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Matrix transformations related to Z-convergent
sequences

EnNO KOLK

ABSTRACT. Characterized are matrix transformations related to certain
subsets of the space of ideal convergent sequences. Obtained here results
are connected with the previous investigations of the author on some
transformations defined by infinite matrices of bounded linear operators.

1. Introduction and preliminaries

Let N={1,2,...} and let X, Y be normed spaces over the field K of real
numbers R or complex numbers C. As usual, a linear subset of the vector
space w(X) of all X-valued sequences is called a sequence space. A subset ®
of X is called fundamental if the linear span of ® is dense in X. By B(X,Y)
we denote the space of all bounded linear operators from X to Y. We write
sup,,, lim, and )", instead of sup,, ¢y, lim, o0 and y 7 |, respectively.

Let A(X) be a subset of w(X), let u(Y) be a subset of w(Y), and let
A = (A,) be an infinite matrix of operators A, € B(X,Y) (n,k € N).
We say that 2 maps A(X) into pu(Y), and write 2 : A\(X) — p(Y), if for
all ¥ = (x) € A(X) the series Apx = >, Apgzr (0 € N) converge and
the sequence 2Ar = (A,xr) belongs to u(Y). For a sequence (A,;) we define
so-called group norms (cf. [18], p. 5)

> Ay

k=m

Il CAnk ),y = sup sup (n,m € N).

T llzell<1

It is known that the sets ¢(X), co(X) and £o(X) of all convergent, con-
vergent to zero and bounded sequences r = (zr) € w(X) are Banach se-
quence spaces with the norm |[|r|loc = supy ||zgl|, and the set £,(X) of
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sequences r such that ), |[zx|[? < oo is a Banach space with the norm
lellp = (X |2 I?) /7 i 1 < p < oo,

For z € X and k € N, let ¢(z) = (z,z,...) be a constant sequence and
let ¢¥(z) = (e;“(az)) be the sequence with e?(q:) =z if j =k and e;?(:c) =0
otherwise. It is not difficult to see that if ® is a (countable) fundamental set
in X, then

Eo(®):={"(¢) : k€N, ¢ € D}
is a (countable) fundamental set in ¢o(X) and £,(X), and E(®) Y £(P) with

E(®):={e(¢) : ¢ € D}
is a (countable) fundamental set in ¢(X).

If a matrix map 2 is defined on a Banach sequence space A\(X), then
the operators 2, (n € N) defined above are linear and bounded, i.e., 2, €
B(A(X),Y). Therefore, by the investigation of matrix transformations the
following two well-known theorems of functional analysis (see, for example,
[8] or [17]) are useful.

Theorem 1.1 (Principle of uniform boundedness). Let X,Y be Banach
spaces and A, € B(X,Y) (n € N). If sup, ||[Anz| < oo for every z € X,
then

sup || An|| < oo. (1.1)
n

Theorem 1.2 (Banach-Steinhaus). Let X, Y be Banach spaces, A, €
B(X,Y) (ne€N), and let ® be a fundamental set of X. The limit lim,, A,z
exists for any x € X if and only if

sup || An|| < o0 (1.2)
n

and lim,, A,¢ exists for every ¢ € ®. Moreover, the limit operator A, Ax =
lim, Ayx (x € X), is bounded and linear, i.e., A € B(X,Y), and ||A] <
supy, [[An|-

The equality lim, A,z = Az (x € X) with A € B(X,Y) is true if and
only if (1.2) holds and lim,, A, = A¢ (¢ € D).

Based on Theorems 1.1 and 1.2, Zeller [23] (see also [18]) and Kangro [9]
characterized the matrix transformations 2 from ¢(X), co(X) and ¢;(X) to
c(Y) as follows.

Theorem 1.3. Let X,Y be Banach spaces and let A = (Ani) be an
infinite matriz with An, € B(X,Y). Then the following statements hold.

(i) A:e(X)—=c(Y) if and only if
Akl <00 (n€N), (1.3)

ElimZAnkx (neN, z e X), (1.4)
k=1
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2]l = O(1), (1.5)
JlimApx =: Ay (k€N, z € X),
Ihm Y  Agz  (z € X). (1.7)
k

(ii) A:co(X)—c(Y) if and only if (1.3) —(1.6) hold.
(iii) A:01(X)—=c(Y) if and only if (1.6) holds and
Hy :=sup |[Apk[| <00 (n €N), (1.8)
k

H, =0(1). (1.9)

Necessary and sufficient conditions for the matrix transformation
A : loo(X) — ¢(Y) are contained in the following theorem of Maddox (see
[18], Theorem 4.6; cf. also [9], Theorem 2).

Theorem 1.4. Let XY be Banach spaces and let A = (Ani) be an
infinite matriz with Ap, € B(X,Y). Then A : loo(X) — ¢(Y) if and only if
(1.3) = (1.7) are satisfied and

lim [[[(Ang )l =0 (0 € N),

limsup |[|(Ank — Ak) 0.

Wl =

Remark 1.5. It is not difficult to see, using Theorem 1.2, that in Theo-
rems 1.3 and 1.4 it suffices to require the fulfillment of conditions (1.4), (1.6)
and (1.7) only for all elements ¢ from a fundamental set ® of X.

The classical summability theory deals mostly with the transformations
defined by infinite matrices of real or complex numbers. Characterizations
of such matrix transformations from (and to) various spaces of number se-
quences may be found, for example, in [22].

As a generalization of usual convergence, Fast [4] (see also [21] and [20])
introduced the statistical convergence of number sequences in terms of as-
ymptotic density of subsets of N. Later several applications and generaliza-
tions of this notion have been investigated (for references, see [2] and [3]).
For instance, Maddox [19] and Kolk [10, 11] considered the statistical con-
vergence of sequences taking values in a locally convex space and a normed
space, respectively. Another extension of statistical convergence is related
to generalized densities.

Let T = (t,x) be a non-negative regular matrix of scalars (i.e., t,r >
0 (n,k € N) and lim,, ) t,rur = limy, uy, for any convergent scalar sequence
(ug)). A set K C N is said to have T-density d7(K) if the limit

5T(K) = lim Z tnk
" keK
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exists (cf. [6]).
A sequence t = (zy) € w(X) is called T-statistically convergent to a point
l € X, briefly stp-limy xp = [, if

or({k : [lex — 1| = €}) =0

for every € > 0 (see [1], Definition 7; [11], p. 44).

If T is the identity matrix, then the T-statistical convergence is just
the usual convergence in X, and if T' is the Cesaro matrix C7, then the
T-statistical convergence is just the statistical convergence as defined by
Fast [4].

A further extension of statistical convergence was given in [16] by means
of ideals. Recall that a subfamily Z of the family 2N of all subsets of N is an
ideal if for each K, L € 7 we have K U L € 7 and for each K € 7 and each
L C K we have L € Z. An ideal Z is called non-trivial if Z # () and N ¢ 7.
A non-trivial ideal 7 is called admissible if 7 contains all finite subsets of N.
Any non-trivial ideal Z defines a filter

FZ)={K CcCN:N\K eT}

A sequence ¢ = (zx) € w(X) is said to be Z-convergent to [ € X, briefly
Z-limg, zp, = I, if for each € > 0 the set {k € N : ||z — || > ¢} belongs to Z
(see [16], Definition 3.1). For example,

Ir = {K C N: 6p(K) = 0}

is an admissible ideal and the Zp-convergence coincides with the T-statistical
convergence.

The following two notions are closely related with the Z-convergence. A
sequence ¢ = (z1) € w(X) is said to be Z*-convergent to | € X, briefly
Z*-lim xy, = I, if there exists an index set K = (k;) such that K € F(Z) and
lim; g, = [ in X (see [16], Definition 3.2). A sequence ¢ = (z}) € w(X) is
said to be Z-bounded, briefly ||zx|| = Oz(1), if for some K = (k;) € F(Z) the
subsequence (xg,) is bounded in X (cf. [7]).

We remark that the Z*-convergence of number sequences was introduced
already by Freedman [5] as Z-near convergence.

It is easy to see that Z*-convergence implies Z-convergence and every Z*-
convergent sequence is Z-bounded.

An admissible ideal Z C 2V is said to have property (AP) if for every
countable family of mutually disjoint sets K1, Ko, ... from Z there exist sets
L1, Lo, ... from 2" such that the symmetric differences K;AL; (i € N) are
finite and L = U;L; € Z. It is known that the ideal Zr defined above has
the property (AP) (see [6], Proposition 3.2).

The following characterization of Z-convergence is important for us (see
[16], Theorem 3.2).



MATRIX TRANSFORMATIONS RELATED TO Z-CONVERGENT SEQUENCES 195

Proposition 1.6. Let Z be an admissible ideal with property (AP). If
Z-limx, =1 in a Banach space X, then Z*-limxy, =1 in X.

By the investigation of matrix transformations related to the Z-convergence,
the sets ¢Z(X), ¢&(X) and ¢Z (X) of all Z-convergent, Z-convergent to zero
and Z-bounded sequences r € w(X) appear instead of ¢(X), ¢o(X) and
loo(X), respectively. For X = K we omit the symbol X in notations.

In the following two sections we characterize matrix transformations 2
related to some subsets of ¢Z(X).

2. Matrix transformations of ¢*(X)

Let X, Y be Banach spaces, and let 2 = (A,x) be an infinite matrix of
operators A, € B(X,Y) (n,k € N). For a set K = (k;) C N we define the
K-column-section of U as AE] = (Ag,?), where, for any n € N, Ag,:] = Ak
if Kk € K and Agz] = 0 otherwise. Analogously, the K-section of a sequence
t = (z1) is defined by i = (zx), where z;, = zp if k € K and 2z = 0
otherwise.

Let Z C 2N be an ideal. We say that a sequence space A\(X) is Z-section-

closed if for every r € A(X) and for any K € Z U F(Z) we have %] € \(X).

Theorem 2.1. Let T be an admissible ideal. Let \(X) be an Z-section-
closed sequence space containing the set £(X) = {e(x) : © € X}, and let
w(Y) be an arbitrary sequence space. If A : cH(X)NAX) — u(Y), then

A:e(X)NANX) — u(Y), (2.1)

AXTNX) = p(Y) (K eT). (2.2)
If T has property (AP), then (2.1) and (2.2) imply that 2 : ¢Z(X)NA(X)—
u(Y).

Proof. Let A : cZ(X)NA(X) — u(Y). Then (2.1) holds in view of ¢(X) C
cf(X) because the ideal 7 is admissible.

Now, let K € Z and ¢ € A(X). The sequence y = 5] is obviously Z*
convergent to 0 and so, y € ¢Z(X). Moreover, since A\(X) is Z-section-closed,
we have that y € A(X). Thus y € ¢Z(X) N A(X) and so, Ay € u(Y). By
ALKy = A (n € N) we get A € u(Y), ie., (2.2) holds.

Conversely, suppose that (2.1) and (2.2) hold and Z has property (AP). If
r € F(X)NA(X), then for some [ € X the sequence y) = (y;,) with yp = x5, —1
is Z-convergent to 0 and, by Proposition 1.6, Z*limy, = 0. Thus, for some
K € T, the sequence 3 = yN/5] belongs to co(X) which gives 3 € u(Y) by
(2.1). Further, since y € A(X) because of £(X) C A(X), by (2.2) we get
Ay € (V). Now, using the equality Ay = A3 + AX]y, we get Ay € p(Y).
But this shows that Ar € p(Y') with Z-limxy, = 1. O
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It is not difficult to see that £o(X) and ¢Z (X) are examples of Z-section-
closed sequence spaces which contain £(X).

Let stp(X) denote the set of all T-statistically convergent sequences ¢ €
w(X). Since the ideal Zp is admissible and has property (AP), from Theorem
2.1 we immediately get a generalization of Theorem 4.1 from [12].

Proposition 2.2. Let T = (t,;) be a non-negative regular matriz of
scalars. Assume that \(X) is an Ip-section-closed sequence space containing
E(X). Then, for an arbitrary sequence space p(Y), A : stp(X) N A(X) —
w(Y') if and only if (2.1) holds and

AR NX) = u(Y)  (0r(K) =0).

Theorem 2.1 reduces, for A(X) = ls(X), to the following result.

Proposition 2.3. Let (YY) C w(Y) be a sequence space and let T be an
admissible ideal. If A : F(X) N loo(X) — u(Y), then (2.1) and

AKX 0 (X) = w(Y) (K eI) (2.3)
are satisfied. If T has property (AP), then (2.1) and (2.3) imply A : ¢£(X)N
1oe(X) > p(Y).

Proposition 2.3 together with Theorems 1.3(i) and 1.4 gives the following
characterization of the matrix transformation 21 : ¢Z(X) N4 (X) — c(Y).

Corollary 2.4. Let X,Y be Banach spaces, A = (A,i) be an infinite
matriz with Ap, € B(X,Y), and let Z be an admissible ideal. If A maps
(X)) N loo(X) to c(Y), then (1.3) —(1.7) hold and, for any K = (k;) € Z,
the matriz ALK = (ALIZ]) satisfies the conditions

tmn (1Al =0 (2 € N), (24)

Ml
. K K
timsup (1A, = 45l =0, (25)
If T has property (AP), then (1.3) —(1.7), (2.4) and (2.5) are also sufficient
for A H(X) Nloo(X) = c(Y).

Let B = (bnk) be an infinite matrix of scalars. Using the known char-
acterizations of matrix transformations B : ¢ — ¢ and B : {5 — ¢ (see,
for example, [22]), Proposition 2.3 permits to formulate also an extension of
Corollary 5.1 from [12].

Corollary 2.5. Let T be an admissible ideal. If B : ¢ N0y — ¢, then
sup Y _ [bi| < 00, (2.6)
"ok

Jlim b, =: by, (k} S N), (27)
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FHm Y by, (2.8)
n
k

lim Y |bpg — bl =0 (K € I). (2.9)
" keK

If T has property (AP), then (2.6)~(2.9) are also sufficient for B : cZNlo — c.

3. Matrix transformations to (V)

Let Z be an admissible ideal and let X, Y and 2l be the same as in Section
2. The following characterizations of matrix transformations 2l to the space
of Z-convergent sequences are known.

Theorem 3.1 (see [14, 15]). Let ® X be a fundamental set of X. The
following statements are true.
() If A:e(X) = (Y)Nloo(Y), then (1.3), (1.5) hold and

Hli%nZAnkgb (neN, ¢ € @), (3.1)
k=1
IT-lim And = Arp (kEN, ¢ € P), (3.2)
37- 1171312 Aprd (¢ € ®@). (3.3)
k

Conversely, if ® is countable and I has property (AP), then (1.3), (1.5) and
(3.1)(3.3) are also sufficient for A : ¢(X) — (V) N Lo (Y).

(i) If A : co(X) = (Y) Nloo(Y), then (1.3), (1.5) and (3.2) hold. If
® is countable and T has property (AP), then (1.3), (1.5) and (3.2) imply
2 :co(X) = (Y) N Lloo(Y).

(iii) If A : (X)) = (V) NLloo(Y), then (1.8), (1.9) and (3.2) are sat-
isfied. Conversely, if ® is countable and T has property (AP), then (1.8),
(1.9) and (3.2) are also sufficient for A : £1(X) — (V) Nleo(Y).

IfO(1) is replaced by Oz(1) in (1.5) and (1.9), then (i)—(iii) give the char-
acterizations of matriz maps A : ¢(X) — (V)N (YV), A : co(X) — (V)N
Z(Y) and A : 01(X) — E(Y)NLE(Y), respectively.

Our purpose is to consider the same type transformations 2 without the
separability assumption of the space X. As one may expect, results obtained
in this case are in some respects weaker in comparison with the results in
Theorem 3.1.

Let N = (n;) be a set from the filter F(Z). We say that a sequence
r € w(X) is Z,N-bounded if (zp,) € loo(X). If (%N (X) denotes the set of all
Z,N-bounded sequences ¢ € w(X), then it is clear that

loo(X) CEN(X) and (L (X)= | &N (X).
NEF(T)
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Theorem 3.2. Let \(X) C w(X) be a Banach sequence space with the

norm || - |[x and a fundamental set E. Let Z, J be admissible ideals and
N = (n) € F(J). IfA: MX) = E(Y)NeLN(Y), then
sup sup ZAnkl“k <oo (neN), (3.4)
mella<1 || p=
3 limZAnkxk (neN, r€E), (3.5)
k=1
[, ]| = O(1), (3.6)

3Z-limAx (r € E).
n

Conversely, if J C Z, conditions (3.4)—(3.6) hold, and there exists a set
K = (k;) € F(I) such that

Fim A, (r € B), (3.8)

then A : \(X) = E(Y) LN (v).

Proof. Assume that A : A(X) — Z(Y) N LY (Y). Then the series
A, r = > Ay, converge for all ¢ € A(X). Thus, because of Theorem
1.2, conditions (3.4), (3.5) hold and 2,, € B(A(X),Y) (n € N). Further,
since Ar € (RN (Y), (y,r) is bounded for any r € A(X). So, in view of
Theorem 1.1, condition (3.6) must be satisfied. Condition (3.7) holds by
Arc (YY) r€E).

Now. assume that J C Z and conditions (3.4)—(3.6) and (3.8) are satisfied.
Then the operator 2 is determined on A(X) and 2, € B(A(X),Y) (n € N)
in view of (3.4) and (3.5). Condition (3.6) shows, by Theorem 1.1, that the
sequences 2z (r € M(X)) are in £LY(Y). Moreover, since J C Z implies
N € F(Z), we have M := NN K C F(Z). Consequently, the sequence
of operators (2,,,), where M = (m;), satisfies the conditions of Theorem
1.2 with respect to the fundamental set E' of A\(X). Thus the sequences x
(r € A(X)) must be I*-convergent, hence also [-convergent in Y. O

In the case A\ € {¢, g, ¢1}, from Theorem 3.2 we get the following result.

Proposition 3.3. Let Z, J and N be the same as in Theorem 3.2.

(1) IFA:e(X) = E)NeLN(Y), then conditions (1.3), (1.4), (3.6)
hold and

IZ-limAyx (keN,z e X), (3.9)

IZ-lim» Az (v € X). (3.10)
k
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Conversely, if J C Z, conditions (1.3), (1.4), (3.6) are satisfied, and there
exists a set K = (k;) € F(Z) such that

Jlim Ay, iz (keN, z € X), (3.11)

Im ) ~ Ag ez (z € X), (3.12)
"k

then A : o(X) — E(Y) N eLN (V).

(i) If A : co(X) = (V) NeLN(Y), then conditions (1.3), (3.6) and
(3.9) hold. Conversely, if J C I and conditions (1.3), (3.6), (3.11) are
satisfied, then A : co(X) — E(Y) N LN (Y).

(i) IfA:6(X) = &) NeLN(Y), then (1.8), (3.9) hold and

H,=04(1). (3.13)

If 7 C T and conditions (1.8), (3.11) and (3.13) are satisfied, then 2 :
6(X) = EY)neZN ().

Proof. Our statements follow from Theorem 3.2 by reason of the following
remarks.

(i). Since ¢(X) has the fundamental set E(X)|JE(X), conditions (3.4),
(3.5) reduce, respectively, to (1.3), (1.4). Moreover, (3.7) takes the form
(3.9) if r € &(X), and the form (3.10) if ¢ € £(X). Similarly, (3.8) reduces
to (3.11) and (3.12), respectively

(ii). We argue as above using only the fact that ¢o(X) has the fundamental

set Ey(X).
(iii). The proof is quite similar if we observe that ¢;(X) has the funda-
mental set £y(X) and ||2,,]| = supy, ||Ank]| (n € N) (see [9], p. 113). O

If J = Iy, the ideal of all finite subsets of N, then £Z™ (V) = £ (Y).
Consequently, Proposition 3.3 gives the following extension of Theorem 3.1.

Proposition 3.4. The following statements hold.

() IfA:e(X) = (Y)NLloo(Y), then conditions (1.3)—(1.5), (3.9)
and (3.10) hold. Conversely, if conditions (1.3)—(1.5), (3.11) and (3.12)
are satisfied, then A : c(X) = cE(Y) N loo(Y).

(i) If2A: co(X) = (V)N lso(Y), then conditions (1.3), (1.5) and (3.9)
hold. Conversely, if conditions (1.3), (1.5) and (3.11) are satisfied, then
2A:co(X) = (V)N Lloo(Y).

(iil) If2A: 61(X) — E(Y)Nloo(Y), then conditions (1.8), (1.9) and (3.9)
hold. If conditions (1.8), (1.9) and (3.11) are satisfied, then A : {1(X) —
A(Y) Nl (Y).

This proposition gives, in special case Z = Zp, the characterizations of
matrix transformations 2 : ¢(X) — str(Y) Nlo(Y), A : co(X) — str(Y) N
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lo(Y) and A : £1(X) — stp(Y) N ls(Y). Similar characterizations are
proved, for separable X, in [14] and, for X =Y =K in [13].

Acknowledgements

The author is grateful to the referee for useful suggestions. This research
was supported by institutional research funding IUT20-57 of the Estonian
Ministry of Education.

1]

2]

(10]

[11]
[12]
[13)
[14]
[15]
[16]
17]
18]

(19]

References

J. Connor, On strong matriz summability with respect to a modulus and statistical
convergence. Canad. Math. Bull. 32 (1989), 194-198.

J. Connor, A topological and functional analytic approach to statistical convergence,
in: Analysis of divergence (Orono, ME, 1997), Applied and Numerical Harmonic
Analysis, Birkh&user Boston, Boston, MA, 1999, pp. 403—413.

G. Di Maio and Lj. D. R. Koéinac, Statistical convergence in topology, Topology Appl.
156 (2008), 28-45.

J. Fast, Sur la convergence statistique, Colloq. Math. 2 (1951), 241-244.

A. R. Freedman, Generalized limits and sequence spaces, Bull. London Math. Soc. 13
(1981), 224-228.

A. R. Freedman and J. J. Sember, Densities and summability, Pacific J. Math. 95
(1981), 293-305.

J. A. Fridy and C. Orhan, Statistical limit superior and limit inferior, Proc. Amer.
Math. Soc. 125 (1997), 3625-3631.

H. Heuser, Funktionalanalysis, B. G. Teubner, Stuttgart, 1986.

G. Kangro, On matriz transformations of sequences in Banach spaces, Izv. Akad.
Nauk Eston. SSR. Ser. Tehn. Fiz.-Mat. Nauk 5 (1956), 108-128. (Russian)

E. Kolk, Statistically convergent sequences in mormed spaces, in: Reports of Confer-
ence “Methods of Algebra and Analysis” (September 21-23, 1988, Tartu, Estonia),
pp. 63-66. (Russian)

E. Kolk, The statistical convergence in Banach spaces, Tartu Ul. Toimetised 928
(1991), 41-52.

E. Kolk. Matriz summability of statistically convergent sequences, Analysis 13 (1993),
77-83.

E. Kolk. Matriz maps into the space of statistically convergent bounded sequences,
Proc. Estonian Acad. Sci. Phys. Math. 45(2/3) (1996), 187-192; 46(1/2) (1997), 150.
E. Kolk, Banach-Steinhaus type theorems for statistical and Z-convergence with ap-
plications to matriz maps, Rocky Mountain J. Math. 40 (2010), 279-289.

E, Kolk, On statistical and ideal convergence of sequences of bounded linear operators,
Eur. J. Pure Appl. Math. 8 (2015), 357-367.

P. Kostyrko, T. Saldt, and W. Wilcezyniski, Z-convergence. Real Anal. Exchange 26
(2000/2001), 669-686.

G. Kothe, Topologische Lineare Raume. I, Die Grundlehren der Mathematischen Wis-
senschaften, Band 107, Springer-Verlag, Berlin — Heidelberg— New York, 1966.

1. J. Maddox, Infinite Matrices of Operators, Lecture Notes in Mathematics 786,
Springer-Verlag, Berlin — Heidelberg—New York, 1980.

1. J. Maddox, Statistical convergence in a locally convex space, Math. Proc. Cambridge
Philos. Soc. 104 (1988), 141-145.



MATRIX TRANSFORMATIONS RELATED TO Z-CONVERGENT SEQUENCES 201

[20] I. J. Schoenberg, The integrability of certain functions and related summability meth-
ods, Amer. Math. Monthly 66 (1959), 361-375.

[21] H. Steinhaus, Sur la convergence ordinaire et la convergence asymptotique, Collog.
Math. 2 (1951), 73-74.

[22] M. Stieglitz and H. Tietz, Matriztransformationen von Folgenrdaumen. Fine Ergeb-
nistbersicht, Math. Z. 154 (1977), 1-16.

[23] K. Zeller, Verallgemeinerte Matriztransformationen, Math. Z. 56 (1952), 18-20.

INSTITUTE OF MATHEMATICS AND STATISTICS, UNIVERSITY OF TARTU, 50090 TARTU,
EsTonia
FE-mail address: enno.kolk@ut.ee



