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Extremal tricyclic, tetracyclic, and pentacyclic
graphs with respect to the Narumi—Katayama
index

ALl REZA ASHRAFI, MEHDI ELIASI, ALI GHALAVAND,
AND OTTORINO ORI

ABSTRACT. Let G be an n-vertex graph with the vertex degree se-
quence di, d2, ..., dp. The Narumi—Katayama index of G is defined
as NK(G) =[], di. We determine eight classes of n-vertex tricyclic
graphs with the first through the eighth maximal NK index, n > 10.
We also identify ten classes of n-vertex tetracyclic graphs with the first
through the ninth maximal NK index, n > 10, and thirteen classes of
n-vertex pentacyclic graphs with the first through the twelfth maximal
NK index, n > 12.

1. Introduction

In this paper, we consider only finite undirected simple graphs. Let G be
such a graph with vertex set V(G) = {v1,...,v,}. If G has exactly n vertices,
m edges, and k components with m—n+k = 3,4, 5, then the graph G is called
tricyclic, tetracyclic and pentacyclic, respectively. Throughout this paper,
we use the following notation: di,ds, ..., d, denotes the degree sequence of
G, where d; := degg(v;). We use the symbols A(G) and n; = n;(G) for the
maximum degree of vertices in G and the number of vertices of degree i in
G, respectively.

It is clear that Zfz(f) n; = |V(G)| = n and ZiA:(IG) ing =Y - d; =2m,
where m is the number of edges in G. The following natural question arises:
what we can say about [[;", d;?
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In the 1980s, Narumi and Katayama [11] used the term simple topo-
logical index for this graph invariant, but nowadays researchers prefer the
Narumi-Katayama index (NK index). Thus, NK(G) =[]\ d;. Klein and
Rosenfeld [9] characterized this topological index, first, as the number of
“functional” subgraphs of a certain directed graph, and, second, as a suit-
able weighting over a certain class of ordinary subgraph covers of the graph
under consideration. They introduced the N K polynomial [10], by analogy
with Hosoya Z-index and matching polynomial.

Suppose that PH is a phenylene and HS is its hexagonal squeeze.
Tomovi¢ and Gutman [12] proved that the respective Narumi-Katayama
indices of these molecular graphs are related as NK(PH) = 9" ' NK(HS),
where h is the number of hexagons in PH and HS. Gutman and Ghorbani
[7] obtained the maximal and minimal Narumi-Katayama index among all
connected n-vertex trees, unicyclic and bicyclic graphs. Wang and Xia [13]
characterized the first and second smallest Narumi-Katayama index among
n-vertex unicycic graphs. Zolfi and Ashrafi [16] computed the first, second,
third, and forth maximum and minimum of N K index for n-vertex trees and
chemical trees. They also calculated the first ten minimum and maximum
values of N K index in the classes of unicyclic and unicyclic chemical graphs
[17]. In addition, they computed the first fifteen maximum values of the bi-
cyclic graphs. You and Liu [15] determined the extremal N K index of trees
and unicyclic graphs with a given diameter and the number of vertices.

Eliasi [4] applied the theory of majorization to order the first through
sixth n-vertex trees, unicycic, and bicyclic graphs with respect to the NK
index. Jamil et al. [8] characterized the upper and lower bounds of Narumi-
Katayama index for the graphs with given order, number of pendant ver-
tices, and cyclomatic number, and characterized the corresponding extremal
graphs. Wang and Wei [14] identified the upper and lower bounds of Narumi—
Katayama index for all cactus graphs and characterized the corresponding
extremal graphs. Very recently Eliasi and Ghalavand [5] characterized the
first through eighth maximal N K index among n-vertex trees by the theory
of majorization.

Suppose that x1,...,%m, y1,--.,ym and k are positive integers. By the
symbol Ck(xgyl), ceey x%m)) we denote the class of all graphs with cyclomatic
number k, where y; are vertices of degree z;, 1 < ¢ < m. The set of all
connected graphs with exactly n vertices and cyclomatic number ¢ is denoted
by C*(n).

Lemma 1.1. Let x3, 24, ..., %, be nonnegative integers. Then,

[1i2si"
22 iami(i=1) —

Equality holds if and only if x; =0 fori=3,4,...,m.
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Proof. Note that

M -
n 2"}:72(@1) =In H % — Ip 22-iza zi(i—1)
i=3 <\t
i=3

m m
=> alni—) zi(i—1)In2
=3 =3
m
:Zmi(lni—(i—l)ln2)

_le 21 1 <0.

If ¢ > 3, then # < 1 and so lnzi—,1 < 0. Therefore, the inequality holds
its maximum if and only if z; = 0, 3 < i < m, proving the lemma. O

Throughout this paper, the path and complete graphs on n vertices are
denoted by P, and K, respectively. Other notation is standard and can be
taken from standard books on graph theory.

2. Narumi—Katayama index of tricyclic graphs

The aim of this section is to determine eight classes of n-vertex tricyclic
graphs with the first through the eight maximal N K index, n > 10.

Lemma 2.1. Let G be a connected tricyclic graph with n vertices. Then,
n(G) = 2D — 2)m; — 4 and no(G) =n+4— X2 (i — 1),

Proof. We note that the number of edges of G is n+4. Since Ezzf n;=n
and Zf IG) in; = 2|E(G)|, we have ny + ng + Zf:(:f) n; = n and n; + 2ng +
ZZA(?? )i in; = 2n + 4. By solving these equations, we obtain the result. [J

Lemma 2.2. Let G and Go be two tricyclic graphs in C3(n). Ifn;(G1) >
ni(Ge) fori=3,...,n—1, then NK(G1) < NK(G3). Fquality holds if and
only if ni(G1) = ni(G2).

Proof. By Lemma 2.1,

NK(GI) H?;ll 4ni(G1) 2n+4—2?:_31 ni(G1)(i—1) anl ni(G)
NEK(Gy) — T[rolini(G2) — gnta=is ni(Ga)(i-1) 1=y ini(Ge)
90— 31y ni(Gh)(i—1) T (G

RN i zn_31-. (1)
29— 2izs ni(G2)(i—1) Hz’:3 ini(G2)

B 91y mi(Ga)(i—1) H?:—; jni(G1) B H?:—; ini(G1)—ni(G2)
C o ni(Gh)(i-1) [T ini(Ga) 9 (ni(Gr)—ni(Ga)) (i—1) |
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We now apply Lemma 1.1 and equalities (1) to prove the result. ]

Lemma 2.2 implies the following two results.

Corollary 2.1. Let G’ be an n-vertex tricyclic graph, n > 10, A(G') =
3, and n3(G') > 8. Then, for each G € C3(3(1 200=10) 10)) we have
NK(G') < NK(G).

Corollary 2.2. Let G’ be an n-vertez tricyclic graph and A(G') =
wheren > 10. Ifny(G') = 1 and n3(G') > 6, then, for each G € C3(41) 3(
2(n=9) 13)) we have NK(G') < NK(G).

4,
5)

Lemma 2.3. Let G’ be an n-vertex tricyclic graph, A(G') = 4 andn > 10.
If ny(G') > 2 and

G ¢ ¢34 2402y y 034?30 2= 1)y 3(43) 32 9(n=6) 1(2))
then, for each G € C3(4®?),3() 2(n=6) 12)) " we have NK(G') < NK(G).

Proof. Suppose that ny(G’) > 3 and H € C3(43),2("=5) 1)) By Lemma
2.2,
NK(G) - NK(G) 4%2x32x2n6

NK(G) = NK(H) ~  Bxas -

The other cases can be obtained directly from Lemma 2.2. O

Lemma 2.4. Let G’ be an n-vertex tricyclic graph with mazimum degree
five, n > 10. If G' ¢ ¢35, 30 2(n=2)y y ¢3(5(1), 3(2) 2(n—4)  1(1)
then, for each G € C3(5(1,3(2) 2(n=4) 1)) ye have NK(G') < NK(G).

Proof. Suppose that ns(G’) > 2. Choose a graph H from C3(5(2),2(n—4),
1®). Then, by Lemma 2.2,

NK(G) _ NK(G) _5x 32 x on—4

= 1.
NEK(G) © NK(H)  5Bx2t =

Thus, it is enough to assume that ns5(G’) = 1. Suppose that ny(G’) > 1 and
n3(G") <1, and choose H € 03(5(1), 1) 2(n=3) 1(1)). Then, by Lemma 2.2,

NK(G) _ NK(G) _5x 32 x on—4

— 1.
NK(G) © NK(H)  5xdxa23

The other cases can be obtained directly from Lemma 2.2. ]

Theorem 2.1. Let G’ be a tricyclic graph with n > 10 vertices and let
A(G) > 6. If G ¢ C3(6MM, 201 then, for each G € C3(6M), 2071 we
have NK(G') < NK(G).
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Proof. We first assume that A(G’) > 7. Then, by Lemmas 2.1 and 1.1,
NK(G) 6 x 2(n=1)
NK(G") ont4— SAED (G (i-1) HiA:(gG/) (@)

6 x 932 (@) i-1)-5

1A ini@)

, (2)
_ 6 x 2nalG)(AG) 1) 9y G T (G i-1)
A(G /)nA(G/ X HA_(G) Lona(Gn
>6><2”A( NAGH-1)-5
ST AEe®
But
6 x 2na(G)(A(G)-1)-5
n A(G/)nA(G’)
=In6+na(G)(A(G") —1)In2 - 5In2 — na(G") In A(G)
> na(G)(A(G") —1)In2 — na(G)In A(G') — 1.7 > 0.
Since
, 2A(G/)71 96
Z . > InZ .
na(G') In A >In - > 1.7,
NEK(G) .
by (2) one has NE(G) 1. In other cases, the result can be obtained by
Lemma 2.2. ]

In the next theorem, it is assumed that n > 10,

G € C3(3W 2(n—4)), Go € C3(4M)3(2) 2(n=3)y,

Gz € C3(4(2) 2n=2)), Gy € C3(30) 2(n=6) (1)),

G5 € C3(50),3(1) 2(n=2)), G € C3(4() 303) 9(n=5) (1))
Gr € C3(4®) 3 otn=4) 1) Gy e ¢3(6(M), 2001,

Gg € C3(3(6) 2(n=8) 1(2))7 G € C3(5(MW,332) 2(n=4) 1(1),
G € 03(4D) 30) 9 (n 9 10)), Gy € C3(4?),3(2) 2(n=6) 1(2)y,
Gz € C3(3(M, 2(n=10) 1(3)), Gy € C3(4) 34 2(n=7) 1)),

Theorem 2.2. Let G be an n-vertex tricyclic graph outside the set {G1,
Go,...,Gs}. Then we have NK(G1) > NK(G3) > NK(G3) > NK(Gy4) >
NK(G5) > NK(GG) > NK(G7) :NK(Gg) > NK(G)

Proof. By Table 1, NK(G1) > NK(G2) > NK(G3) > NK(G4) >
NK(G5) > NK(GG) > NK(G7) = NK(GB) If G e {Gg,...,G14}, then
Table 1 gives us the result. If A(G) = 3 and n3(G) > 8, then the result can
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TABLE 1. The tricyclic graphs.

Classes NK Index
c3 (3<4 2<n ) 3% x 2(n=9)
3( )7 (1)) 35 « 2(n—6)

03(3 )’ (2)) 36 « 2(n—8)
03( (7)7 2(n 10)7 1(3)) 37 % 2(n—10)
C3(4M) | 3(2) 2(n=3)) 4 x 3% x 2(n=3)
(13(4(1)7 33) 9(n=5) 1(1)) 4 x 33 x 2(n=5)
03(4(1)7 34 on=7) 1(2)) 4 x 34 x 2(n=7)
03(4(1)7 3() 2(n—9) 1(3)) 4 x 3% x 2(n—9)
C3(4(2), 2(n—2)) 42 % 2(n—2)
C3(4®@ 31 2(n=4) 1)) || 42 x 3 x 2(n—4)
( )7 2)’2 n—6)’ 1(2)) 42 % 32 % 9(n—6)
c3 (5<1), 3(1), 2(n=2)) 5 x 3 x 202
35,33 2(n=4) 1) || 5 x 32 x 2(n—4)
C3(6M), 2(n=1) 6 x 2(n=1)

be deduced from Corollary 2.1. Suppose that A(G) = 4. If n4(G) = 1 and
n3(G) > 6, then Corollary 2.2 gives us the result. If ns(G) > 2, then the
result follows from Lemma 2.3, and if A(G) = 5, then the result is a conse-
quence of Lemma 2.4. If A(G) > 6, then the result follows from Theorem
2.1. In other cases, G € {G1,Ga,...,Gs}, as desired. O

3. Narumi—Katayama index of tetracyclic graphs

The aim of this section is to determine the first through the nine maximal
N K index in the class of all n-vertex tetracyclic graphs, n > 10.

Lemma 3.1. If G is a connected tetracyclic graph with n vertices, then

A(G) A(G)
ni(G) =Y (i—2)ni —6 and na(G) =n+6— Y _ (i—1)n;
=3 =3

Proof. Tt is easy to see that Zfz(lc) n; = n and ZiA:(IG) in; = 2|E(G)].
Since |E(G)| =n+ 3,

A(G) A(G)
n1+n2+2ni:n, and n1+2n2+zmiz2n+6,
i=3 i=3

proving the lemma. O
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Lemma 3.2. Let Gy and Gy be two tetracyclic graphs in C*(n). If
ni(G1) > ni(Ga), 3 < i < n—1, then NK(G1) < NK(G2). The equal-
ity holds if and only if n;(G1) = n;(G2), where 3 <i<n—1.

Proof. By Lemma 3.1, we have

NK(G]_) H?:_ll an(Gl) 2n+672?;31 ni(Gl)(ifl) H;"L:—Sl ,L’nl(Gl)

NE(Gz)  JIilimi(C2)  ont6=305 mi(Ga)(i=D) [Tl jni(G2)

2 Sy ni(Gr)(i-1) H:‘L;:sl jni(G1)

9 XS (G- TR na(Ga)

_ 9%is ni(G2)(i=1) Tzl jmi(CGh) I (G na(G)
T 9 mi(Gh)(i-1) [17= ini(Ga) 9 (i(Gr)—ni(Ga)) (i—1)

Now Lemma 1.1 gives us the result. ([l
Lemma 3.2 implies the following three results.

Corollary 3.1. Let G’ be a tetracyclic graph with n > 10 vertices, A(G') =
3, and n3(G') > 9. Then, for each G € C*3®) 207100 1)) we have
NK(G') < NK(G).

Corollary 3.2. Let G’ be a tetracyclic graph with n > 10 vertices and
A(G") = 4. If ny(G'") = 1 and n3(G') > 7, then, for each G € C*(41 30)
2(n=9) 1)), we have NK(G') < NK(G).

Corollary 3.3. Let G' be an n-vertex tetracyclic graph with A(G') = 4
and n > 10. If ny(G") = 2 and n3(G') > 5, then, for each G € C*(4?) 34,
2(n=8) 1)) we have NK(G') < NK(G).

Lemma 3.3. Let G’ be an n-vertex tetracyclic graph, where A(G') = 4
and n > 10. If ny(G') > 3 and

G ¢ 04(4(3)’ 2(”-3)) U 04(4(3)’ 3, 2(”-5)’ 1(1)) U 04(4(3), 3(2)’ 2(”-7), 1(2))7
then, for each G € C*(4®),3(?) 2(»=7) 1)) we have NK(G') < NK(G).

Proof. Suppose that ny(G’) > 4 and choose a graph H in C4(4(4), 2(n—6)
1(2)). Then, by Lemma 3.2,
NK(Q) o NK(G) _ 43 x 3% x 2n= 7
NK(G') = NK(H) 4% x2n6

On other cases, the result can be obtained from Lemma 3.2. ]

> 1.

Lemma 3.4. Let G’ be an n-vertex tetracyclic graph, where A(G') =
5, and n > 10. If G’ ¢ C*(5(1),30) 200=4) y c4(5(1) 3(4) 2(n=6) 1(1)) y
c*(5W,4W 3 2(=3)) " then, for each G € C*(51), 3" 2(n=6) 1(1)) " e
have NK(G') < NK(G).
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Proof. We first assume that nz(G’) > 2. Choose an H € C*4(5(2),2(»=2)),
Then, by Lemma 3.2,

NK(G) _ NK(G) 5x3*x2n6
NK(G') = NK(H) 52 x 202
If n5(G’) = 1 and ny(G’) = 1, then
ct(5M 4 3(2) 9(n=5) (1),
Hence, by Lemma 3.2,
NK(G) - NK(G) _ 5x 34 x on=6
NK(G") — NK(H) 5x4x32x2n>

We now assume that ns(G’) = 1, ng(G’) > 2, and choose a graph H in the
set

> 1.

>

> 1.

C*(5(M),43) on=4) 1(1)),
Then, by Lemma 3.2,
NK(G) - NK(G) 5x3tx2n6
NK(G') = NK(H) 5x42x2n4

In other cases, the result can be obtained by Lemma 3.2. ([l

> 1.

Theorem 3.1. Let G' be an n-vertex tetracyclic graph with n > 10
vertices, and let A(G') > 6. If G' ¢ C*6W),33) 200=3) " then, for each
G e ¢*(6M),3(2) 2=3)) e have NK(G') < NK(G).

Proof. Our main proof will consider the following three cases.

(1) Suppose that A(G") > 8. Then, by Lemma 3.1 and Lemma 1.1,

NK(G) 6 x 32 x 2(n=3)
NE(G)  gnt6-S25 mi(@)-1) [T jnitc)

54 x QZf:(;?/) ni(G')(i—1)—9

[T (@) (3)
54 % nal@)AG)-1)-9 o520 @ i-1)
= A(G/)nA(G’) X HiA:(??v)_l ni(GY)

54 x 2na(G)(A(G)-1)-9
>
- A(G/)nA(G’)

On the other hand, since na(G") ln% > In % > 2.25, we get

54 x 2na(G)(A(G)-1)-9

_ ’ N
A(G @) =In54 +na(G)(A(G) —1)In2

n

—9In2 — na(G) In A(G)



GRAPHS WITH RESPECT TO THE NARUMI-KATAYAMA INDEX 269

> na(G)(A(G') —1)In2
—na(G)InA(G') —2.25 > 0.

We now apply (3) to prove that ]J\T\/}l{(((g)) > 1.

(2) Let A(G') = 7. By Lemma 3.2, there exists a graph H in C*(7(1), 3(1),
2(n=2)y g C4(7M) 41 9(n=3) 1(1)) UC4( 7D 5(1) 9= 1))y (7D 6,
2(n=5) 16)) U Cc4(7C > H(n=6) , 1), Hence, NK(G') < NK(H) < NK(G)
which proves the assertlon

(3) Let A(G') = 6. By Lemma 3.2, there exists a graph H such that

H e c*(6W,30) 20n=5) 1y 5t 40 30 or=4) (1)
uct(6M, 42 25 12y (6 ( ), 51, 3(1) 2(n=5) 1(2))
uct(6M, 50 40 2=6) 13))y (6™, 52 2n=7) 1(4))
uCct(6@,3M 2n=6) 1630y ct(6?), 4 2n=T) 1(4)
uct(6@,5) 200=8) 160y y (63, 20n=9 106)),

Thus, NK(G') < NK(H) < NK(G). 0

In the following theorem, it is assumed that n > 10 and

H, € C4(3(0) 20n— 6’)) Hy € 44D 34 2(n=5)

Hz € C*(4®) 32 2(n—4)) H, e C4(3(7),2(”*8), 1<1>)

Hs € C*(5(1),30) 2(n=4)), Hg € C*(43) 2(n=3)y,

Hy e C*(4W 3(5 (=7 1), Hg e ¢*(5(1),4(M) 3(1) 2(n=3))
Hy € 04(4(2) 3@3) 2(n=6) 1) Hg e C(6M),33), 2(n=3)),

Hy, € 04(3(8)72(71—10), 1)), Hip € C4(5(1, 3(4) 2(n=6) 1(1))
His € 04(4(3)7 31 9(n=5) 1(1))7 Hy, € 04(4(1)’ 3(6) 9(n—9) 1(2))7
His € ¢4 30 20n=8) 1)) Hig e C4(4®) 332 200=7) 1(2),

Theorem 3.2. Let H be a tetracyclic graph with n > 10 vertices, except
from the graphs Hy, Ha, ..., Hyg. Then, NK(H;) > NK(Hy) > NK(H3)
> NK(Hy) > NK(Hs) > NK(Hg) > NK(H7) > NK(Hg) > NK(Hy) =
NK(Hyp) > NK(H).

Proof. From Table 2, NK(H,) > NK(H) > NK(Hs) > NK(Hy) >
NK(Hs) > NK(Hg) > NK(H:) > NK(Hg) > NK(Hg) = NK(Hy). If
H € {Hii,...,His}, then Table 2 gives us the result. If A(H) = 3 and
n3(H) > 9, then the result follows from Corollary 3.1.

Suppose that A(H) = 4. If ny(H) = 1 and n3(H) > 7, then the result
follows from Corollary 3.2. If ny(H) = 2 and ng(H) > 5, then our result is
a consequence of Corollary 3.3. Moreover, if ny(H) > 3, then Lemma 3.3
completes the proof.
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TABLE 2. The tetracyclic graphs.

Classes NK Index
04(3(6)’ 2(n—6)) 36 « 9(n—6)
04(3(7), 2(n=8) 1(1)) 37 « 2(n—8)
c4 3(8)72(71—10) 1(2)) 38 « 9(n—10)
C4 (4, 3(4) 9(n=5)) 4 x 3% x 2(n=5)
C*(4M 36) 2(n=7) 1) || 4 x 35 x 2(=7)
C4(4) 3(6) 9(n=9) 1)) || 4 x 36 x 2(n=9)
C*(4(2),3(2) g(n—4)) 42 x 32 x 2(n—4)
C*(4® 36) 2(n=6) 1)) || 42 x 33 x 2(n=6)
CH(42) 31 2(n=8) 1)) || 42 x 31 x 2(n—8)
04(4(3)7 2(n73)) 43 % 9(n—=3)
04(4(3),3(1)’ 2(n=5) 1(1)) 43 % 3 x 2(n=5)
C%L(4(3),3(2),2(n77)7 1(2)) 43 % 32 % 2(n77)
C*(5(W),30) 2n=4) 5 x 33 x 2(n—4)
04(5(1),3(4)7 2(n—6) 1(1)) 5 x 3% x 2(n—6)
C*(5M, 4 31 2(n=3)) || 5 x 4 x 3 x 2(»=3)
C4(6M),3(2) 2(n=3)) 6 x 32 x 2(n=3)

If A(H) = 5, then Lemma 3.4 gives us the result. For A(H) > 6, we
apply Theorem 3.1. For other cases, we note that H is included in the set
{H1,Hs,...,Hio}. O

4. Narumi—Katayama index of pentacyclic graphs

The aim of this section is to determine the first through the twelfth max-
imal NK index in the class of all n-vertex pentacyclic graphs, n > 12.

Lemma 4.1. Let G be a connected pentacyclic graph with n vertices.
Then

A(G) A(G)
ni1(G) = Z (1 —2)n; — 8 and na(G) =n+8— Z (1 — 1)n,.
=3 =3

Proof. Tt is easy to see that Zfz(lG) n; = n and Z@-A:SG) in; = 2|E(G)].
Since G is a pentacyclic graph with n vertices, |E(G)| = n + 4. Therefore,

A(G) A(G)
n1 +ng + Z ni=mn and ni + 2ne + Z in; = 2n + 8,
=3 1=3

proving the result. O
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Lemma 4.2. Let Gy and Gy be two pentacyclic graphs in C°(n). If
ni(G1) > ni(Ga), 3 < i < n—1, then NK(G1) < NK(G2). Equality
holds if and only if n;(G1) = ni(G2), where i =3,4,...,n— 1.

Proof. By Lemma 4.1,
NK(G) [Iiglm(@)  onts8-3in m(G)-1) [l jni(G)

NE(Gz)  JIio)ine(G2)  gn8=305 m(Ga)(i=1) [T ) jni(G2)
2- Sy ni(Gr)(i—1) H?_?)l n;(G1)

T 0T (@) ) [ a(G)

_ 93 mi(G2)(i=1) Tzt jma(Gh) I (G nilGr)
T 9 mi(G)(i-1) [17= ini(Ga) 9 (ni(Gr)—ni(Ga)) (i—1)

Now Lemma 1.1 gives us the result. O
Lemma 4.2 implies the following three results.

Corollary 4.1. Let G’ be an n-vertex pentacyclic graph. Assume that n >
14, A(G') = 3, and n3(G’) > 12. Then, for each G € C®(3011) 2(n=14) 1(3))
we have NK(G') < NK(QG).

Corollary 4.2. Let G’ be an n-vertex pentacyclic graph, where A(G') =
4, and let n > 12. If ng(G') = 1 and n3(G') > 9, then, for each G €
o (4™, 30) 2(n=11) 1(2)) e have NK(G') < NK(G).

Corollary 4.3. Let G’ be a pentacyclic graph, where A(G') = 4, and let
n > 12. Ifny(G') = 2 andn3(G') > 7, then, for each G € C°(4(2), 3(6) 2(n=10)
1®), we have NK(G') < NK(G).

Lemma 4.3. Let G’ be a pentacyclic graph, where A(G') = 4, and let
n > 12. If ng(G') > 3 and G' ¢ C°(43) 32 2(n=5)) y €5 (4™ 2(n=9)
Co(4®3) 36) 2n=7) 1) then, for each G € C°(4®), 30G) 2(n=7) 1(1))
we have NK(G') < NK(G).

Proof. Suppose that ng(G') > 4. Then, by Lemma 4.2, there exists a
graph H in C®(4®, 3D 2(n=6) 1()yy5(465), 2(»=7) 1(2)), Thus, NK(G") <
NK(H)< NK (G) as desired. In other cases, the result follows from Lemma
4.2. g

Lemma 4.4. Let G’ be a pentacyclic graph, where A(G') =5, and let n >
12. If n5(G') = 1 and G’ ¢ C°(5(1),36) 200=6)y 5 C5(5(1) 41 3(3) 2(n=5))
C?(5M,30) 2n=8) 1)) then, for each G € C°(5(1),306) 2(n=8) 1(1)) " e
have NK(G') < NK(G).

Proof. Suppose that n3(G') < 6. By Lemma 4.2, there exists a graph H
such that

H e c®(5WM 4@ 36) on=8) 12y y 551 4B) 3(2) o(n=9) 1(3))
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uC®(5M, 4@ 30 on=10) 1)y 4 o (51 46) on=11) 1(5)y,
So, NK(G') < NK(H) < NK(Q), as desired. In other cases, the result
follows from Lemma 4.2. O

Lemma 4.5. Let G’ be an n-vertex pentacyclic graph, where A(G') =5,
and n > 12. If n5(G') > 2 and G’ ¢ C°(53),33) 20=9) y C5(5(2) 41,
20=3)) U €5(5®2),33) 2(n=6) 1) " then, for each G € C®(5(3),3() 2(n=6)
1MW), we have NK(G') < NK(G).

Proof. Suppose that ns(G’) > 3. If H is a graph in C®(5(),3(1) 2(n=6)
1@y u d(53),4M 200=7) 16)) U €5 (5*),2(n=8) 1)) then, by Lemma 4.2,
NK(G') < NK(H) < NK(QG). In the case when n5(G’) = 2 and n3(G’) < 3,
we choose the graph H in C°(5(2), 4 31 2(n=5) 1)) yC5(5(2) 4(2) 2(n=6)
1®). Then, by Lemma 4.2, NK(G') < NK(H) < NK(G). Finally, in other
cases, we apply Lemma 4.2 to complete our argument. O

Theorem 4.1. Let G’ be an n-vertex pentacyclic graph with n > 12 ver-
tices and A(G') > 6. If

G ¢ ¢°(8W 32 on=3)y y o (1M 36) o=y y o) 3(4) 2(n=5)y
uC®(6M, 40 30) 9n=6) 1))y 562, 2002,
then, for each G € C°(6(2),2(=2) we have NK(G') < NK(G).
Proof. We consider five cases as follows.
(1) A(G") > 10. By Lemmas 4.1 and 1.1,
NK(G) 62 x 2(n=2)
NK(G')  ont8-x2" ni(@)(i-1) HA(G’) ni(G)

36 x QZZ-A:(E;G/> ni(G')(i—1)—10
- [1247 nicn

(4)

36 x A (@A@)-1)-10  9XAE " 0 (@) (i-1)

A@s@ AT
36 x 2na(G)(A(G)-1)-10
>
- A(G')a(@)
On the other hand, since na(G') In % >n%; > 3.35,
36 x 2na(G)(A(G)-1)-10
n A(Ga@) =1n36 +na(G)(A(G') —1)In2

—10In2 — na(G") In A(G')
> na(G)(A(G) —1)In2
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—na(G)InA(G') — 3.35 > 0.

We now apply (4) to prove %((GG,)) > 1.

(2) A(G') = 9. By Lemma 4.2, there exists a graph H in the set
C®(9W, 3 2(n=2))y y 59, 41 2(n=3) 1))y c>(9M), 51 2(n=1 1))y
c?(9M, 6N 2(n=5) 13)y y ¢5(9M 7D 2(=6) 1)) y 59D 81 2(n=T)

16y U 05(9(> 2(n=8) 1(6)) such that NK(G') < NK(H) < NK(G), as
desired.

(3) A(G') = 8. Again by Lemma 4.2, there exists a graph H in the set

05(8(1),4(1) 3(1) 9(n—4) 1(1)) U 05(8(1), 5(1) 31 o(n=5) 1(2))

uc®(8m 31 9(n=6) 1By y o8, 7(1) 31 2(n=T) 1(4))
uCt(8® (n=8) 1(5 )) U (81,42 9(n=5) 1(2))

u 8w (1 2(n 6,18y U5 8M, 61 41 2(n=7) 1(4))
uc®(8W (1) 2=8) 1)y y (82 4 2(n=9) 1(6))
uc®(8m 2(” SIS )) uc®(8M, 60 510 on=8) 10))
uc®(8W 51 2(” 9,10y u ?(8?2), 51 2(n=10) 1(M)

Ut W 6(2 2(” 9) 1(6)) Ut 8, 7 61 on=10) ()

U 05(8 (n— 11) 18 )) U 05(8(1) 7(2) 2("*11)’ 1(8))
UC5( (n— 12) 109 ))UC5( (3 ) 9(n— 13) (10))7

such that NK(G/) < NK(H) < NK(G), which completes the proof of this
part.

(4) A(G") = 7. Apply Lemma 4.2 to prove that there exists a graph H
such that

He 05(7(1) (1) 3(2)7 2(”*5) (1)) U 05(7(1)7 5(1)7 3(2)7 2(”*6)7 1(2))

u (7, 3(2) 2(n=7) 18)y y o7, 3 2(n=8) 1(4))

U C®(7M, 4@ 30 9(=6) 1)y y o7 51 40 3(1) 9(n=T7) 1))
ucP (7, 4(1) 3 2(n=8) 1y y 572 4 3(1) 9(n=9) 1(5)y
u (7 53 301, Q(n—8)7 Wyu (7, 6 501 31 2(n=9) 10))
u (7%, 3(1) 9(n=10) 1(6)y 4 o (7(M) (%) 3(1) 9(n=10) 1(6))

u (7%, 3(1) 2(n=11) 1My y ¢ (7, 31 2(n=12) 1(8))

u (7, (=7 18y u (7D, 51 4(2) 2(n=8) 7(4)y

u (7, 4(2) 2(n=9) 16)yy 5 (73 4(2) 2(n=10) 1(6))
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U 05(7 1)7 2("*9)7 1(5)) U C5(7(1) 6(1) 5(1) (1) 2("*10)7 1(6))
UC5(7 4(1) (”_11),1(7))UC5(7() (@) 4(1) 9(n— 11),1(7))

U 05(7 61 1)72(11712)’ 1(8)) U 05(7( ) 4(1) o(n=13) )
uCs(Tn, (n=10) 16)) | 570, 61 5(2) 9(n=11) 1(7)
UCh(T®, (n-12) 18y 570, 62) 51 9(n-12) 1))

U 05(7 5(1) 2(”*13) 1(9)) U 05(7(3),5(1)72(71 14) (10)>

U 05(7 2(” 13) 1( )) U 05(7(2)’ 6(2), 2(”-14)7 1(10))

U s (T, (n=15) (1)) | @B (7(4) o(n-16) 1(12)y

and NK(G") <NK( ) < NK(G).

(5) A(G") = 6. If ng(G") > 2, then the result follows from Lemma 4.2. If
ne(G’') = 1, then, by Lemma 4.2, there exists a graph H such that

He o5, (1>,3<3> 2= 12y (62, 33) 2(n=8) 1(3)

UC’5(6 3(2) 2(” ) 1(2)) UC’5(6(1) 5(1) 4(1)’3(2)72@*8)’1(3))
U 05(6 41 3(2) 2(” 9) (4)) UC’S(G(l), (2 ),3(2),2(71—9), 1(4))
uCc®(6@ 32 oln— 10) 10y u (6,32 2(n=11) 1(6))
uc®(6W 3(1) 9(n—8) 1(3)) uC®(6W, 50,42 3(1) on=9) 1(4))
U 05(6(2 4(2 ;3 2(=10) 106)) 4 e5(6M), 52, 4D 3(1) o(n=10) 1(5)y
uC®(6® 4 3(1) 2(” 10y u (6B, 40 30 9n=12) 1(M)
Sre (i 3(1) 2(n=11) 1(6 )) Ut (6@, 52 30 on=12) 1(7)
uC®(6®) 3 9(n=13) 1(8)y 4y (6™, 31 2(n=14) 19))
uc®(6W (=9 1My y o (6M, 51 4B) 2(n—10) 1(5))

uC®(6? 2(“ 11) 10y U c®(6M),52),43) on=11) 1(6))

U C5(6 42) 2(” 12) (7)) U 05(6(3)74(2), 2(”*13)7 1(8))

U 05(6(1 5(3 4(1) 2(n=12) 1My y (63, 5(2) 4 2(n=13) 1(8))
uC®(6®) 4 o(n=14) 1)y 5 P (6,41 2(n—15) 1010))

U 05(6 (n=13) 1(8 )) U C?(63),50) on=14) 109)

U 05(6 (n=15) 1000y y ¢5(6¥, 5(1) 2(n=16) 1(11)y

U3 (60), 2= 17) 102),

and NK(G') < NK(H) < NK(G). This completes the proof. O
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TABLE 3. The pentacyclic graphs.

Classes NK Index

C°(3 3®) 9 (n—S)) 38 « 9(n—8)

C5(309), (n 10) 1(1)) 39 5 9(n—10)

C5 (30 ) o(n— 12) ,1(2) 310 o 9(n—12)
C5( ( 1)72(n 14) 1(3)) 311 2(n—14)
05( (1)’ 3(6) (n— 7)) 4 % 36 % 9(n=T)
C°(4 4 37 72( 9.1 (1)) 4 x 37 x 2(n=9)

4 x 38 x 2(n—11)
42 x 3% x 2(n=6)
42 % 35 x 2(n=8)
42 % 36 % 2(n710)
43 % 32 x 2(n=5)
44 > 2(n74)

43 x 33 x 2(n=7)
5 x 3% x 2(n—6)
5x 4 x 33 x 2(n=5)
5 x 36 x 2(n—8)
52 x 32 x 2(n—4)
52 x 4 x 2(n=3)
52 x 3% x 2(n—6)
62 % 2(n—2)

8 x 32 x 2(n=3)
7 x 3% x 2(n—4)

6 x 3% x 2(n=5)
6 x 4 x 33 x 2(n=6)
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Suppose n > 14 and choose the graphs F, .. F24 such that

Fy € C°(38) 2(n=8)), F, € C5(40 (n=7)),
F3 € C«5(4(2)73(4)72(TL—6))7 F, € C5(3(9 (n 10 (1))7

Fs € C°(5(1) 30) 2(n=6)) Fy € C5(43),3(2) 2(n=5)),

Fr e 054 3D 20=9) 1) Fy e ¢®(5M),4 (1) 3( ) 2(n=5)),
Fy € C5(4), 2(n=1), Fig € CP(4®), 305) 9(n=8) 1(1)).
F € 05(6(1) 34 on— ))’ Fis € 05(3(10),2(71—12)’ 1(2))’
Fiz € C5(5(1) 3(6) 9(n=8) 1(1))7 Fi € C5(3(11)72(n—14)’ 1(3))7
Fi5 € C3(4D) 3®) 2(n=11) 1(2))  Fyo e 054, 3(6) 2(n—10) 1(2)
Fi7 € 05(4(3), 33, o(n=7) 1(1))’ Fig € 05(5(2)7 32, 2(71—4))7

Fig € C5(53),41) 2(n=9)) Fao € C3(52),30)_ 2(n=6) 1(1))
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Fy € 05<6(2), 2(7172))7 Fy € C5<8(1), 3(2), 2(n73))’
Fy; € 05(7(1)73(3),2(71—4))’ Py € 05(6(1)74(1),3(3)’2(71—6)’ 1(1)),

Theorem 4.2. Let F' be a pentacyclic graph with n > 12 vertices, ex-
cept from the graphs Fi, F, ..., Fi3. Then, NK(Fy) > NK(F) > NK(F3)
> NK(Fy) > NK(F5) > NK(Fs) > NK(F;) > NK(Fg) > NK(Fy) >
NK(Fy9) = NK(F11) > NK(F12) > NK(Fi3) > NK(F).

Proof. From Table 3, NK(F) > NK(F,) > NK(F3) > NK(Fy) >
NK(Fs) > NK(Fs) > NK(F;) > NK(Fs) > NK(Fy) > NK(Fjo) =
NK(FH) > NK(F12) > NK(F13) If Fe {F14, e ,F24}, then Table 3 gives
us the result. If A(F) = 3 and n3(F) > 12, then the result follows from
Corollary 4.1. Suppose that A(F) = 4. If ny(F) = 1 and n3(F) > 9, then
Corollary 4.2 gives us the result. If ng(F) = 2 and nz(F) > 7, then the
result is a consequence of Corollary 4.3. If ng(F') > 3, then it is enough to
apply Lemma 4.3. Suppose that A(F) = 5. If n5(F) = 1, then Lemma 4.4
proves the result, and if n5(F') > 2, then we apply Lemma 4.5. If A(F) > 6,
then the result follows from Theorem 4.1. In other cases, F' is a member of
the set {F1, Fs, ..., Fi3}, which completes the proof. O

5. Concluding remarks

In this paper, the Narumi—Katayama index of simple graphs was consid-
ered. We determined eight classes of n-vertex tricyclic graphs with the first
through the eighth maximal N K index, n > 10, ten classes of n-vertex tetra-
cyclic graphs with the first through the ninth maximal N K index, n > 10,
and thirteen classes of n-vertex pentacyclic graphs with the first through the
twelfth maximal NK index, n > 12.

Let dy, do, ..., d, be the vertex degree sequence of an n-vertex simple
graph G. The following inequality (for any n positive numbers) is known:

1 n n % N
=3 dy = ([[a)" = VK@)
7j=1 7=1
The equality holds if and only if dy = do = ... = d,, that is, when G is a

regular graph. Hence, one can derive another index, evaluating the degree
of regularity of an arbitrary simple graph:

n"NK(G)

(2m)~ —

Since for two simple graphs G1 and G», with the same values of n and m,
we have reg(G1) > reg(Gs) if and only if NK(G1) > NK(G3), the NK(G)
can itself evaluate the regularity of G. The “regularity” is the antipode of
“irregularity”, which, in our terms, can be determined as

irr(G) :=1—reg(G). (5)

reg(G) =
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In the literature, also other irregularity indices are known, where irr(G)
denotes some other parameter than (5). Disregarding what irr(G) may
precisely mean in [1, 2, 3, 6], the role of the irregularity of a graph G (which
may also apply to NK(G)!) is by now a subject seriously studied in the
literature. In particular [1], its relation to the spectra of graphs has been
studied, and so on. Thus, it is a good research problem for future to obtain
this relationship.
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