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Some (p, ¢)-analogues of Apostol type numbers
and polynomials

MEHMET ACIKGOZ, SERKAN ARACI, AND UGUR DURAN

ABSTRACT. We consider a new class of generating functions of the gener-
alizations of Bernoulli and Euler polynomials in terms of (p, ¢)-integers.
By making use of these generating functions, we derive (p, q)-generaliza-
tions of several old and new identities concerning Apostol-Bernoulli and
Apostol-Euler polynomials. Finally, we define the (p, ¢)-generalization
of Stirling polynomials of the second kind of order v, and provide a link
between the (p, ¢)-generalization of Bernoulli polynomials of order v and
the (p, q)-generalization of Stirling polynomials of the second kind of
order v.

1. Introduction

Let N, Ny, R, and C be the sets of natural numbers, nonnegative integers,
real numbers, and complex numbers, respectively.
The (p, ¢)-analog of a number n is known as (see [2—4, 13])

[n],q = p;:zn (p#aq),

n—l[

representing the relation [n], . = p"~" [n],,,, where [n] ,, is the g-number

a/p’
from g-calculus given by [n] ,, = ((¢/ p)" — 1/) /((¢/p)—1). Using this obvious
relation between the g-notation and its (p, ¢)-variant, most (if not all) of the
(p, q)-results can be derived from the corresponding known g-results. In the
case when p = 1, (p,¢)-numbers reduce to g-numbers (cf. [9]). In theory
of operators, approximations, and other related fields, the (p, ¢)-variant has
been investigated extensively by many mathematicians and also physicists

(see [2-4, 13]).
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A few (p, ¢)-notations are listed below which will be used in this paper.
The (p, q)-derivative of a function f (with respect to x) is given by

flpz) — £ ()

Dpof (z) := b0z (x#0;p#4q); (1.1)
it satisfies the condition
lim Dy (¢) == £ (0) where f(0) = = [ (2) |uco

The (p, q)-binomial formulae is

n ky (n—k

(IL‘ D a);’q = Z |:TL:| p(Z)q( 2 )xkanfk
k=0 p,q

with the (p, ¢)-binomial coefficients

ﬁLq:m—g%ﬂm! (n 2 k)

) p.q p.q

and (p, q)-factorials

(gt = [nlpg [0 = 1], 2,4 [1],, (REN).

The (p, q)-exponential functions are defined by

(5) 4m

palz) = 3 T and Bpgle) =30 (1.2)
n=0 p,q n=0 D,q

under the condition

epq(T)Epq(—x) = 1. (1.3)
It follows from (1.1) and (1.2) that
Dy gepq(7) = epq(pr) and Dy Ep () = Epq(qz). (1.4)

The definite (p, ¢)-integral of a function f is determined by

& k k
/ f(z qu:(p—Q)aZ(;:Hf<qf+1a>;

k=0

it satisfies the condition

[ 1@ = [ 1@ g~ [ 1@ (15)

One can find these notations (together with all the details) in the refer-
ences [2], [3], [4], and [13]

Apostol [1] introduced a class of the classical Bernoulli polynomials and
numbers (called Apostol-Bernoulli polynomials and numbers), when he stud-
ied the Lipschitz—Lerch zeta functions and investigated some elementary
properties of these polynomials and numbers. From Apostol’s time to the
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present, Apostol type polynomials and several generalizations of them have
been considered and discussed by many mathematicians, for example, by
Luo [8], Srivastava [14], Tremblay et al. [15], Mahmudov et al. [10], and
Duran et al. [2].

The Apostol-Bernoulli and Apostol-Euler polynomials of order oo € C are
defined by the generating functions (see [1, 6, 7, 8, 15])

ZBSL&)(%A)Z'_< z > e (|lz]<2mif A=1, |z|<[log )| if A#£1)
n=0 )

Aer—1
and
G Z" 2 \° . .
ZE,(ZO‘) (x; N) i ()\62—1—1) (lz|<mif A=1, |z|<|log(—=A)| if A#1).
n=0 ’

Upon setting A = 1, the polynomials above reduce to the classical forms (cf.
[11]).

For m € N and « € C, the generalized Apostol type Bernoulli polynomials
B,[Lm_l’a] (x) of order o and the generalized Apostol type Euler polynomials
plm=tel (x) of order « are defined, in a suitable neighborhood of z = 0, by
means of the generating functions (see [3, 6, 12])

> [m—1,q] . ﬁ_ 2™ 72
> Bl (z; \) = (Aez_ —— Zh) e (1.6)

n=0 h=0 hl

and

S - (] e 0o

n=0 h=0 Tl

In the next section, we give a new class of generating functions of the
(p, q)-generalizations of Bernoulli and Euler polynomials. We derive (p, q)-
generalizations of several known identities concerning Apostol-Bernoulli and
Apostol-Euler polynomials. Finally, we consider the (p, ¢)-generalization of
Stirling polynomials of the second kind of order v whose classical form can
be found in [11], and then provide a link between the (p, q)-generalization
of Bernoulli polynomials of order v and the (p, ¢)-generalization of Stirling
polynomials of the second kind of order v.

2. On a (p,q)-analog of some polynomials
We begin with the following definition.

Definition 1. Let p,q,a € C with 0 < |¢| < |p| < 1, and let m € N. The

generalized Apostol type (p,q)-Bernoulli polynomials Bq[lm_l’a] (z,y:p,q)
of order a and the generalized Apostol type (p,q)-Euler polynomials
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5,[?71’0‘] (z,y :p,q) of order « are defined, in a suitable neighborhood of
z = 0, by the generating functions

n

S Bl (A i pg) —— =
n=0 [1lp.q!

Zm

<)\€p g (2)=Th%, (z)) epq (22) Epq (y2)
(2.1)

and

o] n om «
(2.2)

bl 71 h
where Tflgl (Z) = ZZ%ZO ﬁpq!'

Remark 1. The order « of the Apostol type (p, ¢)-polynomials in Defini-
tion 1 (and also in all analogous situations occuring elsewhere in this paper)
is tacitly assumed to be a nonnegative integer except possibly in those cases
in which the right-hand side of the generating functions (2.1) and (2.2) turns
out to be a power series in z. Only in these latter cases, we can safely assume
that o € C.

In the case * = 0 and y = 0 in Definition 1, we get
BLm_l’a} (AN:p,q) = B,[Zm_l’a] (0,0; X : p,q)
and
EX (N ipg) == E (0,000 1 p,g),
which are termed, respectively, the n-th generalized Apostol type (p,q)-
Bernoulli numbers of order a and the n-th generalized Apostol type (p,q)-

Euler numbers of order a.
For e« = 1 in Definition 1, we have

B (2,551 p,q) == B M (2,530 p, )
and
= @,y N i p,q) = EH N (@ X i pyg),
which are called, respectively, the n-th generalized Apostol type (p,q)-

Bernoulli polynomial and the n-th generalized Apostol type (p, ¢)-Euler poly-
nomial.

Remark 2. Upon setting A = 1 in Definition 1, we obtain the generalized
(p, q)-Bernoulli and Euler polynomials of order « defined in [4].

Remark 3. If we put m = A = 1, then the polynomials in Definition 1
reduce to the known (p, ¢)-polynomials given in [3].

In the following corollaries, we discuss some particular situations of Defi-
nition 1.
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Corollary 1 (see [10]). If we take p =1 in Definition 1, then we get

o

sB[m 1 a] (z,y; \) 2" = = — eq (v2) Eq (y2),
Z T \ ey ()~ S
m 1« . 2" — 2"
Z QE[ ] «T » Y5 /\) [n] | m—1 2k €q (xz) Eq (yZ) ’

¢ Aeq (2) + 2 k20 T

where ’Bm_l’a] (x,y; \) and (’Em_l’a} (x,y; \) are called the n-th general-
ized q-Apostol-Bernoulli polynomial of order a and the n-th generalized q-
Apostol-Euler polynomial of order a, respectively.

Corollary 2 (see [6, 8, 12]). When ¢ =1 and y = 0, the polynomials in
Corollary 1 reduce to the polynomials in (1.6) and (1.7).

The following proposition follows from Definition 1.

Proposition 1. The following relations hold true:

Bkmfl,a} (.CC, yi\ip, q) _ q(nfk)(nfkfl)/2Bl[€mfl,a} (x’ 0:\:p, Q)yniky

p.q

M=
= 3

i
o
T
L

pn—RE—k=n/2glm=Lal g . 5 ygn—k

I
NE
x> 3

k=0 - - P4
and
-1, . n n— n—k— m—1L,x n—
S ) B S I I L G CAUD SN i
k=0 - - P4
" [n] kY (n—k— m—1,a n—
=Y || R 0,y s p g T,
k=0 - - P9
Corollary 3. Setting y =1 (or x = 1) in Proposition 1 yields

gnP k= /2gImbel (4 0. ) p, ),
b,q

BLm_l’a] (x, ;X :p,q) =

NE
>

bl

Il

o
T
L

(2.3)

plr=W—k=h/2glm=tal (g o n g,
b,q

Bm=Lel (1, y: X\ p,q)

I
NE
> 3

il
=)
T
L

(2.4)

and

NE

m—1.a n n—k)(n—k— m—1,«
gm=1al (2 1,01 p,q) = [} g Rk 1)/25,[§ ! }(xvo;)\:p’Q)7
P.g

k

il
=)

(2.5)
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n

o n n—k)(n—k— m—1,x
el 1’](1,y;A:p7q)=Z[kJ A R (TP
k=0 p.q
(2.6)

Notice that formulae (2.3)—(2.6) are (p, ¢)-analogues of the following for-
mulae in [6, 8, 12]:

n

Bim=tel (z 4 130) =Y (Z) B (5 )

k=0

and

Em=tel (p 41,0 = Z (Z) E,Em_l’a] (z; ).

k=0
Now we present the addition properties of the generalized Apostol type
(p, ¢)-Bernoulli and (p, ¢)-Euler polynomials of order a.

Proposition 2. Let n € N. Then

o = n m—1,« m—1,
Byt +5](x,y;krp,Q)=Z[k} By @ 00, @) B0, 5 X0, )

k=0 " pa
and
la n n m ,Q m—
e +m(ﬂc,y;A:19761)=Z[l<:] e (@, 0,09, )80,y A:p, ),
k=0 " pa

The (p, q)-derivatives of BLm_l’a] (z,y; X : p,q) and S,Em_l’a] (x,y; X p,q),
with respect to x and y, are given as follows.

Proposition 3. We have

Dy g B (@, 5 X pyg) = [n],,, B (pr,yi A s pa),
DB~ (@,y: 3 p.0) = Il BT (@, qy: ).
Dy g€l 1 (2, A 2 pog) = [0, 607 (2,53 A 2, a)
Dy g€ (2,53 p,q) = [n], 7 (@ qy A pq)
We nextly give the (p, ¢)-integral representations of gim—Lel (x,y; \:p, q)

and ng—La] (z, 95X : p, q).

Proposition 4. We have the following integral representations:
b
/ BIP o (@, y; A p,q) dp g
a

B (e sp.d) - 5 (300
n+1],,

=P

)
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b
/ Bm=bel (z,y: X2 p,q) dp gy

B (. bixipa) — B (2800 puq)
n+1],,

=p
and

b
/ gm=bel (z y: X p,q) dpgx

T (LA pia) — €T (L300 pia)
n+1],,

=P

?

b
/ gm=tel (z y: X p,q) dy gy

a ghm el (m Bxip, Q) — gl (93 N, q)
[+ 1,4 .

=p

Proof. The Claim follows from the property f; D, of (z)dpqx = f(b) —
f (a) given in (1.5). O

We next provide the following relations.

Proposition 5. The following identities hold true:

min(n,m—1)
.0 n m—1,a
MBIl Ly hipg) — Y M B 0,y 0)
k=0 p,q

n—1
n—1 m—1,0 —
=[nl,. > [ i ] B 0,0 o) BY T, (Vi pg)
k=0 p,q

and

min(n,m—1)

1o n m—1,«
el @y 3 ] E 0w
k=0 2

"] imetae _
—2Z[k]5;£ L0,y p ) E N (N pag).
k=0

Now we establish the following recurrence relationships.
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Proposition 6. We have

min(n,m—1)
e n m—1,«
MBI Ly A ipg) = Y M By 0.5 pig)
k=0 P (2.7)
n]_ !
— L‘I'BL’E;}O‘A} 0,y52:p,q) (n=>m),
[n — m]pﬂ.
min(n,m—1) n .
)\B,[lmfl’a] (z,0; A :p,q) — Z [kj 57[?: el (z,—1;A:p,q)
k=0 P
! -t
B [n—ifrﬁ'gv[sz}’ Uz, ~10p,9) (n>m)
pa’
and
[ ] min(ir:nl) n : 1]
AETE (L iy A i pog) + [ } Ely (0,3 1 p,q)
prd kb (2.8)
_ 2mg7[1m—1,a—1] (07 Y; A p, q) ,
min(n,m—1) n .
ALl (200N i p )+ Y M &M (@, ~1A  pyq)
k=0 P
_ 2m57[lm—1,0£—1] (gj, —1, )\ - p, q) .
Proof. By utilizing the idea of the proof in [9] and the formula
120 &) (e ) B 0)
1 Nepq (2) = TP, (2) P
m—1 n 0 n
p z
=Y S B 0, h pg) ——
n=0 [n]p,q! n=0 [n]pvq!
00 n n+1 n+2
=> B0l 0,4;0: p,q) é ; —
n—=0 lpg! gt ] 2,
Znerfl
[n]p,q! [m B 1]p,q!
=Y B0,y p ) D[], BT 0,y )
o [n]p’q S—", [n]p,q :

< [n], - [n—m+2] 1. 2"
+ o+ Z P [m — 1] p’qBL_m_;_l] (0, Y; A b, q)
n=0

P:q! [n]p:q!
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Z?’L

oo min(n,m—1)
n m—1,a
- Z Z I:k:| 87[1—1917 ] (07 Y; A b, Q) [ ] K
n=0 k=0 P "pa’
we arrive at the following;:
0o min(n,m—1) n on
> BT (1L X i p,g) - B 0,450 pyq)
k n [n] !
k=0 b,q p,q

n=0

R tovcEsne) RUCEACY

-1 6 (i
' )‘ep,q (Z) - T;:{gl
M «
- Epq(y2) (Nepq (2) = TP (2
<)‘€p,q (2) =T, (z)> pa (¥2) (Aepgq (2) 1(2)
m a—1
z
=2" E Bm 1,a—1] 0 \:
’ <)‘€p,q (2)=TH%, (z)) pa (y2) Z (0,53 A:p,q)
Comparing the coefficients of 2" on both sides, we obtain (2.7). The other
O

equalities in this theorem can be proved similarly.

m

=) Bualo)

Zn—l—m

]

! .
p.q

It follows from Definition 1 in the case o = 0 that
BIr V0 @,y i pq) = E @y N i pyg) = (e y)y, - (2.9)

By combining Proposition 6 and Corollary 3 with (2.9) in the case a = 1

we acquire the following formulae for n > m:

nem _ = ' ()\Z[ Lq 2B (0,430 1 p, )

Y

q( 2 )[n p,q
min(n,m—1) n .
- > M B 0,50 p,g)
k=0 P.g
and
i 2 "N 1] () .
/\Z el 10,y p,q)

k=0
mln(n,m 1)

n -1
+ > M e (0,y: p.g)
k=0 p,q
In the following theorem, we give some relations between the old and new

(p, q)-polynomials given in Definition 1.
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Theorem 1. Forn € Ny and x,y € C, the following relations hold true:

1 En+1
Bt (m,y; N ipg) = ———— Bp—ut1 (0,ly; At p,q) 17"
n+1],, =l u ],

(A Bl (000 py ) p("2 ) — B (20,0 p,g)
s=0 s p.q ’ b

n+1
1 n+1 u—_n
= E Bn*’UJJrl (l.ZE,(L)\ D, q)l

— [u —l,a s—u, (“5° m—1,a
XGZLL(]BB” Lol (0,5 A : p,q) 1==p("2 ") — B 1’}(0,y;>\:p,q)>
s=0

)

and

B 1 n n u—n
57[Lm L (% Y; A D, Q) = [QT Z |:u:| En—u (Ov ly; A : p, C]) !
P9 u=0 P4

— [u m—1,« s—u, (57 m—1,a
X<>‘Z Spqgi 1’](%0?/\317,(1)[ p(2)+5qL 1’}(x,0;)\:p,q)>
s=0 - -“D

1 & [n]
_ S Enca (l2, 050 p,g) 1
2 =5 g

X ()\Zu: Z
s=0

-4 Pg

Em=1el(0,4; X : p, q) ls‘“p(ugs) + &Ml (0,450 1 p, Q)>

where By, (x,y; X : p,q) and E, (x,y; X : p,q) are, respectively, the Apostol type
(p, q)-Bernoulli polynomials and the Apostol type (p,q)-Euler polynomials
defined in [2].

Proof. The claim follows from Definition 1 by simple calculations. O
New connections including BLm_l’a] (z,y; X : p,q) and &Qm_l’a] (x,y; X : p,q),

which derive from Definition 1 using the Cauchy product, are presented in
the following two theorems. We state these theorems without proofs.

Theorem 2. Forn € Ng, m € N and z,y € C, the following relations
hold true:

n

me1.a ]_ n u—n
B, 1’](9:,?4;%1’7(1):[2]2{11} Enu (0,1y; X p,q) 1
P4 u=0 byq

— [u -l s—u, (“5° m—1,a
X<)\Z[s}pq8‘[§m 1’](35703)\3177(])[ P(Q)—FBL 1’](33,0;/\:p,q)>
870 ’
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and

1 n+1 n4+1
Em=bal (z y:X:p,q) = CEST Z [ " ] Br—u+1 (0,1y; X p,g) 17"
p.q

P9 u=0 3
- u [m—1,0q] Y. s—u (u—s) [m—1,a] Y.
x (A & (x,0;A 1 p,q) " "p\ 2 ) =& (2,0 :p,q) | -
S
s=0 p,q
Theorem 3. We have

Bmel,a] (.’I),y,>\p7 [72 |: :| n u le 0 A b,q )lu*n

— [u -l s—u, (“5° m—1,a
X<)\Z[s]pq6‘[sm 1’}(073%1?7(])[ p(2)+BL 1’}(0,y;)\:p,q)>
s=0 )

and
n+1
1 1
ET[Lm—l,a} (,y; A :p,q) = — : Z [n + ] Br—y+1 (lx, 0\ :p,g) 1*7"
[TL + ]p,q u=0 u b,q

([,

From Proposition 1 and Theorem 3, we deduce the following corollary.

=1l (0, X pq) 1 p("2") — glm=1el (0, y: X - p, q)) :

p,q

Corollary 4. The following relations hold true:

n

-1, 1 n u—n
67[1m b }(xay;)‘:paQ)ZQZ[ :| [ gn—u(l$>o;)\:paq)
q

S r=aL (2.10)

(AB[’” La (l,y,/\ p.q )+BL’”_1’“] (O,y;A:p,q)>

and

1 n+1 n4+1
glm=tal (g y: X :p,q) = CEST Z [ ] 1" "Bp_yi1 (l2,0; X 1 p,q)
Py

pau—ob U
1,0 (1 m—1,a
><<A5£m 1’}<l,y;/\:p,q)—&ﬁ 1’](0,y;A:p,q)>-

Proposition 6 and Corollary 4 yield the following result.
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Theorem 4. The following formulae are valid for n € Ny:

la A [n
Bl (2,2 i pag) = 5 Z[ }
7q

[ ]Ihq u=0 u p

— [u—1 m—1.cx _
[“]p,qZ[ k } B 0,0 1 p.g) BY T (N ipLg)
= p,q

min(u,m—1) | (211)
: U [m—1,q]

+ > [k] B, . " (0,y;A:p,q)
k=0 p,q

1 -1,
+X5’Lm Lel (0,431 @ p, q)} En—u (2,0, X :p,q)

and

A ntl n+1
[m—l,oé] . . =

P9 =0 s

- U s[m—1,a—1 0,—1
X [2;_()&]5;& Lo,y ) ip ) €20 (0 i pg)

min(u,m—1)
U -1,
- [k] (0,530 )
k=0 p,q

1 _
—XSL’” bl (0,45 X ¢ p, Q)] Bp—ut1(2,0;A: p,q) .

The equation (2.11) is a (p, ¢)-extension of the Srivastava—Pintér addition
theorem (cf. [14]) for the generalized Apostol type Bernoulli and Apostol
type Euler polynomials of order « given by (see [15])

Bim=tel (z 4 y; \)

min(u,m—1)

1o~ /n m—1.a U m—1,a
:22<u> B el +x ) (k)BL_kl s )

k=0
XMZ( > B (y,A)BLO;f_]k(A)] Enu (T3 N) .

We define the generalized (p, q)-Stirling polynomials S;[,T,Z_l] (n,v; A) of the
second kind of order v by means of the generating function

o0 n Aepq (2) — ST °
. P X h= 0 [h]

E Sz[w U(n,v; \) = ( ) . (2.12)

n=0

(]! [0],.4!

)
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Remark 4. When ¢ —+ p = m = A = 1, the above polynomials reduce to
the usual Stirling numbers of second kind given by (see [5])

anv " :M.

7' v!

The following theorem includes a relationship between the generalized
Apostol type (p,q)-Bernoulli polynomials of order v and the generalized
(p, q)-Stirling polynomials of the second kind of order v.

Theorem 5. The following formula holds true:

n n . . '
S| shim-ivneen,
p.q

j=o 1/

n] ! m—1,—v
=L e ] BT @y N pg)
’Up’q. n ovm g’

Proof. In view of Definition 1 and (2.12), we get

ZS[m U (n,v; \) 7 'Z a:@ypq

ZS[m U(n,v; ) : T repa (22) Epg (y2)
[n],,q
Aepq(2) — Zh 0 [h] (22) By o (42) 2™
= epq (22) Epq (yz
zm p,q p,q [’U]nq'
oo o Lntvm 1
=Y Bt }(wvy;krp,q)[ A
n=0 Mp,q- Wlp,q

By matching the coefficients z™ on both sides above, we obtain the desired
result. (]

Corollary 5. We have
[n—ovm] !

n n B
| S (=g, 0 N BT @y pg) = (r @ )
]Z:% {JL,Q P ! [0],.4" (M),
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