only if A = G ∩ B, where G is
open and B is ∗-dense.

If a set A is pre-I-closed (see [2]), then X \ A is pre-I-open, i.e., (X \
A) ⊆ Int(Cl∗(X \ A)). Thus (X \ A) ⊆ (X \ Cl(Int∗(A))) and hence
Cl(Int∗(A)) ⊆ A.

It is obvious that every closed set is a pre-I-closed set. We denote by
PIC(X) the collection of all pre-I-closed sets in (X, τ, I). The family of all
closed sets in (X, τ) is denoted by C(τ).
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Theorem 2.5. Finite intersection of pre-I-closed sets is a pre-I-closed
set.

Proof. Let (X, τ, I) be an ideal topological space. Let P1, P2, . . . , Pn ∈
PIC(X). We shall prove that

⋂n
i=1Ai ∈ PIC(X). For each i,

Cl(Int∗(

n⋂
i=1

Ai)) = Cl(Int∗(A1)∩(Int∗A2)∩· · ·∩(Int∗(An)) ⊆ Cl(Int∗(Ai)).

Thus

Cl(Int∗(A1) ∩ (Int∗A2) ∩ · · · ∩ (Int∗(An))

⊆ Cl(Int∗(A1)) ∩ Cl(Int∗A2)) ∩ · · · ∩ Cl(Int∗(An))

⊆ A1 ∩A2 ∩ · · · ∩An.

So
⋂n

i=1Ai ∈ PIC(X). �

Theorem 2.6. Let (X, τ, I) be an ideal topological space and let A ∈
PIC(X). If A ∈ τ∗, then A ∈ C(τ).

Theorem 2.7. Let (X, τ, I) be an ideal topological space. If PIC(X) =
τ∗(I), then each open set in (X, τ∗) is closed in (X, τ).

Proof. Let A ∈ τ∗. Then Int∗(A) = A. Now Cl(Int∗(A)) = Cl(A) ⊆ A
as A ∈ PIC(X). Thus A is closed in (X, τ∗). �

For the converse of the above theorem we get the following result.

Theorem 2.8. Let (X, τ, I) be an ideal topological space. If each open set
in (X, τ∗) is closed in (X, τ), then τ∗ ⊆ PIC(X).

Proof. Let A ∈ τ∗. Since A is closed in (X, τ), Cl(A) ⊆ A and hence
Cl(Int∗(A)) ⊆ A. Thus τ∗ ⊆ PIC(X). �

3. CI-continuity
Definition 3.1 (see [5]). A subset K of an ideal topological space (X, τ, I)

is called a CI -set if K = L∩M , where L is an open set and M is a pre-I-closed
set in X.

Let CI(X) denote the collection of all CI -sets in (X, τ, I).

Remark 3.2. (i) A subset S of (X, τ, I) is a CI -set if and only if X \S is
the union of a closed set and a pre-I-open set.

(ii) Every open (respectively, pre-I-closed) subset of (X, τ, I) is a CI -set.
(iii) For any space (X, τ, I), CI(X) is closed under finite intersections.
(iv) The complement of a CI -set need not be a CI -set. Hence the finite

union of CI -sets need not be a CI -set.
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Proof. (i) If S = O ∩ P , where O ∈ τ, P ∈ PIC(X), then

X \ S = X \ (O ∩ P ) = (X \O) ∪ (X \ P ).

Thus (X \O) ∈ C(τ) and (X \ P ) ∈ PIO(X).
Conversely, suppose that (X \ S) = F ∪ P , where F ∈ C(τ) and P ∈

PIC(X). Now S = (X \ F ) ∩ (X \ P ). Since (X \ F ) ∈ τ and (X \ P ) ∈
PIC(X), S is a CI -set.

(ii) Proof is obvious.
(iii) Proof is obvious from Theorem 2.5.
(iv) Consider the subset S = {1/n : n ∈ N} of (R, τR, {∅}), where τR is

the usual topology on R. Then S is a CI -set whereas R \ S is not. �

Definition 3.3 (see [1]). A subset S of a topological space (X, τ) is called
locally closed if S = U ∩ F , where U ∈ τ and F ∈ C(τ).

Remark 3.4. Since every closed set is a pre-I-closed set, every locally
closed set is a CI -set. The converse of this implication is not true in general
which will be shown in Example 3.10.

Definition 3.5 (see [5]). A subset K of an ideal topological space (X, τ, I)
is an A∗

I -set if K = L ∩M , where L is an open set and M = Cl(Int∗(M)).

Remark 3.6 (see [4]). Let (X, τ, I) be an ideal topological space. Any
A∗

I -set is locally closed in X. The reverse implication is not true in general.

Remark 3.7. Let (X, τ, I) be an ideal topological space. Any A∗
I -set is

a CI -set.

Proof. The proof follows from Remark 3.6. �

Definition 3.8 (see [5, 10]). A function f : (X, τ, I) → (Y, σ) is said to
be

(1) CI -continuous if f−1(A) is a CI -set in X for every open set A in Y ,
(2) LC-irresolute if f−1(M) is a locally closed set in X for each locally

closed set M in Y ,
(3) LC-continuous if f−1(V ) is a locally closed set in X for each open set

V in Y ,
(4) sub-LC-continuous if there is a subbase (or, equivalently, a base) B

for (Y, σ) such that f−1(V ) is a locally closed set in X for each V ∈ B.

From Remark 3.4, we have the following corollary.

Corollary 3.9. Let f : (X, τ, I) → (Y, σ) be a function. If f is LC-
continuous, then it is CI-continuous.

From the previous definition and corollary it follows immediately that we
have the following implications:

continuous =⇒ LC-irresolute =⇒ LC-continuous

=⇒ sub-LC-continuous =⇒ CI -continuous.
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However, none of these implications can be reversed.
We shall give an example for the last implication only, other examples

have been given by Ganster and Reilly [10].

Example 3.10. Let X={a, b, c, d}, τ={X, ∅, {a}, {a, b}, {c, d}, {a, c, d}},
and I = {∅, {a}, {d}, {a, d}}. The function f : (X, τ, I) → (X, τ), defined
by f(a) = a, f(b) = a, f(c) = b, f(d) = a, is CI -continuous but it is not
sub-LC-continuous as g−1(a) = {a, b, d} is not a locally closed set in X.

From Proposition 10 of [10], we have that the composition of a sub-
LC-continuous function and a continuous function need not be sub-LC-
continuous. However, we have the following remark.

Remark 3.11. The composition of two CI -continuous functions need be
a CI -continuous function in general.

Remark 3.12. It is also easy to verify that the composition of a contin-
uous function and a CI -continuous function is CI -continuous.

Remark 3.13. The composition of a LC-continuous function and a CI -
continuous function is CI -continuous.

A converse part of Corollary 3.9 follows from Theorem 2.6.

Theorem 3.14. If each pre-I-closed in (X, τ, I) is open in ∗-topology,
then avery CI-continuous function f : (X, τ, I)→ (Y, σ) is LC-continuous.

To every function f : X → Y one can assign the graph function gf : X →
X × Y defined by gf (x) = (x, f(x)).

Theorem 3.15. Let f : (X, τ, I) → (Y, σ) be a function. If f is CI-
continuous, then gf is CI-continuous.

Proof. Let S be a subbase for (Y, σ) such that f−1(V ) ∈ CI(X) whenever
V ∈ S. Then {U × V : U ∈ τ, V ∈ S} is a subbase for the product topology
on X × Y . Since g−1

f (U × V ) = U ∩ f−1(V ), g−1
f is CI -continuous. �

4. Pre∗I-continuity

Definition 4.1 (see [3]). A subset P of an ideal topological space (X, τ, I)
is pre∗I -open if P ⊆ Int∗(Cl(P )).

The collection of all pre∗I -open sets is denoted by P ∗
I O(X).

Theorem 4.2. Let (X, τ, I) be an ideal topological space, where I is co-
dense. Then PO(X, τ) = P ∗

I O(X).

Proof. Let P ∈ P ∗
I O(X). Then

P ⊆ Int∗(Cl(P )) ⊆ Cl(P ) ∩ ψ(Cl(P )).
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Thus (see [11])

P ⊆ ψ(Cl(P )) = X \ (X \ Cl(P ))∗ = X \ Cl(X \ Cl(P )).

Now, since by Lemma 1.1

X \ Cl(X \ Cl(P )) = X \ (X \ (Int(Cl(P ))),

we have that P ∈ PO(X, τ).
Reciprocally, suppose that A ∈ PO(X, τ). Then A ⊆ Int(Cl(A)) ⊆

Int∗(Cl(A)). Thus A ∈ P ∗
I O(X). �

If I = {∅} for an ideal topological space (X, τ, I), then τ ∩ I = {∅} and
hence P ∗

I O(X) = PO(X, τ).
For the ideal topological space (X, τ, In), P ∗

I O(X) = PO(X, τ) as τ ∩In =
{∅}.

Corollary 4.3. Let (X, τ, I) be an ideal topological space with τ∩I = {∅}.
Then A ∈ P ∗

I O(X) if and only if it is of the form D ∩O, where D is dense
and O is open in X.

The complement of a pre∗I -open set is called a pre∗I -closed set (see [8, 3]).
That is, if A is pre∗I -closed in an ideal topological space (X, τ, I), thenX\A ⊆
Int∗(Cl(X \ A)). Thus Cl∗(Int(A)) ⊆ A (see [8, 3]). The collection of all
pre∗I -closed sets is denoted by P ∗

I C(X).
Again, if A is closed in X, then it is obvious that A is a pre∗I -closed set,

since

Cl∗(Int(A)) ⊆ Cl(Int(A)) ⊆ Cl(A) = A.

Lemma 4.4. Let (X, τ, I) be an ideal topological space. For any subset A
of X, the following diagram holds:

open +3 pre-I-open

��

+3 preopen in (X, τ)

��
preopen in (X, τ∗) +3 pre∗I-open.

Corollary 4.5. Let (X, τ, I) be an ideal topological space. For any subset
A of X, the following diagram holds:

closed +3 pre-I-closed

��

+3 preclosed in (X, τ)

��
preclosed in (X, τ∗) +3 pre∗I-closed.

Interesting results have been drawn from Proposition 2.3 and Theorem
4.2.



REMARKS ON LOCALLY CLOSED SET 63

Remark 4.6. If I is codense then the following diagram holds:

open +3 pre-I-openKS

��

+3 preopen in (X, τ)
KS

��
preopen in (X, τ∗) +3 pre∗I -open.

Therefore, preopenness in (X, τ∗) implies preopenness in (X, τ) but the
converse is not true even if I is codense: see the next example.

Example 4.7. LetX = {a, b, c}, τ = {X, ∅, {a}, {b, c}}, and I = {∅, {b}}.
Then I is codense. Here {b} is preopen in (X, τ) but it is not preopen in
(X, τ∗).

Next example shows that the condition “I is codense” is an essential
condition for the statement: preopenness in (X, τ∗) implies preopenness in
(X, τ).

Example 4.8. Let X = {a, b, c}, τ = {∅, X, {a}}, and I = {∅, {a}}.
Then I is not a codense ideal and τ∗ = {∅, X, {a}, {b, c}}. If A = {b, c}, then
Int(Cl({b, c})) = ∅ but Int∗(Cl∗({b, c})) = {b, c}. Thus {b, c} is preopen in
(X, τ∗) but not preopen in (X, τ).

Definition 4.9 (see [6, 2, 14]). A function f : (X, τ, I)→ (Y, σ) is called
pre∗I -continuous (respectively, pre-I-continuous, pre-continuous) if f−1(T ) is
a pre∗I -closed (respectively, pre-I-open, preopen) subset of X for each closed
(respectively, open, open) subset T of Y .

Theorem 4.10. If a function f : (X, τ, I)→ (Y, σ) is continuous, then it
is a pre∗I-continuous function.

Proof. Proof is obvious from Lemma 4.4. �

The composition of two pre∗I -continuous functions is not a pre∗I -continuous
function in general.

Remark 4.11. The composition of a continuous function and a pre∗I -
continuous function is pre∗I -continuous.

Theorem 4.12. A function f : (X, τ, I) → (Y, σ) is pre-I-continuous if
and only if f−1(F ) is pre-I-closed for each closed set F in Y .

Proof. Proof is obvious from Corollary 4.5. �

Corollary 4.13. Every pre-I-continuous function f : (X, τ, I) → (Y, σ)
is a pre∗I-continuous function.
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[8] E. Ekici and S. Özen, A generalized class of τ∗ in ideal spaces, Filomat 27(4) (2013),
527–535.

[9] M. Ganster, Preopen sets and resolvable spaces, Kyungpook Math. J. 27(2) (1987),
135–143.

[10] M. Ganster and I. L. Reilly, Locally closed sets and LC-continuous functions, Int. J.
Math. Math. Sci. 12(3) (1989), 417–424.
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