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Some new Hermite-Hadamard type inequalities
for functions whose n'* derivatives are convex

B. MEFTAH, M. MERAD, N. OUANAS, AND A. SOUAHI

ABSTRACT. We first create an integral identity for n-times differentiable
functions. Relying on this identity, we establish some new Hermite—
Hadamard type inequalities for functions whose n‘" derivatives are con-
vex.

1. Introduction

It is well known that convexity plays a central and important role in
modern analysis. We recall that a function f : I — R on the interval I of
real numbers is said to be convex, if

fltz+(1—t)y) <tf(x)+(1-1)f(y)
holds for all z,y € I and ¢ € [0, 1]
One of the well-known inequalities in mathematics for convex functions is
the Hermite-Hadamard integral inequality, which can be stated as follows:
for every convex function f on the finite interval [a,b], a < b, we have

F(53h) < b_la/bf(w)dx < H@Ef®) (1.1)

If the function f is concave, then (1.1) holds in the reverse direction (see [10]).

The above double inequality has a number of various generalizations, re-
finements, extensions, and variants. Many papers deal with the estimating
of differences

A(f) o= Lot /f fdt and B(f) := f (42 —/f

under some convexity conditions on derivatives of the function f.
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Assume that the function f: I — R is differentiable on I° and f’ € L[a, b],
where a,b € I, a < b. Kavurmaci et al. [6] established the inequality

AN < 5t (IF @] + |75+ [ ®))

if | f’] is convex. Moreover, they also showed that if | f'|? is convex for ¢ > 1,
then

Ozdemir et al. [11], obtained the following results in the case I = [0, 00):

BN < 552 (| (@) + 4|1 (D] + | F/®)])
if |f'| is convex,

1

51 < 222 () (1 @I+ 11 (4)1")

1
4(p+1)P

(7 )+ o))

if | f’|7 is convex for ¢ > 1 with 1/p+1/¢g =1, and
’B<f)‘§bTTa(%)1_f (( I ( )‘q_,_:l))‘f/(az_s_z;”q)é

(I eI+ ror)?)

if |f/|7 is convex for ¢ > 1.
Park [12] considered, for n € N with n > 2, the difference

B(f,n)::%{f((" a+b>+f(a+n1 /f

Q=
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and proved that if | f’| is convex, then

B/, m)| < bog {LLE@LAZOL | pr (oDah) | | pr (i)
+(22)" (17 + | (n=est)| (12)

7=}

but if | f/|? is convex for ¢ > 1 with 1/p+1/¢g = 1, then
it <52 ()" (0 (1 @'+ | (=) )
PO =Ry
(e orls (=52l s
w2 (1 e+ (=) )
r()))).
(317 @+ | (o=t 1)
r=e)l)
+e2) (317 )+ |7 (e=)])¢

F (1 () |7 (=)

Some similar inequalities may be found, for example, in the papers [1-5,
7-9,13-17].

Motivated by the results given above, we first establish an integral identity
for n-times differentiable functions, and then we prove some new Hermite—
Hadamard type inequalities for functions whose nt" derivatives are convex.
Several known results are also derived, and applications to special means are
given.

+

and

(1.4)

2. Main results

Lemma 1. Let f : [a,b] — R be a mapping such that the derivative fn=1)
(n > 1) is absolutely continuous on [a,b], a <b. Then the sum

C(f,a,n, \) nzl e — (((A—m)n_p—(—l)”_p(l—A)"‘p>

p=
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) fO1P) (1 N a + \b) — <(;;_ - A)"f” (- A)"p>
x f=1P) (g 4 (1 — \) b)) + w/bf(t)dt
satisfies the equality
C(f,m,7) = / e (2.0) £ (1)t (2.1)

for all z € [a,b] and X € [5,1], where n € N and the kernel ky, (z,t) :
[a,b]* — R is given by

VRS
7|7
IS}

)” if teladat(1—N)Db),
)” ifteMat (1—A)b(1—A)atAb),
)” if te[(1—Na+bb.

kn (x,t) =

N
T
S Q8 2

= B =

Y
S

S]

Proof. The proof is given by mathematical induction. For n = 1 we have

b
[ o s
Aa+(1—A)b (1-A)a+Ab b
= / Lo (t)ydt + 2 f(t)dt + / L=b f(t)dt
a Aa+(1—X)b (1=X)a+Xb

—(1- N fOat (1-Nb)— L / F(t)dt
b

_ (%_)\>f((1—)\)a—|—)\b)— (bjg—A)f(Aa+(1—A)b)

(1=X)a+Xdb b
— ﬁ / fdt 4+ (1 =X f((1 =X a+ \b) — ﬁ / f(t)dt
Aa+(1-A)b (1=A)a+Ab

b
— 2 (- (1 \)b)+ EZEF((1— Aa+ Ab) — b_la/ F(t)dt,
i.e., (2.1) holds for n = 1.

Assume that (2.1) holds for m, m > 1, and let us prove it for m + 1. We
have

b
/ km+1 (I’, t) f(m+1)(t)dt
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Aa+(1-X)b (1=X)a+Xdb
(=)™ mr) ()" et
J— b—a m b—a m
= / g/ () dt + / e[ (B)dt

a Aa+(1—\)b
b

w0 R e

(I1-A)a+Ab
Aa+(1—=X)b
A=N""" o(m) 1 | )(%)m (m)
2T ) (o (1 - M) B) — / )" m) ()t

a

(bfz )m+1

= e (m)
+ S (L= A) a+ Ab) = 5 — T (Aa + (1= A)b)

(1=X)a+Xb
t—x \™M

~ ik (=2)" pom 1)t

Aa+(1-A)b

b b
_1\ymt+1ly_yym+1 m i -
- COT VT pm (1 Ao+ M) — 5L (b ) £ 4y
(1=X)a+Xdb

— et (A= 822)™ = o - A= a )

~ D) <(2’_§ - A)m+1 — (1~ A)’”“) F™a+ (1-A)0d)

(= 52)" = O™ ) £ Nk

=y ((”‘Z )" -a- A)m“) F™(a+ (1= )0)

- (mZ e (- 82)" 7 = comra—wm)

< fIP (1 X a+ Ab)

_ ((g_x - A)m*p —(1- A)mp> FmmP (e + (1 - )) b)>
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ba)m/f ) C(fyxz,m+1,X),

which completes the proof. O
We are now ready to present our results.

Theorem 1. Let f : [a,b] — R be a differentiable mapping such that
F=1) s absolutely continuous on [a,b], a<b. If ’f(")’ s convez, then the
inequality

b—a)(1=X\)"T1
R e

n 1-X0"" b—a)" T+ (z—Aatr (@ -2)p)" !
I >(a)) 1 AT el e e (=)

n+1 n+1
7000 (1) ¢ O e

(@)

((1=X)a4-Ab—z)" T 4(1-2)"T1 (h—a)" !
+ A2 (—a)”

1=\ (b—a) f(n) (b)‘

(n+2)!
holds for all z € [Aa+ (1 —A)b,(1 —A)a+ Ab] and X € [3,1].

F™( = Na+ )\b)‘

_l’_

Proof. Using Lemma 1, we have

ctran i< | 'k (w0 | 70| at

Aa+(1-A)b .

(b—la)" / = a) ‘f (¢ )‘ dt + (b—la)" / (x;)
a Aa-+(1-X)b
(1=X)a+Ab b

1 (t :r: (b=)"
— / 2| 0)| dt + i / !

z (1=N)a+X b

1
_ ()= “/ on
0

4 @=Qat0-np)"*! / 1(141)”
0

™) (t) ‘ dt

£ @) ‘ dt

(1~ a)ataat (L)) da

f(")((l — a)()\a+(1—)\)b)+ax)‘ do

nl(b—a)™
1
+ ((1—)\72!(1(2—_)\2)—”@ +1/0 a™

1
_y\n+1 —a n
MY Vianlt )/ (1-a)
0

By the convexity of ‘ )

F((1 = @)z +a (1= A a+ )| da

FO((1 = 0) (1= N a + M) + ab)| da.

C(f, 2., N)| < GV

n!



SOME NEW HERMITE-HADAMARD TYPE INEQUALITIES 169

(f(” ‘/ (1—-a) ”da+‘f (Aa+(1—A ‘/ ”+1da>

z—(Aa+(1=X)b))" 1
+ (z—( n!(g—a)) )

X (f( J(Aa+(1— A ‘/ ”“da+‘f )‘/Ola(l—a)"doz>

((1=X)a+Ab—z)"H1
+ nl(b—a)"

X <f(”)(x)’/01(1 —a)arda + ]f<">((1 —A)a+Ab)]/01 a”“da)

NS VlCS)

(V( (1= ) a+>\b‘/ ”+1da+‘f )‘/Ola(l—a)”da>

(b—a)(1—n)"+! f(n)(a)‘er f(”)(b)‘

(n+2)! (n+2)!
4 U= a4 Qo ()™ | 1) (3 4 (1 —-A)bw
7 @)

n!(n+2)(b—a)”
FO1 = Na+ Ab)) ,

i (@—(Aa+(1=XN)b)" T+ ((1=N)a+Ab—z)" 1
(n+2)!(b—a)™

(1=X) a4+ b—z)" 14 (1-A)" L (h—a)" !
n!l(n+2)(b—a)”

L

which is the desired result. OJ

Corollary 1. If we put A = 1 in Theorem 1, then we obtain the following
generalized trapezoid inequality for n-times convex functions:

b
x)" P f(n—1-p) n—p (@—a)" P fn=1-p)(q n
Z (b— (nfp)' PI(b) (—1) p (x—a) (nlip)! Pla) (1) /a Ft)dt

p=0
n+1 T—a n+1 —x n+1 n —x n+1 n
< Ll |10(@)| + S | 10 @) + L |1 )
Moreover, by choosing x = “‘QH’, we get

n—1

b—a)" P n—1— n— n—

L (F P B) — (1) / 1)

p=0

—a n+1 n a ’"«+1 n a n+1
< e |17 (@) + e [ (e >\+W 7).

Remark 1. Corollary 1 reduces, for n = 1, to Theorem 4 from [5]. More-
over, if we put x = aTH’, then we obtain Corollary 2 from [5].
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Corollary 2. If we choose A = % in Theorem 1, then we obtain the following
midpoint inequality for n-times convex functions:

gm—i&(@%ﬂ“m? bla);/f
< b (|£7@)]+ 2040|1050 + [100)]).

Remark 2. Corollary 2 reduces, for n = 1, to Corollary 1 from [8]. We
also recapture the inequality (1.2) for n = 2.

Corollary 3. If we put x = “TH) and \ = % in Theorem 1, then we obtain

the following two-point open Newton—Cotes inequality for n-times conver
functions:

n—1

(1—(—1)"~P2n—> 1) . L )
Z” Rl a%”z(f( ) (a2t — (—1)" P £ 1@(@))

p=0

e [ o
< gt (277 PO @] + 1) (2 ) [0

O (n 4 1) (20 1) | FO (52| 4 27| F )]}

+ +2

Remark 3. Taking n = 1 in Corollary 3, we obtain the inequality (1.2)
for n = 3.

Theorem 2. Let f : [a,b] — R be a differentiable mapping such that
f=1 s absolutely continuous on [a,b], a < b. If }f(”){q with ¢ > 1 is
convex, then

Q=

C(fm W) < SR (150 @)+ |1 0+ (1= 2 0))

S

+ Z@fﬁ;&;ﬁfii ; ([ Qo @ [+ i)

*raroreniat (P @ [ @ =0 s 20

Q=

4 N0 (|00 (1= 0t )+ 1))

T
nl(np+1)P2

holds for all z € Aa+ (1= A\)b,(1 =X a+ A, A€ [§,1] and L + 1 =1.
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Proof. Using Lemma 1 and Hdlder’s inequality, we get

n 1
C(f, 2., N)| < GV < / a"”da)p
0 1
1 q 7
x(/)VW«1—®a+aQa+ﬂ—AMD‘ﬁQ
0 1 .
n+1 p
e ([T a7
1 q
X </ ‘f(”)((l —a)(Aa+ (1 —X)b) + ax)’ da>
0
1
) 1
n ((1—A):z+j\b—nx) +1 oPda )
nl(b—a) 0
1

x (/01‘f(")((l—a):c—&—a((l—)\)a—l—/\b))‘qda)q

1
e < / 1y da> ’
0

X (/01‘f(n)((l_a)((l_)‘)a"‘)\b)—i—ab)‘qda);

1
q

W(/ ’f 1—a)a+a()\a+(1—)\)b))’qda>é

n!l(np+1)P
1

4 (e=Qat(d=Np)" ! (/ )f”) )\a—i-(l—)\)b)—kaa?)‘qda)q

n!l(b—a)" (np+1)P P

L (@ Natrb—a)™*! (/ ‘f 1—a)x+a((1—)\)@+/\b>)‘ do‘)q

nl(b—a)" (np+1

+(1A>+<b</ ‘f(" 1_a)((1—)\)a+)\b)+ab)‘ doz)q

nl(np+1)P

Since ‘ ) } is convex, we deduce that

C(f, 2,m, \)| < L=V
n!(np+1)P

« (‘f<n>(a)}q/ol(1_a)da+ 7 (at (1= X)) /ada>

i (z—(Aa+(1-2)b))"H!
1
nl(b—a)" (np+1)P

171
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<‘f(” (Aa+(1—A

4 ((I—A)a—&-)\b—x)"l'l
nl(b—a)" (np+1)P

’/ 1—ada—|—‘f(” ‘/ada)

PNCENERI)
nl(np+1)P

« (‘f(”)((l—)\)a+)\b)‘q/01 (1—a)da+‘f(”)(b)‘q/olada>;,

which gives the desired result after simple calculations

X (‘f(n) (x)‘q/ol (1—a)da+ ’f(n) (1= Na+ )\b)‘q/olada>;

O
Corollary 4. If we put A = 1 in Theorem 2, then we obtain the following
generalized trapezoid inequality for n-times convex functions
() e ) (e (22) T pm1n) ) b
b= = (—1)"
> = e + Gmay / F(t)dt
p=0 *

H

< (@ [y

* n!(b—il; 2::)1?2; (‘ (” ‘

o L
LRICINE
437, then we obtain that

S D) D @) (e
Z (n—p)!(b—a)P2n—P b a)” f
p=0

T (<!f<n> @'+ awrf
(e sl

Remark 4. Corollary 4 reduces to Theorem 5 from [5] if we take n =1
Moreover, if we put z = 22

1
Moreover, if we choose x = %2

, then we obtain Corollary 3 from [5]

Corollary 5. If we put A = 3

in Theorem 2, then we obtain the following
midpoint inequality for n-times conver functions

n P n—1— _1n b—a)
Z(n p)'b ap22 Pf p +(b a) / f —Cg

n!(np+1)P 2n+1+
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(o @[+ 1 )+ (5 )+ o))

Remark 5. Corollary 5 reduces to Corollary 3 from [8] if we take n = 1.
Also we recapture inequality (1.3) for n = 2.

Corollary 6. If we choose x = “'H’ and A = % in Theorem 2, then we obtain

the following two-point open NewtonfCotes inequality for n-times convex
functions:

—1 1\"—P n— n—1— a+2b n— n—1— 2a+b
i 3) DT (T () (—)n TR p () (2080 ) no b
Z((2> ) S o+ / f(t)dt

— (n—p)!(b—a)P3n—>p

1
< — b—a _— ( ‘ ’f 2a+b)‘ )q
T 24 x3ntlxn!(np+1)P 24
1
b—a (n) (2a+bY |7 )/ atby|T\ @
: ( " ")
20 X6+ xnl(np+1) P 1 (557) FCs7)

)é

- b—a <f(n) J2r ‘ ’f a+2b)

24 x6" 1 xn!(np+1)

e (el o)

1 1
24 x37*t1xn!(np+1)P

Sl

Remark 6. In Corollary 6 if we take n = 1, we recapture the inequality
(1.3) for n = 3.

Theorem 3. By the assumptions of Theorem 2, the inequality

(b—a)(1—2)"*! n q
(v A)| 5 B (s [ (@)

1
(n) _ Ne | (z—(at+(1=N)b))" 1
n+2 ‘f (Aa+(1=2A) b)‘ ) + (b—a) (i 1) 3

x (55 |1 (at (1= N 0) "+ Gy |1 :r)’(I);

((1 Na+Ab— a;)"“
n'(b Q)" (nt1)' "1

+ (1;2:;?1“ (55 |/ (@ =Na+ Ab)( + G | f(”)(b)‘q)}]

holds for all x € [Aa+ (1 — A)b, (1 — \) a+ \b] with \ € [3,1].

Proof. Using Lemma 1 and power mean inequality, we get

n 1 1_l
C(f,2,m, A)| < =00 </ a"d@) 4
0
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1
x(/a
0
1 1-1
+ =Qetl-arT < /0 (1—a)" da) '
1
X (/ (1—a)"
0
_1
4 (@=NatAo— z)"+! (/1 ng >1 !
i (b—a)” ada
0
1
X </ a”
0
1—-1
AL ( / - a>”da> q
) 0
1
X </ (1-—a)"
0

n 1
_ Gma)a=y ( o
n'(n+1)17§ 0
+ (z=Qat(-Mb ))"fl
n!(b— a)"(n—l—l) q

1
X < / (1—a)"
0
1
n+1
+ ((17)\)a+)\b71)1_+l </ am
nl(b—a)"(n+1)" 9 0
TSV
n'(nJrl) %

><</01(1—a)"

Taking into account the convexity of ‘ f) }q, we get

1
q

(- atatat =) da)

1
q

FM(1 = a)(Aa+ (1= M\)b)+ ozx)‘qda>

1

FO(1 - )z +a((l- )\)a+>\b))’qda> ’

1

(1= ) (1= N a+ ) +ab)|| da) q

1

F((1=a)a+a(Aat (1-)) b))‘qda> '

1
q

=) e+ 08) +an)|da)

P ((A—a)z+a((1=X) a—i—)\b))‘q da> '

1

q

FO( =) (1= X)a+Ab) + ab)’q da)

C(f,2,m, \)| < L=0=N"T

nl(n+1)' " @
x(‘f( ‘/ (1-a) ”da+‘f(" (Aa+ (1— A ‘/ ”+1da>
| le=Oat—xp) <)f(n) at(1— ‘ / )" da
nl(b— a)”(n—&-l) q
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1
’f(n) ‘ / 1_a ada) ((1 A)a+\b— x)n-o—ll
nl(b—a)" (n+1)' @

SR
><< ‘/ (1—a) ”da—i—‘f(” )a—l—/\b)’/anﬂda)
0

+(1 )\)n-‘rlba(‘f 1_ G+Ab‘/ _ n+1da

nl(n+1)

+ ’f(”)(b)’q/o a(l—a)" da)q :

which gives the desired result after simple transformations. O

Corollary 7. If we put A = 1 in Theorem 3, then we obtain the following
generalized trapezoid inequality for n-times convex functions:

n—1 (I)—J)"7Pf(n717p)(b)_(_1)n7p(M>"_Pf(n717p) (a) n b

b—a b—a (-1)
> - + Gmaym / f(t)dt
p=0 a

< (@—a) (# ‘ £ (a)

|

nl(b—a)"(n+1)" ¢

"+ st || )’

e e A I I D

Moreover, if we choose x = %H’, then we obtain

n—1
JOTImDB) ()P 0) (D)
Z (n—p)!(b—a)P2n—P (b—a)™ f
p=0
1
_ b—a_ 1 |y aby| T
= nl(n1)} " a2n ((T“r? ‘f ’ t e ‘f (%3 )’ )

+ (st [0 + i @) ).

Remark 7. Corollary 7 reduces to Theorem 7 from [5] if we take n = 1.

Moreover, if we put x = %2, then we obtain Corollary 4 from [5).

Corollary 8. If we put A = % in Theorem 3, then we obtain the following
midpoint inequality for n-times convex functions:

n—1 b
1—(—1)"P . S
Z(n(p)'((b%f 1op)(afh ((b_f,))nn/ f(t)dt

p=0

1

= n!(n+1)b:%x2n+1 <((”+1)1(n+2) ‘f(n) ) ”*2 ‘f ‘q)a
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+ (1 () \q+m+1>1<n+2>\f("’(b)‘q);>'

Remark 8. Corollary 8 reduces to Corollary 5 from [8] if we take n = 1.
We also recapture the inequality (1.4) for n = 2.

Corollary 9. If we choose © = ‘%H’ and A = % in Theorem 3, then we obtain
the following two-point open Newton—Cotes inequality for n-times conver
functions:

n—1 l n-p n—p n—1— a+2b n—pe(n—1— 2a+b
—(=1) (¢ P) (a2 —(—1)" P P)(2eth)) n b
((2) ) 3 3 I (b_z))n\/ f(t)dt

Z (n—p)!l(b—a)P3—P

Sgn+1x;!(_:+l)l’% (et |7 @]+ 70 ( 2““])\);

ety (sl ) [+ e [ )
anfl(:ml;<<n+1>1<n+2>\f(” ()" + 2 | (52
* ot (@ [ (] + Gl | o).

Remark 9. Corollary 9 with n = 1 gives the inequality (1.4) for n = 3.

3. Applications to special means

We shall consider the arithmetic mean A (a,b) = %2 and the p-logarithmic
mean

1
pptl_gptl\ p .
Ly (a,b) = (m) if a#b,
a if a=b,

peR\{-1,0}, a,b > 0.

Proposition 1. If a,b € R with 0 < a < b, then we have

n—1
B3I —(—1)" " PaPtP 2(=1)" +2
R Ce D D + riay T Lnt2 (a:)
p=
< % (2 (n+1)A (a2, b2) + 242 (a, b)) .
Proof. The proof is immediate from Theorem 1 with A =1 and z = “T‘H’,
when it is applied to the function f(z) = (Qn%;;? n € N. Clearly we have

f®)(z) = +22 k),x"+2_k, and f(™(z) = 22 which is a convex function. [J
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Proposition 2. Let a,b € R, with 0 < a <b. Then,

1-(=1)" 4n 1(1”p nehp 4-3i\ 4it5e
LCOT gnts ab—i—z ) I (n+45%) 4757 (a,b)

nl2n (n—p)!(b—a)P2n—P

n pal
+ g <a,b>1

n—1
(b—a) .Hl (3n+4—31)
i=

Q|-

((a + 42 (a,0) 7 + (42 (0, 1) +12)

)

Proof. The result follows immediately from Theorem 2 with A\ = % and

q = 6, applying to the function f(x) = 2"*+5. n € N. Clearly, f(*~ 1=p) () =
n—1-p _gi\  At3p n—1 L
I (n+ 452) 275" with fO(2) = f (¢), and f0)(2) =3 I (n+452) 5.

= 1 41
3nxn!(np4+1)p 2" 1ty

Wl

O
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