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Fejér type integral inequalities related with
geometrically-arithmetically convex functions
with applications

S. S. DRAGOMIR, M. A. LATIF, AND E. MOMONIAT

ABSTRACT. A new identity involving a geometrically symmetric func-
tion and a differentiable function is established. Some new Fejér type
integral inequalities, connected with the left part of Hermite-Hadamard
type inequalities for geometrically-arithmetically convex functions, are
presented by using the Holder integral inequality and the notion of
geometrically-arithmetically convexity. Applications of our results to
special means of positive real numbers are given.

1. Introduction

The classical convexity is defined as follows.
A function f: T — R, ) # I C R, is said to be convex on a convex set [
if the inequality
fltz+ 1 —t)y) <tf(z)+ (1 -1)f(y)
holds for all z, y € I and ¢ € [0, 1].
A vast literature has been reported on inequalities concerning classical

convexity during the past three decades, but the most celebrated inequalities
in mathematical analysis for convex functions are the Hermite-Hadamard

inequalities
b
(%50) =52 [ e < LOHIO) (1)

where f : I — R is a convex mapping and a,b € I with a < b. The
inequalities in (1.1) hold in upturned direction if f is a concave function.
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In the past few years the theory of convex sets and convex functions have
been a subject of extensive research and these notions have been generalized
and extended in diverse directions. As a result many new proofs, notewor-
thy extensions, generalizations, refinements, new Hermite-Hadamard type
inequalities and numerous applications of the inequalities (1.1) have arisen
in the literature of mathematical analysis and in various other branches of
pure and applied mathematics.

We begin with the following generalization of the usual or classical convex-
ity which is called the geometrical-arithmetical convexity or GA-convexity.

Definition 1 (see [7, 8]). Suppose that I C Ry = (0,00). A function
f I — Ris said to be GA-convex on [ if
£ (29 7) < M@ + (1= N f)

holds for all z, y € I and A € [0, 1], where 22y~ and Af(x) + (1 — \) f(y)
are, respectively, the weighted geometric mean of two positive numbers x
and y, and the weighted arithmetic mean of f(z) and f(y).

The notion of GA-convexity is further generalized as GA-s-convexity in
the second sense as follows.

Definition 2 (see [4]). Let s € (0,1]. A function f: I — R is said to be
GA-s-convex on I C Ry if
f (' 7) SN f@) + =N F)
holds for all z, y € I, A € [0, 1].

Most recently, Iscan [4] proved the following result for GA-s-convex func-
tions.

Theorem 1 (see [4]). Suppose that f : I — R is GA-s-convex in the
second sense, and a, b€ I C Ry with a <b. If f € L|a,b], then

. 1 " f (@) fla)+ 1 (b)
2 1f<\/%>§1nb—lna/a x dmgs—l—il‘ (1.2)

If f in Theorem 1 is GA-convex function, then we get the inequalities

f(”)‘lnb lna/ e ()+f() (1.3)

In [6], the authors introduced the notion of geometrlcally symmetric func-
tions as follows.

Definition 3 (see [6]). A function g : [a,b] = R, [a,b] C R4, is said to
be geometrically symmetric with respect to vab if

g(f):ﬂw,mGMM-
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The authors in [6] also proved the following Fejér type integral inequalities,
which provide a weighted generalization of (1.3).

Theorem 2 (see [6]). Let f : I — R be a GA-convex function and let
a,be I CRy witha <b. If g: [a,b] — [0,00) is a continuous, positive, and
geometrically symmetric to vV ab mapping, then

f(@)lb@dxglbf(xlg(w)dxgf(a);f(b)/abg(:r)dx_ (1.4)

X

Several new integral inequalities were also established in [6] for the right
part of the inequality (1.4), which not only provide weighted generalization
of the results from [4] connected with the right part of (1.3), but also give
refinements of those results for particular choice of the geometrically sym-
metric weight functions.

For more results on Hermite-Hadamard type inequalities concerning GA-
convex functions, s-GA-convex functions and their applications we refer the
reader to [1]-[6], [9], [10], and references therein.

In Section 2, we will prove a weighted integral identity for the left part of
the inequality (1.4) involving a differentiable mapping and a geometrically
symmetric function. We will use this identity, the geometrical-arithmetical
convexity and some auxiliary results to obtain some new Fejér type integral
inequalities related with the left part of (1.4). The results of Section 2
provide a weighted version of the results given in [4] for the left part of
the inequality (1.3) and also refine those results for particular choice of the
geometrically symmetric function involved. Some applications of our results
to special means of positive real numbers are given in Section 3.

2. Fejér type integral inequalities for
geometrically-arithmetically convex functions

Throughout this paper we will use the notations
U (t):=a1=0/2p050/2  y (1) 1 = g(140/2(1-0)/2

The beta function and the integral from of the hypergeometric function
are defined as follows to be used in the sequel of the paper:

1
B (e, B) :=/ T -t dt,a>0,8>0
0
and, for [z| < 1,7 > >0,

1 1
oFy (o, By7y;2) 1= B /0 A -1 = 2t) T at.

/877_/8)
In addition, for numbers a > 0 and b > 0 with a # b let
b b—
Alab) = “; JL(ab) = ——% G(a,b):= Vab, H(a,b) : =

 Inb—1Ina’

2ab
a+b

)
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and )
pp+1_gp+1l | p
[m} . p#-1,0,
L,(a,b) := < L(a,b), p=—1,
1

AR —

e (aia) ) b= 07
be the arithmetic mean, logarithmic mean, geometric mean, harmonic mean,
and generalized logarithmic mean of order p € R, respectively.

Now we prove a weighted integral identity which plays a key role in es-
tablishing our main results.

Lemma 1. Let f : I - R, I C Ry, be a differentiable function on I°
and let a, b € I° with a < b. Suppose that g : [a,b] — [0,00) is a continuous,
positive, and geometrically symmetric to \/ab mapping. If f € L([a,b]),
then the following equality holds:

Fir.gia) =i (Vab) [ 1 [[TD90y,

nb—1na (L[ VO o(x ) '
_nbtna | (/ g()dx)[V(t)f(V(t))—U(t)f(U(t))]dt-

x
Proof. Let

o 1 V(t) g(a?) ,

11._/0 (/ e d:r)V(t)f (V (t)) dt,
o 1 V(t) g(a?) ,

12._/0 (/ e d:r)U(t)f (U (1)) dt.

Since g : [a,b] — [0, 00) is geometrically symmetric to v/ab, we have g(U(t)) =

g(V (t)) and
o de = " g (m)dx 0,1
/a /U(t) , telo,1].

T x

Now we observe that

n= ( [ Q(@dx> Vo) £ V@) dr
0 a Z
L[ VO (s
:_mbflna/o (/ 9;>dx>d[f<v<t>>1

2 V) g () 1
~ Inb—Ina (/a x d:c)f(V(t))
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2f(\/%) /mg(x)d

:lnb—lna T

_?“”@/“wmw 2 /W%mﬂwd

"~ Inb—1Ina T Inb—1Ina T

1
x—Agww»ﬂvat

T

and, similarly,

_2f<‘/@> /” 9(@) 2 /” 9(@)f (@),

I, = — x.

>" Inb—Ina Vab T Inb—1Ina //z x
Adding these equations and multiplying the result by %7 we get the
required identity. O

Lemma 2. For u,v > 0, we have

1 ﬁL(ﬁaﬁ)v U#Ua
gmw:/uuwwmwﬁ:
0

u, u=uv,

1 v—VL(Vu,\/v) w v

¢ (u,v) = ;/ tu1=0/2y0/2 g — omhou 7

0 u/4, U=,

and
) 4\/5L(\/ﬂ,\/5) —4v+v(Inv—Inwu) u 75 v
S (u,v) == 1/ 12, (1=0/2, (1402 gy — (nv-inw)® ’ 7
2 Jo

u/6, u = v.
Proof. The proof follows from a straightforward computation. O

We now establish new Fejér type inequalities for GA-convex functions,
which provide a weighted generalization of some results from [4].

Theorem 3. Let f : I — R, I C Ry, be a differentiable function on I°
and let a, b € I° with a < b. Suppose that g : [a,b] — [0,00) is a continuous,
positive, and geometrically symmetric to \/ab mapping. If f € L ([a,b]) and

f

/14

is GA-convez on [a,b] for ¢ > 1, then

—na2
0= o) (1€ (0.) — 26 (a, )]

< (1ct@n) + 2 @mna(s @] |F ) 2@ @)
+[¢ (b,a) — 26 (b,a)] M ([¢ (b, a) + 2 (b, a)]

<a (| @ |7 o) - 200l o)},

\F(f,g;a,b)] <
/q
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where ”gHoo = Supxe[a,b]g(x) < o0 and C(‘v')7 é('a')7 §(','> are deﬁned in
Lemma 2.

Proof. From Lemma 1, using Holder’s inequality, we have

|F(f,g:a,b)|

lnb—lna/l (/V@
<
o 2 0 a

—Ina)? ! ’
< =l |g|oo/ (A-0u@|[fEm)|+a-9ve s Ve

g i‘”m) v |r o +ve

7 v @] a
1
(Inb—Ina)? 0 ! H/a
< nbohnal { ([ a-ovwe)

X </01(1 —HU (1) (f’ (U(t)))th)l/q

+ </01(1 —t)V(t)dt)ll/q (/01(1 —HV (@) ‘f’ (V(t))(th>1/q}.

(2.1)
By the GA-convexity of ‘f’ ‘q on [a,b] for ¢ > 1, and by Lemma 2, we have

/01 (1=8)U(t) ]f/ U (t))(" <|f (a)’q /01 (1—1t) (1;) 2025 (14)/2 g4
f (b)‘q /01 (1—1) (1—2H> a(1=0/2p(1+6)/2 34

— et +s@y) |F of + |3 @n -2 @h +s @] |7 @f
(2.2)

_l’_

and, similarly,

[a-ovals v

q

< [3¢®a+c0.0) |7 @[ + [3 0.0 - 26 0.0+ 0] [ 0]

(2.3)
Using (2.2) and (2.3) in (2.1), we get the required result. O

Corollary 1. Suppose that the assumptions of Theorem 8 are satisfied
and q = 1. Then the following inequality holds:

|F(f,9;a,0)|

<2 gl {[£ (@0 - vaa (vav8) - Jamd - ma] |1 )
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1 /
+ [L (a,b) = VbA (Va,Vb) + 4b(lnblna)} ‘f (b)‘}.
Corollary 2. If g(x) = m, x € |a,b], in Theorem 3, then

(Inb ; Ina) {[C (a,b) — 2 (a, b)]171/q

< (IC(ab)+ 25 (@) A (| @[ ]F ®)]) -2 @)
+[¢ (b,a) — 26 (b,a)] ([ (b,a) + 26 (b, a)]

@ o) -2ealrof) "}
Corollary 3. If ¢ =1 in Corollary 2, then we get the inequality

|F(f,9:a,b)| <

[F(f,9:a,b)] <

1/q

/@)

xA (

Inb—Ina

« {[L (.) ~ vaA (Va, Vb) - %a(lnb— lna)] 7 (@)
+ [L(a,b) —VbA (\/5, \/B) v ib(lnb—lna)] ‘f’ (b)‘}.

Theorem 4. Let f and g be the same as in Theorem 3. If f € L (Ja, b))
and ‘f,‘q is GA-converx on [a,b] for ¢ > 1, then

(Inb—Ina)> g,
4. ql/a

(820) () o
+ [209/2 — a2 — L (a2, 002)] | (b)‘q>l/q 24)
a2 ([ (a2, 0902) + 42— 2022] | £ (a)|
+ [p0/2 = 1 (a2, 02)] | £ (b)ﬁl/q} .
Proof. From Lemma 1, by Holder’s inequality we have

Inb — Ina)? 1 1-1/q
Ffgsan) < D01l < / (1—t)‘I/(q_1)dt>

« {( [werlsoofa) ([ wor

\F(f,g:a,b)|] <
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One has

! ’ q
[ warlsr o)
/(@) /0 1 (it) ala(1-1)/2pla(1+0)1/2 g4

' L1+t
+) s (b>"’ /0 <‘2F> Jla=0)/2pla1+0)/2 gy (2.6)

b9/2 [L (a9/2,b9/2) — a9/?] | ,
I U ) ¥ (@
¢(Inb—Ina)
pa/2 [quﬂ —a?2_ [, (aq/Q, btz/2)}
q(Inb—1na)

<

’ q

(b)

and, similarly,
ad/? [L <aq/2, b%) 4 p9/2 — Qaq/Q]
- q(Inb—1na)
a/2 [pa/2 _ q/2 pa/2
- [bq (In bL—(fn a)7 =) ‘fl (b)
The inequality (2.4) is proved by applying (2.6) and (2.7) in (2.5). O

‘ q

Corollary 4. If the assumptions of Theorem j are satisfied and g (x) =
o for all x € [a,b], then

|F(f,9;a,0)|

(Inb—Ina)' ™7 /1 g—1 =g 1/2 2 14/2 2
= 1-ql/a <2q—1) {b/ ([L(QQ/ ’bQ/>*“qq 1 (@)

+ [QbQ/Z _ 9?2 _ g, (aq/z,qu)} ‘f/ (b)‘fI) + ql/2 <[L <aq/2,bq/2)
+ /2 — QQQ/Q} }f’ (a)‘q L [bq/Q 1 (aq/z’bq/zﬂ ‘f/ (b)‘q>1/q}‘

Theorem 5. Let f and g be the same as in Theorem 3. If f € L ([a,b])
and ‘f,‘q is GA-convex on [a,b] for ¢ > 1, then

1/q

Inb—lna)> 4
(.00 < Il

qg—1 > ]
2¢—1 (2.8)
7o

Proof. From Lemma 1 and Hoélder’s inequality it follows that (2.5) holds.
By the power-mean inequality a” + b" < 277 (a + b)" for @ > 0,b > 0 and

% {1 (a0 = a) | (@)] "+ " = L (a7, 09
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r < 1, we have

([ waor

’

fammfﬁym+<41vwwfuwmfmfm

’

U (t))(th n /01 v (£) ‘f’ (v (t))‘th) Uq.

1
<o ([ orls
" (2.9)
Since ‘f/‘q is GA-convex on [a,b] for ¢ > 1, by (2.6) and (2.7) we get
1 q 1 q
[worlfom e [ worls colf
0 0 (2.10)

q

7ol

< 2L (a?,b9) — 2a4
~ | ¢(Inb—1Ina)

o+ [

Applying (2.9) and (2.10) in (2.5), we obtain the required inequality (2.8).
(]

Corollary 5. If the assumptions of Theorem 5 are satisfied and g (x) =

m for all x € [a,b], then the following inequality holds:

Inb—lna)—1/4 —1\'%
Ffgiab) <\ ) nmm(q_ )

2. (49)"1 2¢-1
1/
X {[L (a?,b9) — a] ! ’

@ + - L[ o)}

Theorem 6. By the assumptions of Theorem 5 we have the inequality

- 2 a/2(a-D)] pa/[2g-D])11 14
7. giap) < b= ine [PETHTLET] ol

1/2 1 1/q 1/2 1 1/q

e (L YT AN
+|a (2q+1> +b |:2F1(_Q71,q+27_1)'q_i_1:| ‘f (b)‘ .

f (@)
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Proof. Asin the proof of Theorem 3, from Lemma 1 and the GA-convexity

of ‘f/‘ on [a,b] we have

Fgants BB gy [ a0l (1) @)
+(1—1) <1‘2H) '(b)” dt + /Ola(1+t)/zb(1t)/2
y [(14) (12+t> @)+ (-1 (1‘2_’5) ’(b)” dt}.

(2.11)

Using Holder’s integral inequality, we get

[ ez fa—y (20 |7 @+ a-o ()| 0| a

1-1/q
( la1=0)/2(a=D]pla(1+0)]/2(a— 1>]dt>

[l (Y] el oo ('] o)

= [bq/ 24D, (/2] o/ 2o 1-1/g

{ 1 1/‘1
X
<2Q+1>

/

/(@] + [m (~g.Lig+2-1)- 1] " £ o)

q+1
(2.12)
Similarly, we have
1 — /
/ a(1H)/2p(1-1)/2 [t <1+t> ’(a)‘ 4t <1t> f (b)” dt
0 2 2
< 1 [ q/[g(q71)1L< q/[2(g—1)] bq/[2(q71)]>]1_1/fl 1 1/q 7 (b)’
-9 a a ’ 2q + 1
1 1/q ,
+ |:2F1 (—q71;Q+2§—1)'q+J ‘f (a)’ .
(2.13)
Using (2.12) and (2.13) in (2.11), we obtain the required inequality. U

Corollary 6. If g(x) = in Theorem 6, then

_ 1
Inb—Ina

(Inb—1Ina) [L (aq/[Q(q—l)}’ bq/[?(q—l)})] 1-1/q

\F(f,g5a,b)] < 5
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2 1 Ha 1/2 1]
X b <2q—|—1> +a |:2F1 (_q71,q+2,—1) q—i—]_:|

1/2 1 1/q 1/2 1 1/q ,
+1a <2q+1> +b |:2F1(_Q71;Q+2;_1)’q+1:| ‘f (b)‘ .

3. Applications to special means

/(@)

In this section we apply some of the above established inequalities of
Hermite-Hadamard type involving the product of a geometrically-arithme-
tically convex function and a geometrically symmetric function to construct
inequalities for special means.

Let f(x) =a" for x > 0, r € R with r # 0. Then
7 (v =i o)

< |rf {Mw—l) T (1= yq<r—1>}

p q
for A\ € [0,1], z,y > 0 and ¢ > 1. That is, |f (z)] = |r|929"~D is
geometrically-arithmetically convex on [a,b] for ¢ > 1 and r # 1, where
a, b>0.

Let the function g : [a,b] — Ry be defined by

It is obvious that

g (jf) =g(z)

for all © € [a,b]. Hence g (z) is geometrically symmetric with respect to

z = Vab.

Applications of our results are given in the following theorems.
Theorem 7. Let 0 < a < b, r € R\{-2,0,1,2}, and ¢ > 1. Then
Glr;a,b] : = ‘ZGT_2 (a,b) L (a2, b2) +2L(a",b") — 2G" (a,b)

r+2 pr+2
_GQ (a,b)L(a’"_Z,b’”_Q) + L(a b )

G?(a,b)
2 o]
X 4\/ELIS1\I)/ZE I:i) - —G(a,b) +2b| A (aq(r_l)’ bq(r_1)>
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— b= VoL (Va, V)| at ) /q+[G(a,b)—\/5L(\/a,\/5)r”/q
( |:4\/6L (\/57 \/B) —4a

Inb—1Ina

+ G (a,b) — 2a] A (aqﬁ"*l), bq(”*l))

o vin () )

Proof. By applying Theorem 3 to the functions f(z) = 2", = > 0, and
(3.1) we get the desired result. O

Corollary 7. Suppose the assumptions of Theorem 7 are satisfied. If
r = —1, then the following inequality holds:

2L (a?,b*) — 2G? (a,b) + L (a,b) G (a, b)
G3 (a,b)

—G2(a,b) L (a™*,b73) + 2L (a=, b7 Y)|
< 2(2@ 2) {{\fL <\f \[) )}1_1/q
4VbL (\/6 \/E> —4b
Inb—Ina
i (i) o) s ot - v (va )
[4\/@ (\/6 xf) —4a
X

Hla,b] : =

— G (a,b)+2b| A(a™?,b7%)

+ G (a,b) — 2a| A (a2, 07%)

Inb—1Ina

+ [a _ JVaL (ﬁ, \/E)} qu)l/q} .

Corollary 8. Under the assumptions of Theorem 7, the following inequal-
ity holds true for g = 1:

84 (va, ) L (va, vb) — 84 (a,b)

Inb—1Ina

(b—a)r|
~ 2G(a,b)

Glr;a,b] <

+2(b—a)+ (r—2)(b—a)G?(a,b) L =3 (a,b)

r

(a, b)} .

(
5
2
5
2

r—
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Corollary 9. If r = —1 in Corollary 8, then we have the inequality

e 0=0) 84 (va, vb) L (Va,Vb) =84(a,b) 5@ )
la.b] = 5 (Inb—1na) G (a,b) T G
“3(b—a) G (a.b) L% (a,b) +g(b—a)L§ (a,b)} .

Theorem 8. Let 0 < a < b, r € R\{-2,0,1,2}, and ¢ > 1. Then

N U 0 el Ut 1Y U A
1@, 0] = 4-q1/qG(a,b) 20— 1

% {bl/Z ([L (aq/27bq/2) _ aq/Q] qd0r=1)
+ {25[1/2 —a?? - (aq/2’ bq/2>] bq(r—1)>1/q
+a1/2 <[L (alI/Z, bq/2) + pa/2 _ 2aq/2] qd0r=1)

+ [W? L (aq/{ bq/2)} bq(r_l))l/q} |

Proof. By applying Theorem 4 to the functions f(z) = 2"and (3.1) we get
U

the desired result.
Corollary 10. Suppose the assumptions of Theorem 8§ are fulfilled. If

r = —1, then the following inequality holds:

HMM<(mb—m@kvqhﬂﬁ<q—l>k;
T 4-qY1G (a,b) 2q—1

« {b1/2 ([L (aq/?7 bf1/2) _a‘I/Q} a 244 [2bQ/2—aQ/2—L <aq/27 bq/2>] b—2q> 1

([ (o, 02) 202 g [, (a2 ) ).
Theorem 9. Let 0 < a <b, r € R\ {-2,0,1,2}, and ¢ > 1. Then

| boalh (a1
Glr;a,b] < 92/q+17, (a,b) G (a,b) \2¢ —1

X {T‘L (@ b9y — (r—1) L (qu(r_l), bq(T_l)) L (af, bq)}

1/q

Proof. Application of Theorem 5 to the functionsf(z) = 2" and (3.1) gives
O

the desired result.
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Corollary 11. By the assumptions of Theorem 9, for r = —1 we have
the inequality

1
(b—a)2 <2q—1>1q
H[aa b] < 22/(]"‘1G’(a7 b)L(a) b) q- 1
x [2L (a*2q7b*2q) L (afl,bfl) - L (aiq’biq)]l/q‘
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