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A new approach in topology via elements of
an ideal

ErDAL EKICI

ABSTRACT. New approaches in topology or related branches of math-
ematics have contributed in a valuable way to the science, and have
yielded various new topics for investigation. The main goal of this paper
is to examine a new approach and so a new form of open sets via elements
of an ideal. The concept of aj-open sets is introduced and discussed.

1. Introduction and preliminaries

Elements of topology, generalized spaces, special spaces, etc have been
considered as main subjects or main problems in several branches of mathe-
matics. So, new approaches in topology or related branches of mathematics
have contributed in a valuable way to the science, and have yielded various
new topics for investigation. Such studies were performed, for example, in
[1], [4]-[14], [18], [19]. The main goal of this paper is to examine a new ap-
proach and so a new form of open sets via elements of an ideal. The concept
of aj-open sets is introduced and examined.

In the present paper, topological spaces will be denoted by & with the
topology 7. The closure and the interior of a subset T of & will be denoted
by &(T") and i(T'), respectively.

Definition 1.1 (see [17]). A non-empty class Z of subsets of a set J is
called an ideal on < if the following properties hold:

(i) HTCU €7, then T € T.
(i) T, U €Z,then TUU €.

Definition 1.2 (see [17]). Suppose that Z is an ideal on a topologi-
cal space (3,7). The following operator is called a local function of T
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with respect to Z and n: ()*: P(¥) — P(Q), T* = {a € :TNU ¢
T for every U € n with o € U}, where P(S) is the set of all subsets of &

It is shown in [16] that ¢*(T') = T'UT* is a Kuratowski closure operator.
The topology which is generated by ¢&* is denoted by n* and called the
*-topology.

Definition 1.3. Let Z be an ideal on a topological space (3,7). A set T
n (3, 7n) is said to be
(i) a-I-open [15] if TC #(&*(i(T))),
(ii) pre-I-open [2] if TC i(e*(T)),
(iii) R-I-open [20] if T' = i(e*(T)),
(iv) x-dense [3] if &*(T) = 3.

2. A new approach via elements of an ideal: oj-open sets

A new form of open sets, called aj-open sets, is presented. The relation-
ships and chracterizations of aj-open sets are examined.

Definition 2.1. Let Z be an ideal on a space (3, 7) and let T" be a set in
3. A member T of {UCS: U # S and there exists an open subset V # &
such that U \ 7(¢*(V)) € T} U {S} is called an aj-open set.

Theorem 2.2. Let Z be an ideal on a space (3,7n) and let T be a set in
3. Let T' be an a-I-open set in 3. Then T is an of-open set in
Proof. Assume that T is an a-1- open set. If we take T' = <, then this
implies that T" is an aj-open set in . Take T' # . This implies
TCi(e*@(T))).
If we put S =7(T'), then we have S # ¥ and
T\i(e*(S)) € Z.
Consequently, T' is an aj-open set in . O

Corollary 2.3. Let Z be an ideal on a space (3,n) and let T be a set in
3. Suppose that T' is an open set in S. Then T is an aj-open set.

Proof. Every open set is a-I-open. So, the claim follows from Theorem
2.2. U

Remark 2.4. Let Z be an ideal on a space (J,7) and let T be a set in
Q. The following diagram holds for T
a-I-open — aj-open

/]\

open

/]\
R-I-open
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Remark 2.5. The implications in Remark 2.4 are not reversible in gen-
eral. The example below shows such situation. The examples for the other
implications can be found in the related papers.

Example 2.6. Let us take an ideal Z = {0, {6}, {¢}, {0,0}} on a topo-
logical space S = {975777 5}7 n= {%7 {9}7 {676}7 {775}7 {6777 5}7 Q)} Take
T ={6,v}CS3. Then T = {6,7}CS is an aj-open set but 7" is not a-I-open.

Theorem 2.7. Let T be an ideal on a space (I,n). A set T in J is aj-
open if and only if either T' = < or there exist a set S in T and an open set
W # S such that T\ SC i(e¢*(W)).

Necessity. Let T' be an aj-open set in §. We have T' = S or T # 3. Let
T # . This implies that there exists an open subset W # & such that
T\ i(e*(W)) € Z. If we take

S=T\uer(W)),
then we have S € Z and T\ SC i(e*(W)).
Sufficiency. Let T'= 3. Then T' is an aj-open set in 3. Suppose that there

exist a set S in Z and an open subset W # < such that 7"\ SC i(¢*(W)).
This implies
T\ae(Ww))cs
7

(W
Since T'\ i(¢*(W))CS, one has T'\ i(¢&* (W)) € Z. Thus, T is an aj-open set
in . U
Theorem 2.8. Let Z be an ideal on a space (3,n) and let T be a set in
Then T is of-open if and only if T' is a member of {UCS: U # S and there
exist an open subset S # S and a V' € T such that UC i(€*(S)) UV} U {S}.

Proof. Let T be an aj-open set in §. We have T' = S or T' # . Let
T # 3. By Theorem 2.7, there exist an element S of Z and an open set
W # & such that 7'\ SC 2(¢*(W)). This implies TCS Ui(e*(W)). O

Theorem 2.9. Let Z and h(Z) = {h(¢): £ € I} be ideals on topological
spaces (3,m) and (R,§), respectively, where h: I — R is an open and
*-continuous bijection. For an oj-open set T in Y, the set h(T) is af-open
n R.

Proof. Suppose that A: & — R is an open *-continuous bijection. Let
T be an aj-open set in &. If T = 3, then A(T) is an aj-open set in R.
Let T' # <. This implies that there exists an open subset S # & such that
T\ #(&*(S)) € Z. We have A(T \ i(¢*(S))) € h(Z). This implies

A(T) \ h(2(&(5))) € A(D).
Since 7i(T) \2(A(e*(S5))) CA(T) \ A(i(e*(5))), we get A(T)\i(h(€*(S))) € A(T).

Since
A(T) \ 2(&*(A(S)))Ch(T) \ i(Rh(€*(5))),
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we have
A(T) \ (& (A(9))) € AT).
So, K(T)\2(e*(h(S))) € h(Z). Consequently, h(T) is an aj-open set in ®. [

Corollary 2.10. Let Z and W(Z) = {h({): £ € I} be ideals on topological
spaces (3,m) and (R,§), respectively, where h: & — R is a closed and
*-continuous bijection. For an oj-open set T in ¥, h(T) is an aj-open set
n R.

Proof. The claim follows from Theorem 2.9. U

3. Additional examinations

The family of aj-closed sets is presented. Chracterizations of aj-closed
sets and additional properties of aj-open sets are examined.

Definition 3.1. Let Z be an ideal on a space (3,7) and let 7" be a set in
3. If &\ T is an aj-open subset, then 7" is said to be aj-closed.

Theorem 3.2. Let Z be an ideal on a space (3,1n) and let T be a set in
Y. Then T is an of-closed set in S if and only if either T = () or there exist
a set S in Z and a nonempty closed subset V' such that &(7*(V)) \ SCT.

Necessity. Let T be an aj-closed subset of &. We have T'= () or T # (). Let
T # (. Then we have S\ T # < and also &\ T is aj-open. This implies
that there exists an open subset W # & such that
(S\T)\i(e*(W)) e Z.
If we take
§=(S\T)\ i@ (W)),
then S € Z and &\ T'C i(e*(W)) U S. Since &\ T'C i(e*(W)) U S, one has
(S\AEW))N(S\S) T
If we take V' = &'\ W, it follows that V is a closed set and V' # (. This

implies that the intersection of ¢(7*(V)) and (¥'\ .S) is a subset of T'. Hence,
S (V)N (S\ 9)CT.
Sufficiency. Let T = (). Then T is an aj-closed subset of ¥. Suppose that
there exist a set S in Z and a nonempty closed set V' such that

¢(*(V)) \ SCT.

We have S\ TC(I\ e(@*(V))US. If we take W =\ V, then W # S is an
open subset. Since

S\TC(S\ e (V) us,
we have

S\ TC #(&* (W) U S.
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Thus, S\ T is an aj-open subset of & by Theorem 2.8. Consequently, 7" is
an aj-closed subset of 3. O
Theorem 3.3. Let Z be an ideal on a space (3,1n) and let T be a set in

Y. Then T is an of-closed set in S if and only if either T = () or there exists

a closed subset V # 0 such that ¢(@*(V))\ T € I.

Necessity. Let T' be an a7-closed subset of . By Theorem 3.2, there exist a
set S in Z and a nonempty closed subset V' such that ¢(i*(V)) N (S\ S)CT.
This implies

(V)N (S\T)CS.
Since &(*(V)) N (X\ T)CS, we have ¢(T*(V)\ T € 7.

Sufficiency. If we take T = (), then T is an aj-closed subset of . Suppose
that there exists a nonempty closed set V' such that

@ (V)N(S\T) e
Put S = ¢(#*(V)) \ 7. This implies that S is an element of Z and also, we
have €(7*(V')) \ SCT'. Thus, by Theorem 3.2, T is an aj-closed subset of
S O

Theorem 3.4. Let Z be an ideal on a space (3,1n) and let T be a set in

Y. Then T is an aj-closed set in S if and only if either T = () or there exist

a set S inZ and a closed subset V' # () such that €(7*(V))CT U S.

Necessity. Let T be an aj-closed subset of §. Suppose that 7' # (. Since
T is an aj-closed subset of &, by Theorem 3.3, there exists a closed subset
V # () such that &(@*(V))\ T € Z. If we take S = &(@*(V))\ T, then S € Z,
and we have

e (V))CTUS.
Sufficiency. If we take T'= (), then T is an aj-closed subset of . Suppose
that there exist S € Z and a closed set V' # () such that
(T (V))CTUS.
This implies €(i*(V)) \ TCS. So, we have
e(V)\TeT.
By Theroem 3.3, T is an «aj-closed set in S. O

Theorem 3.5. Let Z be an ideal on a space (3,7n). Suppose that there
exists an open set W such that W #  and W is x-dense. Then every set
in 3 is an aj-open subset.

Proof. Suppose that there exists an open set W such that W # & and W
is x-dense.

Let T be a subset of 3. If we take T' = S, then 7" is an aj-open subset. Let
T # . This implies T'\ i(¢*(W)) € Z. Hence, T is an aj-open subset. [
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Theorem 3.6. Let 7 be an ideal on a space (3,n) and let Tj, be an of-
open set in ¥ for k € ¢. Then ﬁ Tk is an aj-open subset of .

Proof. Take T, = S for every k € ¢. This implies that kﬁ¢>Tk is an aj-open
€

subset of &
Take Ty« # < for some k* € ¢. This implies that there exists an open set
S # $ such that Ty- \ 7(€*(S)) € Z. We have ﬂ¢Tk§Tk*. It follows that

(kngk) \ 2(€*(S))CTk+ \ 2(€*(S)). Since Ty~ \ 2(¢*(5)) € Z, we get
N Tx) \ 2(e*(S T
(0,70 \i(E(5) €
Hence, kﬂd)T % is an aj-open subset of 3. O
€

Remark 3.7. Let Z be an ideal on a space (3,7). The union of two
aj-open subsets need not be an aj-open subset as shown in the example
below.

Example 3.8. Take an ideal Z = {0, {0}, {0}, {0,6}} on a topological

space S = {0, 6,7,6}, 1 = (S, {0}, {0, B}, {16}, {0,7,0}, 0}. Take T =
{0,7} and U = {B}. Then T and U are aj-open subsets but 7"U U is not
an aj-open subset of

Theorem 3.9. Let Z be an ideal on a space (3,n). Assume that T # &
is a x-closed subset and T € Z. Then T is an aj-open subset.

Proof. Let T # & be a %-closed subset and 7' € Z. This implies T\
W(e*(T)) =T\iT) € Z. If we take S = 7(¢*(T")), then S is an open subset
and S # . Furthermore, we have

T\i(e*(S)) e Z.

Thus, T' is an aj-open subset. O

Theorem 3.10. Let Z be an ideal on a space (3,n) and let T # < be an
aj-open set. If U C T, then U is aj-open.

Proof. Assume that T' # S is an aj-open subset and U is a subset of 7T'.
This implies that there exists an open subset S # < such that T'\ 2(&*(95)) €
Z. Since U is a subset of T', we have

U\ i(@"(9))ST \ 2(e*(5)).
Since T\ #(€*(S)) € Z, one has U \ i(¢*(5)) € Z. Consequently, U is an
aj-open set in 3. O

Theorem 3.11. Let Z be an ideal on a space (3,n) and let T be a set in
S. Assume that T is a pre-I-open set and T is not x-dense in . Then T is
a-open.
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Proof. Suppose that T is a pre-I-open subset and 7' is not x-dense in .
This implies T'C 7(¢*(7T)) and &*(T) # . We have

(e (T) # .

If we take V' = 7(¢*(T)), then we have T'\ 7(¢*(V)) € Z. Consequently, T is
an aj-open subset of . O

Remark 3.12. Let Z be an ideal on a space (3,7). The concepts of
pre-I-openness and aj-openness are independent as shown in the example
below.

Example 3.13. Take an ideal Z = {0, {6}, {¢}, {0,d}} on a topological

space 3 = {(9, B/Va 5}’ n= {%v {9}3 {9,5}’ {77 5}7 {‘9"7; 5}a (D} Let T' = {/8}
Then T is an aj-open set but 1" is not a pre-I-open set in . On the other
hand, U = {6, 8,v} is a pre-I-open set but U is not an aj-open set.
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