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On new extensions of the generalized Hermite
matrix polynomials

AYMAN SHEHATA

ABSTRACT. Various families of generating matrix functions have been
established in diverse ways. The objective of the present paper is to
investigate these generalized Hermite matrix polynomials, and derive
some important results for them, such as, the generating matrix func-
tions, matrix recurrence relations, an expansion of ™ I, finite summation
formulas, addition theorems, integral representations, fractional calculus
operators, and certain other implicit summation formulae.

1. Introduction and preliminaries

Various possible extensions to the matrix framework of the classical fam-
ilies of Laguerre, Hermite, Legendre, Gegenbauer, and Chebyshev poly-
nomials have been widely investigated in the literature (see, for example,
[2, 3, 4, 7, 10, 11, 14, 16, 22, 24, 25, 26, 27]). Earlier, the Hermite ma-
trix polynomials and its extensions and generalizations were introduced in
[15, 21, 23, 29] for matrices in CN*N| whose eigenvalues are all situated in
the right open half-plane.

Since it has been amply demonstrated that the various extended
Hermite matrix polynomials of one variable potential have applications in
many diverse areas of mathematics, physical, engineering and statistical sci-
ences (see, for details, [1, 12, 13] and the references cited therein), we propose
to provide a new extension of the Hermite matrix polynomials in this paper
which shall also find applications in the diverse fields mentioned hitherto.
The structure of this work is as follows. In Section 2, we deal with important
properties of the generalized Hermite matrix polynomials such as addition,
multiplication theorems, and summation formula. In Section 3, we obtain
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integral transforms for the generalized Legendre matrix polynomials, the
Chebyshev matrix polynomials of the first, the second, and the third kind
in terms of the generalized Hermite matrix polynomials introduced by us.
In Section 4, we have dealt with the fractional integrals and the fractional
derivatives which yield a different view of the generalized Hermite matrix
polynomials. Finally, in Section 5, some concluding remarks are given.

Frequently occurring definitions, theorems, notations, and miscellaneous
results used throughout this paper are as given below. Throughout this
paper, for a matrix A in CN*N its spectrum o(A) will denote the set of all
eigenvalues of A. Furthermore, the unit matrix and the null matrix in CN*N
will be denoted by I and 0, respectively.

Lemma 1.1 (see [3]). If A(k,n) and B(k,n) are matrices in CN*N for
n>0,k>0, then

DD Alkn) =) A(k,n—mk), meN. (1.1)
n=0 k=0 n=0 k=0

Similarly to (1.1), we can write

Z ZA(k,n) :ZZA(k,n—i—mk), m € N. (1.2)
n=0 k=0 n=0 k=0

Definition 1.1 (see [9]). A matrix A in CN*N is said be a positive stable
matrix if

R(u) £0 for every eigenvalue p € o(A). (1.3)
Fact 1.1 (see [9]). If B is a matrix in C™"N such that

B +nl is an invertible matrix for all integersn >0, (1.4)

then
I'(B) = /OO e texp (B —1)Int)dt

is an invertible matrix in CY*N, and one gets
(B)p:=B(B+1I)...(B+ (n—1I)
=I(B+nDT"YB), n>1, (B) =1,
where I'"}(B) is the image of I'"(2) = 1/I'(2) acting on B.

Fact 1.2 (see [8]). For a matrix A4 in CN*Y we have

[e.e]

1-54=%" %(A)nz”, 2] < 1. (1.5)
n=0
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If ®(z) is a holomorphic function at z = zp, ®(z9) # 0, and if z =
20 + w®(z) and f(z) is an analytic function, we expanded a power series in
w by the Lagrange expansion formula as (see [19])

m>:§WWmeM

- - 1.6
1 —wd'(2) — n! dz" (16)

2=20

From the definition of the Gamma function, we have (see [28])
o0
42, 2n=mk 1 (2n—mk 1 NS
t dt=-T'l——+=-)=—| = 1.7
/Oe ’ 2<2p T3 2 \2) 2ume (L7)
P

o0 n—(m—p)k — — k
/ et T dt—l“(n(mp)+1>. (1.8)
0 p
In order to describe more details of our work, we will need some definitions
of fractional integrals and fractional derivatives, which are given as below,

and can be found in standard works in this field, like, [5, 6, 17, 18, 20].

and

Definition 1.2. Riemann—Liouville fractional integral of order p is de-

fined by

F{f(x)} = F(lu) /Or(ﬂc — ) f(Bdt, R(p) > 0. (1.9)

Definition 1.3. Let f(x) € L(b,¢), o € C, and R(«) > 0. The left-sided
operator of Riemann—Liouville fractional integral of order « is defined by

JO{f ()} = F(lu) /:(g; — 0 (0dt, > b (1.10)

Definition 1.4. Let f(z) € L(b,c), a € C, and Re(a) > 0. The right-
sided operator of Riemann—Liouville fractional integral of order « is defined
by

1 Cc
A @) = g [ -2 0 a<e

Definition 1.5. The Weyl integral of f(x) of order «, denoted by W,

is defined by
1

Welf(@)} = T(a)

where o € C and R(«) > 0.

Definition 1.6. Let f(z) € L(b,c), a« € C, R(a) > 0, and n = [R(a)] + 1.
The left-sided operator of Riemann—Liouville fractional derivative of order
« is defined by

1 oN" [ f(t)
D =—| =— —— (i b. 1.13
DI = e () | it w2 (13

(n—a)

/oo(t — x)aflf(t)dt, -0 < T < 00, (1.12)
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Definition 1.7. Let f(z) € L(b,c), « € C, R(a) > 0, and n = [R(a)] + 1.
The right-sided operator of Riemann—Liouville fractional derivative of order
« is defined by

D= s (B [ a<e s

Definition 1.8. Let f(x) € L(b,¢), a € C, R(a) > 0, and n = [R(a)] + 1.
The Weyl fractional derivative of f(z) of order «, denoted by ,D%, is
defined by

D) = @C) /°° (t_j:)(i)_mﬂdt, (1.15)

(m —a)

where —c0o < x < oo, m—1<a<m,and m € N.

2. The definition of generalized Hermite matrix polynomials
and their properties

Let A and B be commutative matrices in CYV*N. For any complex number

v let vA be a positive stable matrix in CN*N satisfying condition (1.3),
and let B be a matrix satisfying condition (1.4). We define the generalized
Hermite matrix polynomials by means of the matrix generating function

0 -B
tn tm tm
F= ZHn,m,P(xﬁAaB;aab7 V)E = axtpm (1 + > s 7| < 17

b b

n=0
(2.1)
where a > 0, a # 1, and p and m are any numbers.
Making use of the exponential matrix function and the binomial expansion
(1.5), we obtain

o (o) _ k n
F = z_: > w (x 1og(a)\/ﬂ) tpnthm, (2.2)

Using (1.1) and (2.2), we can write

ad e e
"o ;—‘;kzﬂ kIbkT (”‘Tj“’f i 1) <x 1og(a)\/71) "

Comparing the coefficients of ¢, we obtain an explicit representation of the

matrix version of generalized Hermite matrix polynomials for R (”Tk> >—1:
anmzp = anmﬁn(x? A? B; a’7 b7 Z/)

(2.3)

I | AN
- !kzok!bkl“("_;lk+1)(lg( )\/71) '
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In the following theorem, we obtain the matrix recurrence relations for
the generalized Hermite matrix polynomials.

Theorem 2.1. The generalized Hermite matriz polynomials satisfy the
relations

iH o (log(a)ﬂ)r

dgr P (n —pr)!

. (2.4)
XHn—phm,p(xaA’BS%b’V), OST S |::| )
p
b n—m)l +mB
EHn—i—l,m,p(x’ A: B; a, b7 V) + ( (Tl _ 7)71 + 1)‘ Hn—m+l,m,p(x7 A, B; a, b, V)
bpzlog(a)vv A
= T pr i) nrprime(® A Biaby)

4P log(a)Vv A

(n—m-—p+1)!

Hym—p+imp(z, A, B;a,b,v), n>m+p—1,

(2.5)
and

blog(a)VvA

(n —p)!
log(a)Vv A
+ (n—p—m)!
_ bpxlog(a)Vv A d
T (n—p+1) dx
prlog(a)vVv A d
+ (n—m—p+1) dx
mB d
(n—m+1)dx

Hn—p+17m7p(x) A7 B7 a, b7 V)
Hn—m—p-i—l,m,p(xy Aa B7 a, bv V)

anp+l,m,p(l‘»AvB§ a,b, V) (2-6)

n*m*PJrl,m,p(x) A? B? a, b7 V)

Hy—miimp(x, A, Bya,bv), n>m+p—1.

Proof. Differentiating (2.1) with respect to x, we have

OF = d tn = e
55 = Z %Hmmma = log(a)VVA Z Hnympr. (2.7)
n=0 n=0

Comparing the coefficients of t" for 0 < p < n, we obtain

d n!
%Hn’m’p = m log(a)Vv A Hy—pmp(z, A, B;a,b,v), (2.8)

which is the required matrix differential recurrence relation. The iteration
of (2.8) for 0 <r < [n/p] leads us to (2.4).
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Again by differentiating (2.1) with respect to ¢, we have

n—1 , gm —B
ZHnmP — ) = prlog(a)t’~ Vv Aa™ VA (1 + b)
— (2.9)
Btm 1 ztp\/ﬂ 1+ 1
) b ’

and we can write
tn+m 1

DILIWTLEED DL s

tn+m+p 1

n +p—1
= bpxlog(a Z/AZHn mp——— + pxlog(a)Vv AZHn mp—————

thrm 1
—mB Z Hymp——— -
n=0
Equating the coefficients of t", we get

b n—m)l +mB
—Hn1mp(, A, Bia, b,v) + ( (n — 731 +1)! Hymi1,mp(2, A, Bya,b,v)

bpxlog(a)Vv A
= i) Enrrimap(@ A Biab)

z log(a)vVv A
- (i — 52(—)10 + ]_)!Hn—m—p-i-l,m,p(.’lj, A’ B7 a, bu V)7

which is the required pure matrix recurrence relation (2.5).
From (2.7) and (2.9), we observe that

blog(a)tPv VA%—}; + log(a)V uAthrpaa—}; = bpzlog(a)tP~1v VAaa—F
x

OF OF
+ pxlog(a) Vv AP —mBtm T
ox ox
This, again in view of (2.1), by comparing the coefficients of t", yields (2.6).
The proof is complete. 0

Theorem 2.2. For any complex number v, let vA be a positive stable

matriz in CV*N satisfying (1.3). Then we have the expansion of x™I in the
form

) (DB
p— ' —_—_—nmm .
(:E 10g(a) 1% A) n: kZ:O k'(np — mk)‘bk an—mk,m,p(!ﬂa A7 B’ a7 b’ V)?

(2.10)

where B is a matriz in CV*N satisfying (1.4).
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Proof. By (2.1), we can write

xp vA n mk
e = Z;)Z klmbk = Hymp(, A, Bia,b,v)t" (2.11)
n=0 k=0

Replacing n by np — mk in the right hand side of (2.11), we get

i % (3: log(a)myl t"P

n=0
oo [FF]
(=D*(=B)x
— T k(2 A, Bia, b, v)EP,
" & g g oy |

and, by comparing the coefficients of ¢" in the above equation, we arrive at
(2.10). g

Now, we give the multiplication, addition, and summation formulae for
the generalized Hermite matrix polynomials in the following theorems.

Theorem 2.3. For any complex number v, let vA be a positive stable
matriz in CN*N satisfying the condition (1.3). For commutative matrices
B, D, and B — D in CN*N satisfying (1.4), the generalized Hermite matriz
polynomials satisfy the finite summation formula

(7]
. (B — D)y
Hnm = ' Hn—m m 7A7D; 7b7 . 2.12
mp = 1 ;;) E\OET (n — mk + 1) kmp (T a,b,v) ( )

Proof. From (2.1) and (1.1), we have

o

g B PSR $m -D $m D—B
;}Hn,m,pm—a 1"‘? 1+T

n

gm\P—B 2 t
= <1 + b> Z H,mp(z, A, D;a,b, V)ﬁ

B—-D);
Z Z (nlklbk)Hn’m’p(m’ A,D;a,b, V)tn—i-mk
n=0 k=0 o

n=0 k=

S (B—D)g
k!bkF (n—mk+1)

anmk,m,p(ma A7 D7 a, b7 V)tn

Comparing the coefficients of ¢ in the above equation leads us to (2.12). O
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Theorem 2.4. The generalized Hermite matriz polynomials satisfy the
multiplication formula

Hymplaxz, A B;a,b,v)

n k

] <(a - 1):clog(a)\/yA) Hyipmp(z, A, B;a,bv)  (2.13)
=n!

" KT (n — kp + 1) ’

k=0

where o 18 constant.

Proof. By (2.1) and (1.1), we have

o0

n m\ —B
Z anmyp(a T, A; B;a,b, V)t — a(afl)tp\/uAaxtp\/uA (1 + tb>
n.
n=0

k
((a —1)log(a)V VA) Hymp(z, A, By a, b, v)tn e

=3y i

n=0 k=0
n k
i 5] ((a — 1)z log(a)Vv yA) Hy—ppmp(x, A, B;a,b,v)t"
- (1 —
=i ET(n —kp+1)
Thus, comparing the coefficients of t", we get (2.13). O

Theorem 2.5. For commutative matrices B, D and B+ D in CN*N | sat-

isfying the condition (1.4), the finite summation formula for the generalized
Hermite matriz polynomials is as follows:

Hymplox+ Bz, A, B+ D;a,b,v)

ZHkmpBZABabV) Hy_mp(ox, A, D;a,b,v) (2.14)
kl(n — k)! ’

where a and B are constants.

Proof. Using (1.2), we consider the series

ZZ Hykmp(Bz, A, Bya,b,v)Hy  p(ax, A, D a, b, v)t"
El(n —k)!

n=0 k=0

_ZZ Hyomp(B2, A, B;a,b,v)Hy ym(ax, A, D;a, b, v)t"*

et kin!
_ otV (4 N tm BD_i Hymplax + Bz, A, B+ D;a,b,v)t"
N b _n=0 n!

By comparing the coefficients of t", we get (2.14). O
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Theorem 2.6. The generalized Hermite matriz polynomials satisfy the
addition formula

Hn,’m,p(m + y7 A7 B7 CL, b7 V)
(5]

P yk; k (215)
= n' Z m (I.Og(a) VvV A) anpk’m’p(x, A, .B7 CL, b, I/).
— k! !
Proof. Rewriting (2.1) in the form
tNTE e e ¢
(1 + b> — gt F%Hn’m,p(x,A,B;a, b, V)E
n=
and replacing = by y, we have
tm -B oA S tn
<1+ b> = Y Z{]Hn’m,p(y,A,B;CL, b, V)E
n=
By comparing, we get
—2)tP/UA
oW VANN (2, A, Biasb, V)= > Hump(y, A, B;a,b, V)
n=0 n=0
(2.16)

Futher, by expanding the exponential matrix function in (2.16), we have

>y (y?;zj)k (1o8()V A)" Hy (. A, Bra, b, v) 7"

n=0k=0 (2.17)
tn
= Z Hnmp(y, A, Bia,b,v)—
o n!

Replacing n by n — pk and comparing the coefficients of ¢ in (2.17), we get

(5]
(y — )" k
| g 7 .
n! ,;) F(n — ph)! (log(a)\/y A) Hy—pkmp(x, A, B;a,b,v) (2.18)
= Hymp(y, A, B;a,b,v).
Replacing y by y + x in (2.18), we get the addition formula (2.15). O

Theorem 2.7. For matrices A and B in CN*N with commutative ma-
trices, the matrix generating function for the generalized Hermite matrizc
polynomials can be given as

00 _B
tn m

2 :lin»m#’(m =+ ny, A: B7 a, b> V) ! = (thpm <1 =+ >
n:

ot b (2.19)

-1
X {I — ytPlog(a)Vv Aawm} .
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Proof. Applying Taylor’s expansion in (2.1), we have

m -B n
VA ¢
5" Huplr A Biasbo) o den[“"‘ (1+%) ] 5
n=0
(2.20)
Equating the coefficients of ¢” on both sides in (2.20), we have
Hoy o, A, Bra,byw) = o | qervid (14 2 - (2.21)
x ca,b,v) = — |a — .
n,m,p\4s {1, Ly Uy Uy dam b —o
Replacing = by x + ny in (2.21), we have
ar (z+ny)tPVvA e P
Hymp(x+ny, A B;a,bv) = pe a 1+ 7 t:O’
and thus
oo tn
Z Hymp(z+ny, A, B;a,b, V)—'
n=0 n
-B
_ iﬂ aa:tpm 1+ ﬁ anytpm ﬁ
dx™ b o ™!
n=0

Using Lagrange’s expansion formula (1.6), we obtain the matrix generating
function (2.19). O

Theorem 2.8. For r € N and for complex numbers vy,vo,...,v,, let
A1, 1A, ... v A, be commutative matrices in CV*N satisfying (1.3), and
let By, Bo, ..., B, be commutative matrices in CN*N satisfying (1.4). Then

“(Bi+.. 4 Bry (log(a)(a:l viAr+.. + JZT\/VTAT)) ?
= k'bkr (“ mk 1)

_ E Hn17m7p(x17A17B1;a7 ba Vl) an,m,p(x%AQ?B%avb: VQ)
nllng! X ... nr!

ni+n2+...4+n,.=n
- X Hnrvm,P(xTv A, Bria,b, 1/7»).
(2.22)
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Proof. We have

ym —Bi——B
@ TAT b /5 77) (1 + >
b

» tm —B » tm —B:
= (Lt z1vVrids <1 + b> e (It TrVveAr <1 —+ b)
o0

> Hyy mp(21, A1, Bu; a, b, v1)t™

mn
n1=0 1

% Z "k m,p ':UkaAk:aBkHa b Vk)tnk

nkO

= i [ Z Hm,m,p(l’hAl; Bl; a, b7 Vl) Hn27m7p($27 A27 Bz; = b’ VQ)] t"

! |
n=0 Lni+...+n,=n nyt... Ny
00 [,’,ﬁ] B "Byt 4B
. X Hnr7m7p(.’I,'T,AT,BQ;a7b7 VT ZZ 1 2 rlk
n=0 k=0 k‘bkF (” mk+1)
n—mk
X <log(a)(x1 I/1A1 + ...+ xr\/M)> P .
Comparing the coefficients of t", we have the desired relation (2.22). O

3. Integral representations

The aim of this section is to introduce a generalization for Chebyshev,
Legendre, and Gegenbauer matrix polynomials by modifying the integral
transform, which can be easily established by the application of beta and
gamma function formulae, generalized Hermite matrix polynomials, and
other techniques in the following theorem.

Theorem 3.1. Let A and B be commutative matrices in CN*N. For any
complex number v, let vA be a positive stable matriz in CN*N satisfying
(1.3), and let B be a matriz in CN*N satisfying (1.4). Then the gener-
alized Chebyshev, Legendre, and Gegenbauer matrixz polynomials are given
by modifying the integral transforms involving generalized Hermite matrix
polynomials as follows:

Pymp(z, A, B;a,bv) = n'f/ iy Hymp(at, A, B;a,b,v)dt, (3.1)

1 [ n
Unmp(z, A, B;a,bv) = n'/ e_ttﬁHnmp(:rt - ,A,B;a,b,v)dt, (3.2)
*Jo
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Tn,m,p(xa A7 B7 a, b7 V)

- ((\ZABI /OOO e "t Hymp(at A, Bia,bv)dt, n>1, @3)
where To m p(x, A, B;a,b,v) = 0,
Whmp(z, A, B;a,b,v)
B (72/41?11)! /0°° et (w0 L A, B a, bv)dt, 34
and
Cz7m7p(x,A, B;a,b,v)
= n'I}(v) /OOO eftt%Jr”*lHn,m,p(mt%,A,B;a, b,v)dt. (3.5)

Proof. To prove (3.1), by using (2.3), (1.7), and (1.8), it follows that

2 o _42 N
n!ﬁ/o e tv Hymp(xt, A, Bya,b,v)dt

] (~1F(B)x (wlog(a)i/v A .
\/27? kokT (f(racn — mkp +)1) /0 et dt
5] (1R BT (25 1) (log(a) Vi A) =
im0 27 KD (memb )1 (2npme)

n—mk

k=0

Hence, the generalized Legendre matrix polynomials can be given by

Pump(z, A, B;a,b,v)
% (—1)’“(213)kf (2=t 4 1) (wlog(a) v A) a

= mk —mk In—mmk 9
= 2 k!b’fr(%ﬂ)r(%)

or

L] (—1)(B)(3) 2nmms nemk
Pomp(r, A, Bya,b,v) = Z Ty p— 2 (ac log(a)x/ﬂ) .
k=0 K: (T + 1>

which completes the proof of (3.1).
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Using (1.8), (2.3) and (3.2), we can write
1 o

— exp(—t)t% Hmm’p(act% ,A, B;a,b,v)dt

G ()0 e
= ur (”—Tm’f + 1)

Hence, the generalized Chebyshev matrix polynomials of the second kind
can be defined by

(5] (~ 1By (2tmnlt 4 1) e
Un,m,p(x,A,B;a,b,u)szO e (n_gnk”ﬂ) (v tog(a) Vo 4) 5

In a similar way, we define the generalized Chebyshev matrix polynomials
of the first kind

Tomp(z, A, B;a,b,v)

(3] (1) ()T (et -
k=0 kWD (”*TW +p1> (a: log(a)M) , n>0,

=N

the generalized Chebyshev matrix polynomials of the third kind
Wimp(x, A, B;a,b,v)
1 (2] (—1)k(B)kF (M + 2) < n—mk

P xlog(a)Vv A) Pon>—1,
n+1& EIDET (n;mk 4 1)
= P

and the generalized Gegenbauer matrix polynomials in the form

Chmp(®, A, Bja,b,v)

1n] (_1yk n—(m—p)k _—

:Fl 2" (—1) (B)kr< p —I-U) <xlog(a) Z/A) pk
() & gk (nijn’f + 1)

Using (1.7) and (1.8), we get the explicit expressions (3.3), (3.4), and (3.5)
in a similar manner. O

4. Fractional integrals and derivatives for the generalized
Hermite matrix polynomials

In this section, we determine the fractional integrals and fractional deriva-
tives for the generalized Hermite matrix polynomials H,, , »(z, A, B;a,b,v).
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Theorem 4.1. The generalized Hermite matriz polynomials satisfy the
formula

—n
I"{H,mpt =—— (log(a)Vr A
UHnmad =007y, (togta) v 4) (4.1)
X Hyqppmp(x, A, Bya,b,v), n+pu>0.
Proof. From (2.3) and (1.9), we have
1 X
IM"{Hpmp} = / z— ) Hy o (x, A, B a, b, v)dt
(Hunph = g | =0 o )
n—mk
o 2 COEBY (log(@pvid) T -
= > / (x—t)* 1t > dt.
L(p) &= kbR (”*Tf”k + 1) 0
Putting t = 2u, dt = xdu, t =0, u=0,and t = x, u =1, we get
/ (@ — 1T dt = T r ,
0 r (u + ek 1)
and we can write
n—mk
2 0B (los(a)viA) T
H'M{Hn,m,p} =n! Z x’H_ P
L= LT (u + nomk 1)
(log(a)\/y A) -
= HTH— ,m, (x7A>B;aab7V)a
(n+1)p e
which gives (4.1). O

Theorem 4.2. The generalized Hermite matriz polynomials have the left-
sided operator of Riemann—Liouville fractional integral

b (rogtai)
X Hyypamp(z —0,A,B;a,b,v), n+pa>0.

Proof. Using (2.3) in the right hand side of (1.10), we have
WIS {Hpmp(x —b, A, B;a,b,v)}

I9{H, mp(x —b,A, B;a,bv)} =
bl { Hrm p( )} (42)

= — =) "Hymp(t—0 A B;a,b,v)dt
F(Oé) b( ) s 727( )

ot B (-DR(B), (1og<a>M)”_”mk o —
= T 2 = (n%ﬂ’g“) /b(x—t) "t—0b) » dt.

3z
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Puttingu:i;_ll’?,t—b:(x—b)u,dt:(m—b)dut:b,u:o,andt:x,
u =1, we get

p

F(a+"‘Tj”’“+1>7

/ x(;p e = b)) Tt = (2 — b)*T
b

and we can write
WIS { Hymp(x — b, A, B;a,b,v)}

n—mk

—1¥(B); (log(a)VvA) 7
kIbRT (a + nomk 1)

(x B b)a+ n—pmk

=] (
=n! Z
k=0

(log(a)\/u A)_ o b A B b
— (n+ 1)pa n+po¢,m,p($ —0,A,D;5a, )V)'

Thus, we get the desired result (4.2). O

Theorem 4.3. For the generalized Hermite matriz polynomials, one has

LA Hymp(c —2,A,B;a,bv)} = (log(a)\/l/ A) -

CES) (43)
X Hyypamplc—2x,A,B;a,b,v), n+pa>0.
Proof. With the help of (1.11) and (2.3), one obtains (4.3). O

Theorem 4.4. The Weyl integral of the generalized Hermite matriz poly-
nomials of order o satisfies the formula

a:Wgé{Hn,m,p(xa A, B;a,b, 7/)} = (n(—_{—ll))o;,a (log(a)m> -

X Hyypamp(z, A, Bja,b,v), n+pa>0.

(4.4)

Proof. From (2.3) and (1.12), we have

1 o0
WE{Hpmp} = T(a) / (t —2)* ' Hymp(t, A, Bya,b,v)dt

n—mk

o B (—1F(B)y (tog(a)viA) o R
- / (t— 21" .
I(a) & kAT (n—Tm’f " 1) v
Puttingu = 7,t=%,dl = —5du,t =00, u=0and t =z, u =1, we get
s - s T(@)T (2552 — )
/ (t—2)* T dt = 2T 5 :
x

()
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and
n—mk
)~ B (l0g(@ved) T
oo{Hn m,p} = n'z % P
k=0 k!bkT (a + ”‘Tfnk + 1)
(~1)° (log(a) V¥ 4)
- (’I’L+ 1) H"'f‘paym,p(IaAaB;aa bv V)u
pa

which gives (4.4). 0

Theorem 4.5. Let o € C, Re(a) > 0, and let n = [Re(w)] + 1. Let
+ D be the right sided Riemann—Liouville fractional derivative. Then for
the generalized Hermite matriz polynomials, one has

o I'n+1 o
e DS{Hpmplc—2x,A,B;a,bv)} = F(ni—l—;a) (log(a)\/y A)

X Hy—pamp(c—x,A,B;a,b,v), n—pa>0.

(4.5)

Proof. Using (2.3) and (1.14), we have
“ (]

lc
B)j,
o D{Hyymp(c — 2, A, Bia,b,v)} = ——— Z (k)
[(n—a) &= Ok'bkr(” )

X <log(a)\/ﬂ)n?k <§x>n/; (Sfc__;)):_idt.

Putting u = <L, ¢ —t = (¢ — x)u, dt = (c — x)du, t =c,u =0, and t = z,

c—zx’
u =1, we get
n—mk _ n—mk
¢ (C — t) P dt — ( B )n_a+n—pmk F(n Oé)r ( D + 1)
(t —z)o—nti™ = c—-z - )

and we can write
xD?{Hn7m7p(C -, A7 B? a, b7 V)}
n—mk
] (~1)5(B)x (log(a)vvA) 7 -

S LT (1 —a+t ”i’f)

—

P
(log(a)m)a I‘(n + 1)
- T (n—pa+1) Hy—pamp(c =z, A, B a,b,v),

which gives (4.5). O
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Theorem 4.6. The left-sided operator of Riemann—Liouville fractional
derivative for the generalized Hermite matrix polynomials satisfies the for-
mula

VD2 Hy gl — b, A, Brab)} = =D (10g(0) v a)”

I'n+1—pa) (4.6)
X Hy—pamp(z —0b,A,B;a,b,v), n—pa>0.
Proof. With the help of (1.13) and (2.3), one can obtains (4.6). O

Theorem 4.7. The Weyl fractional derivative of the generalized Hermite
matriz polynomials of order a satisfies the formula

acDgo{Hnm%P} = <10g(a)m> i

(4.7)
X (=) paHpn—pamp(x, A, B;a,b,v), n—pa>0.
Proof. Using (2.3) and (1.15), we have
n—mk
S menn%¥4ﬁwh@mwﬁ%)p
T~ oo n,m,p P(m — O[) =0 klbkr (nfpmk + 1)
a m 00 tn—mk
P
— ——dt.
X(%) I
Putting u = ,t = ¢, dt = —5du, t =00, u =0, and t =z, u = 1, we get
0o tnfpmk (_1)Q7M7n7p’m'k m_a_i_n,mk F(m _ a)l—‘ (n_Térnk + 1)
/ a—m+1 dt = nemk % P )
» (t—7) (—1)" » F(m—a—k"%ﬂk—kl)

and we can write

(—1) (log(a)\/y A) I'(n+1)
I'(n—pa+1)

which gives (4.7). O

D {Hnmp} = Hy—pamp(x, A, B;a,b,v),

5. Concluding remarks

The generalized Hermite matrix polynomials discussed in this paper are be
useful for investigators in various problems of physics, applied sciences and
engineering, and comprise an emerging field of study with important results
in the literature. In this paper, we extend the generalized Hermite matrix
polynomials of one variable to two variables. We define the generalized
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Hermite matrix polynomials of two variables in a series as follows:
B e »
1 B n—m
Hn mm(x y)A B a, b I/ = n'Z ) ( )k:y (l‘log(a)m> - ‘
k=0 k“b’“F (”‘Tf“"" + 1)

We also consider the sum

n

N t
Z Hymp(2,y, A, B a, b, V)—‘
n

n=0
& [ ] k n—mk
= Zk'b( D™ (mlog(a)ﬂ) o

k n—mk
r( : +1>

3\:

n=

k B n
=33 LRI (prog(ap i) e

n=0 k=0
-B
a:rtp\/uA < + ytm) ytm
b ’ b

Using these equalities, we obtain the matrix generating function for the
generalized Hermite matrix polynomials of two variables in the form

o0 .
tn tm
N Hypmple,y. A Biabv)— =a®™VeA (142}
n=0 o TL' b

<1

The results established in this paper express a clear idea that the use of
fractional integrals and fractional derivatives techniques provide a simple and
straightforward method to get new relations for special matrix polynomials
and matrix functions.
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