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On singular systems of nonlinear equations
involving 3n-Caputo derivatives

Amele Täıeb

Abstract. We study singular fractional systems of nonlinear differen-
tial equations involving 3n-Caputo derivatives. We investigate existence
and uniqueness results using the contraction mapping principle. We
also discuss the existence of at least one solution by means of Schauder
fixed point theorem. Moreover, we define and discuss the Ulam–Hyers
stability and the generalized Ulam–Hyers stability of solutions for such
systems. To illustrate the main results, we present some examples.

1. Introduction and preliminaries

Fractional differential equations play a central role in engineering
sciences and applied mathematics to create mathematical modeling of many
physical phenomena. For more details, see [8]. Furthermore, many authors
have established existence and uniqueness results for fractional differential
equations and for singular fractional differential equation (see, for instance,
[1, 2, 3, 4, 9, 11, 12, 13]).

On the other hand, Ulam–Hyers stability for fractional differential prob-
lems are quite significant in realistic problems, numerical analysis, biology
and economics. Some results concerning this stability have been obtained in
[5, 6, 7, 10, 12, 13, 14].

Inspired by the above cited works, this paper is devoted to build the exis-
tence and uniqueness of solution in addition to the existence of at least one
solution, Ulam–Hyers stability and the generalized Ulam–Hyers stability of
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solutions for the following system of singular fractional nonlinear equations:

Dαinui (t) = fi (∇u (t)) , i = 1, 2, 3, 0 < t ≤ 1,

k − 1 < αik < k, k = 1, 2, . . . , n, i = 1, 2, 3,

3∑
i=1

n−2∑
j=0

∣∣∣u(j)
i (0)

∣∣∣ = 0, Dµiui (1) = Jδiui (1) ,

n− 2 < µi < n− 1, δi > 0, i = 1, 2, 3,

(1)

where

∇u (t) :=

(
t, u1 (t) , u2 (t) , u3 (t) , Dα1

1u1 (t) , ..., Dα1
n−1u1 (t) ,

Dα2
1u2 (t) , ..., Dα2

n−1u2 (t) , Dα3
1u3 (t) , ..., Dα3

n−1u3 (t)

)
,

n ∈ N∗ := N \ {1} = {2, 3, . . . }, and the functions fi : (0, 1]× R3n → R are

continuous, singular at t = 0, and lim
t→0+

fi (t) =∞. The operators Dαik , k =

1, 2, . . . , n, and Dµi , i = 1, 2, 3, are the derivatives in the sense of Caputo,
defined by

Dκx(t) = 1
Γ(m−κ)

∫ t

0
(t− s)m−κ−1 x(m) (s) ds = Jm−κx(m)(t)

with m− 1 < κ < m, m ∈ N. The Riemann–Liouville fractional integral Jϑ

of order ϑ ≥ 0 for a continuous function ψ on [0,∞) is defined by

Jϑψ(t) =

{
1

Γ(ϑ)

∫ t
0 (t− s)ϑ−1 ψ (s) ds, ϑ > 0,

ψ(t), ϑ = 0,

where t ≥ 0, and Γ (ϑ) :=
∫∞

0 e−xxϑ−1dx.

We give some properties of the fractional calculus theory which can be
found in [8].

(i) For α, β > 0, n−1 < α < n, we have Dαtβ−1 = Γ(β)
Γ(β−α) t

β−α−1, β > n,

and Dαtj = 0, j = 0, 1, . . . , n− 1.
(ii) DpJqf(t) = Jq−pf(t), where q > p > 0 and f ∈ L1 ([a, b]).

(iii) Let n ∈ N, n − 1 < α < n, and Dαu(t) = 0. Then, u(t) =
n−1∑
j=0

cj t
j ,

and JαDαu(t) = u(t) +
n−1∑
j=0

cj t
j , (cj)j=0,1,...,n−1 ∈ R.

In the following we use, for fixed numbers γ, q, r, w, the notations

Q+
n (t, s, γ) := (t−s)αin+γ−1

Γ(αin+γ)
, Q−n (t, s, γ) := (t−s)αin−γ−1

Γ(αin−γ)
,

∆n,w(t, q, r) := Γ(n+q)Γ(n−r)tn−1−w

Γ(n−w)(Γ(n+q)−Γ(n−r)) , ∆+
n,w(t, q, r) := Γ(n+q)Γ(n−r)tn−1−w

Γ(n−w)|Γ(n+q)−Γ(n−r)| .
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It is clear that in the case w = 0 we have

∆n,0(t, q, r) = Γ(n+q)Γ(n−r)tn−1

(n−1)!(Γ(n+q)−Γ(n−r)) , ∆+
n,0(t, q, r) = Γ(n+q)Γ(n−r)tn−1

(n−1)!|Γ(n+q)−Γ(n−r)| .

We need the following fundamental lemma to prove our existence results.

Lemma 1.1 (Shauder fixed point theorem). Let (E, d) be a complete
metric space, let X be a closed convex subset of E, and let A : E → E be a
mapping such that the set {Ax : x ∈ X } is relatively compact in E. Then A
has at least one fixed point.

Let us now import the integral solution of system (1).

Lemma 1.2. Let there be given the numbers n ∈ N∗ and αin (i = 1, 2, 3)
such that n− 1 < αin < n, and the functions Ui ∈ C ([0, 1] ,R) (i = 1, 2, 3).
Then the system

Dαinui(t) = Ui(t), 0 < t ≤ 1, i = 1, 2, 3,
3∑
i=1

n−2∑
j=0

∣∣∣u(j)
i (0)

∣∣∣ = 0, Dµiui (1) = Jδiui (1) ,

n− 2 < µi < n− 1, δi > 0

(2)

has a unique solution (u1, u2, u3) (t):

ui(t) =

∫ t

0
Q+
n (t, s, 0)Ui (s) ds+ ∆n,0 (t, δi, µi)

×
∫ 1

0

(
Q+
n (1, s, δi)−Q−n (1, s, µi)

)
Ui (s) ds.

(3)

Proof. Thanks to the property (iii), the system (2) can be written as
equivalent integral equations

ui(t) =

∫ t

0
Q+
n (t, s, 0)Ui (s) ds−

n−1∑
j=0

cijt
j , i = 1, 2, 3 (4)

with  c1
0 c1

1 . . . c1
n−1

c2
0 c2

1 . . . c2
n−1

c3
0 c3

1 . . . cnn−1

 ∈M3n (R) .

Using the boundary conditions, we observe that

u
(j)
i (0) = −j!cij = 0, i = 1, 2, 3, j = 0, 1, . . . , n− 2,

Dµiui (1) =

∫ 1

0
Q−n (1, s, µi)Ui (s) ds− Γ(n)

Γ(n−µi)c
i
n−1, i = 1, 2, 3,

Jδiui (1) =

∫ 1

0
Q+
n (1, s, δi)Ui (s) ds− Γ(n)

Γ(n+δi)
cin−1, i = 1, 2, 3.
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Thus

cij = 0, i = 1, 2, 3, j = 0, 1, . . . , n− 2,

cin−1 = ∆n,0 (1, δi, µi)

∫ 1

0

(
Q+
n (1, s, δi)−Q−n (1, s, µi)

)
Ui (s) ds.

(5)

Substituting (5) in (4), we receive (3). �

Now, let us introduce, for n ∈ N∗, the Banach space

B :=
{

(u1, u2, u3) : ui, D
αikui ∈ C ([0, 1] ,R) , i = 1, 2, 3, k = 1, . . . , n−1

}
,

endowed with the norm

‖(u1, u2, u3)‖B = max
1≤k≤n−1

1≤i≤3

{
‖ui‖∞ ,

∥∥∥Dαiku
∥∥∥
∞

}
,

where

‖ui‖∞ = sup
t∈[0,1]

|ui(t)| ,
∥∥∥Dαikui

∥∥∥
∞

= sup
t∈[0,1]

∣∣∣Dαikui(t)
∣∣∣ .

2. Existence and uniqueness

In the present section we establish sufficient conditions for the
existence and uniqueness of solutions to system (1). Then, we will give some
examples to illustrate the applications of our theorems.

Define the nonlinear operator T : B → B by

T (u1, u2, u3) (t) := (T1 (u1, u2, u3) (t) , T2 (u1, u2, u3) (t) , T3 (u1, u2, u3) (t)) ,

where t ∈ [0, 1] and, for i = 1, 2, 3,

Ti (u1, u2, u3) (t) : =

∫ t

0
Q+
n (t, s, 0)fi (∇u (s)) ds+ ∆n,0 (t, δi, µi)

×
∫ 1

0

(
Q+
n (1, s, δi)−Q−n (1, s, µi)

)
fi (∇u (s)) ds.

Lemma 2.1. For n ∈ N∗, let n− 1 < αin < n (i = 1, 2, 3). Assume that
Gi : (0, 1] → R (i = 1, 2, 3) are continuous functions with lim

t→0+
Gi (t) = ∞.

Let 0 < ηi < 1 (i = 1, 2, 3) be such that tηiGi (t) are continuous for each t ∈
[0, 1]. Then the functions

ui(t) : =

∫ t

0
Q+
n (t, s, 0)Gi(s)ds+ ∆n,0 (t, δi, µi)

×
∫ 1

0

(
Q+
n (1, s, δi)−Q−n (1, s, µi)

)
Gi(s)ds.

are continuous on [0, 1].
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Proof. By the continuity of tηiGi (t), and since

ui(t) =

∫ t

0
Q+
n (t, s, 0)s−ηisηiGi(s)ds+ ∆n,0 (t, δi, µi)

×
∫ 1

0

(
Q+
n (1, s, δi)−Q−n (1, s, µi)s

−ηisηi
)
Gi(s)ds,

it is clear that ui(0) = 0 (i = 1, 2, 3). Let us divide the proof into three
cases.

Case 1: Since, for t0 = 0 and t ∈ (0, 1], the functions tηiGi (t) (i =
1, 2, 3) are continuous, there exist numbers Ri > 0 (i = 1, 2, 3) such that
|tηiGi (t)| ≤ Ri for all t ∈ [0, 1]. Therefore,

|ui (t)− ui (0)| ≤ Ri
Γ(αin)

∫ t

0
(t− s)α

i
n−1 s−ηids+Ri∆

+
n,0 (t, δi, µi)

×
∣∣∣∣∫ 1

0

(
Q+
n (1, s, δi)s

−ηi −Q−n (1, s, µi)s
−ηi
)
ds

∣∣∣∣
≤ Rit

αin−ηi
Γ(αin)

∫ 1

0
(1− s)α

i
n−1 s−ηids+Ri∆

+
n,0 (t, δi, µi)

×
∫ 1

0

(
Q+
n (1, s, δi)s

−ηi −Q−n (1, s, µi)s
−ηi
)
ds

≤ RiBe(αin,1−ηi)tα
i
n−ηi

Γ(αin)
+Ri∆

+
n,0 (t, δi, µi)

×
(
Be(αin+δi,1−ηi)

Γ(αin+δi)
+

Be(αin−µi,1−ηi)
Γ(αin−µi)

)
,

where Be denotes the Beta function. Then we have that

|ui (t)− ui (0)| ≤ RiΓ(1−ηi)tα
i
n−ηi

Γ(αin+1−ηi)

+Ri∆
+
n,0 (t, δi, µi)

(
Γ(1−ηi)

Γ(αin+δi+1−ηi) + Γ(1−ηi)
Γ(αin−µi+1−ηi)

)
→ 0, as t→ 0.

Case 2: For t0 ∈ (0, 1) and for all t ∈ (t0, 1], one has

|ui (t)− ui (t0)|

≤
∣∣∣∣∫ t

0
Q+
n (t, s, 0)s−ηisηiGi (s) ds−

∫ t0

0
Q+
n (t0, s, 0)s−ηisηiGi (s) ds

∣∣∣∣
+ ∆+

n,0 (1, δi, µi)
(
tn−1 − tn−1

0

)
×
∣∣∣∣∫ 1

0

(
Q+
n (1, s, δi)−Q−n (1, s, µi)

)
s−ηisηiGi(s)ds

∣∣∣∣
≤

RiΓ(1−ηi)
(
tα
i
n−ηi−tα

i
n−ηi

0

)
Γ(αin+1−ηi) +Ri∆

+
n,0 (1, δi, µi)

(
tn−1 − tn−1

0

)
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×
(

Γ(1−ηi)
Γ(αin+δi+1−ηi) + Γ(1−ηi)

Γ(αin−µi+1−ηi)

)
→ 0, as t→ t0.

Case 3: For t0 ∈ (0, 1] and for all t ∈ [0, t0), the proof is similar to that of
Case 2. This completes the proof. �

Lemma 2.2. For n ∈ N∗, let k−1 < αik < k (i = 1, 2, 3, k = 1, 2, . . . , n).
Assume that fi : (0, 1] × R3n → R (i = 1, 2, 3) are continuous functions
with lim

t→0+
fi (t, . . . ) = ∞, and there exist constants 0 < ηi < 1 such that

the functions tηifi (t, . . . ) are continuous on [0, 1] × R3n. Then, for all k =
1, 2, . . . , n− 1 and i = 1, 2, 3, the functions

DαikTi (u1, u2, u3) (t) =

∫ t

0
Q−n

(
t, s, αik

)
fi (∇u (s)) ds+ ∆n,αik

(t, δi, µi)

×
∫ 1

0

(
Q+
n (1, s, δi)−Q−n (1, s, µi)

)
fi (∇u (s)) ds

are continuous on [0, 1]× R3n.

Proof. For (u1, u2, u3) ∈ B we have ui, D
αikui (t) ∈ C ([0, 1]) , i = 1, 2, 3,

k = 1, 2, . . . , n − 1. Then, there exist ai0 > 0 and aik > 0, i = 1, 2, 3, such

that |ui (t)| ≤ ai0 and
∣∣∣Dαikui (t)

∣∣∣ ≤ aik for k = 1, 2, . . . , n − 1 and for all

t ∈ [0, 1].
On the other hand, the functions tηifi (t, . . . ) (i = 1, 2, 3) are continuous

on [0, 1]× R3n. So, denoting

Ci = ‖tηifi (∇u (t))‖∞ , i = 1, 2, 3,

for −ai0 ≤ ui ≤ ai0 and −aik ≤ Dαikui ≤ aik, we get∣∣∣DαikTi (u1, u2, u3) (t)
∣∣∣

≤ Ci
Γ(αin−αik)

∫ t

0
(t− s)α

i
n−αik−1 s−ηids+ Ci∆

+
n,αik

(t, δi, µi)

×
∣∣∣∣∫ 1

0

(
Q+
n (1, s, δi) s

−ηi −Q−n (1, s, µi) s
−ηi
)
ds

∣∣∣∣
≤ CiΓ(1−ηi)tα

i
n−αik−ηi

Γ(αin−αik+1−ηi)
+ Ci∆

+
n,αik

(t, δi, µi)

×
(

Γ(1−ηi)
Γ(αin+δi+1−ηi) + Γ(1−ηi)

Γ(αin−µi+1−ηi)

)
,

(6)

where k = 1, 2, . . . , n − 1, i = 1, 2, 3. From inequality (6), by the same

method as in Lemma 2.1, we can show that the functions DαikTi (u1, u2, u3)
are continuous on [0, 1]. �

Lemma 2.3. For n ∈ N∗, let n − 1 < αin < n (i = 1, 2, 3). As-
sume that fi : (0, 1] × R3n → R (i = 1, 2, 3) are continuous functions
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with lim
t→0+

fi (t, . . . ) = ∞, and there exist constants 0 < ηi < 1 such that

the functions tηifi (t, . . . ) are continuous on [0, 1] × R3n. Then the operator
T : B → B is completely continuous.

Proof. From Lemma 2.1 and Lemma 2.2 we have that T : B → B. Now,
we divide the proof into three steps.
Step 1: We shall show that T : B → B is continuous. For

(
u0

1, u
0
2, u

0
3

)
∈

B with
∥∥(u0

1, u
0
2, u

0
3

)∥∥
B

=: φ0 and for (u1, u2, u3) ∈ B with ‖(u1, u2, u3)

−
(
u0

1, u
0
2, u

0
3

)∥∥
B
< 1, we have ‖(u1, u2, u3)‖B < 1 + φ0 =: φ.

Since tηifi (t, . . . ) are continuous on [0, 1]×R3n, it yields that tηifi (t, . . . )

are uniformly continuous on [0, 1]× [−φ, φ]3n .
Then, for all t ∈ [0, 1] and ε > 0, there exists ς > 0 (ς < 1) such that

|tηifi (∇u (t))− tηifi (∇u0 (t))| < ε, (7)

whenever (u1, u2, u3) ∈ B and
∥∥(u1, u2, u3)−

(
u0

1, u
0
2, u

0
3

)∥∥
B
< ς.

Thanks to (7), we obtain, for i = 1, 2, 3,∥∥Ti (u1, u2, u3)− Ti
(
u0

1, u
0
2, u

0
3

)∥∥
∞ ≤ εF

i
0,

and ∥∥∥Dαik
(
Ti (u1, u2, u3)− Ti

(
u0

1, u
0
2, u

0
3

))∥∥∥
∞
≤ εF ik,

where

F i0 := Γ(1−ηi)
Γ(αin+1−ηi) + ∆+

n,0 (1, δi, µi)
(

Γ(1−ηi)
Γ(αin+δi+1−ηi) + Γ(1−ηi)

Γ(αin−µi+1−ηi)

)
,

F ik := Γ(1−ηi)
Γ(αin−αik+1−ηi)

+ ∆+
n,αik

(1, δi, µi)
(

Γ(1−ηi)
Γ(αin+δi+1−ηi) + Γ(1−ηi)

Γ(αin−µi+1−ηi)

)
.

Therefore,∥∥T (u1, u2, u3)− T
(
u0

1, u
0
2, u

0
3

)∥∥
B
≤ ε max

1≤k≤n−1
1≤i≤3

(
F i0, F

i
k

)
.

This implies that
∥∥T (u1, u2, u3)− T

(
u0

1, u
0
2, u

0
3

)∥∥
B
→ 0 as ‖(u1, u2, u3)

−
(
u0

1, u
0
2, u

0
3

)∥∥
B
→ 0. Thus T : B → B is a continuous operator.

Step 2: Let Ω := {(u1, u2, u3) ∈ B : ‖(u1, u2, u3)‖B ≤ θ} , θ > 0. Our
aim is to show that T (Ω) is bounded. The continuity of tηifi (t, . . . ) on

[0, 1]× [−θ, θ]3n yields that, for all t ∈ [0, 1] and for all (u1, u2, u3) ∈ Ω, there
exist Pi > 0 (i = 1, 2, 3) such that

|tηifi (∇u (t))| ≤ Pi, i = 1, 2, 3. (8)

By (8) we get

‖Ti (u1, u2, u3)‖∞ ≤ PiF
i
0,

∥∥∥DαikTi (u1, u2, u3)
∥∥∥
∞
≤ PiF ik.
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Hence,

‖T (u1, u2, u3)‖B ≤ max
1≤k≤n−1
1≤i≤3

Pi
(
F i0, F

i
k

)
. (9)

That is, T (Ω) is bounded.
Step 3: We show that T (Ω) is equicontinuous. For (u1, u2, u3) ∈ Ω and

t1, t2 ∈ [0, 1] , t1 < t2, we have

‖Ti (u1, u2, u3) (t2)− Ti (u1, u2, u3) (t1)‖∞

≤
PiΓ(1−ηi)

(
t
αin−ηi
2 −tα

i
n−ηi

1

)
Γ(αin+1−ηi) + Pi∆

+
n,0 (1, δi, µi)

(
tn−1
2 − tn−1

1

)
×
(

Γ(1−ηi)
Γ(αin+δi+1−ηi) + Γ(1−ηi)

Γ(αin−µi+1−ηi)

) (10)

and∥∥∥DαikTi (u1, u2, u3) (t2)−DαikTi (u1, u2, u3) (t1)
∥∥∥
∞

≤
PiΓ(1−ηi)

(
t
αin−αik−ηi
2 −t

αin−αik−ηi
1

)
Γ(αin−αik+1−ηi)

+ Pi∆
+
n,αik

(1, δi, µi)
(
t
n−1−αik
2 − tn−1−αik

1

)
×
(

Γ(1−ηi)
Γ(αin+δi+1−ηi) + Γ(1−ηi)

Γ(αin−µi+1−ηi)

)
.

(11)
The right-hand sides of (10) and (11) are independent of (u1, u2, u3) and
tend to zero as t1 → t2. Hence, T (Ω) is equicontinuous. By Arzela–Ascoli
theorem we state that T is a completely continuous operator. �

Theorem 2.4. Suppose that

(H1) there exist nonnegative constants
(
λij

)i=1,2,3

j=1,...,3n
such that

tηi |fi (t, x1, . . . , x3n)− fi (t, y1, . . . , y3n)| ≤
3n∑
j=1

λij |xj − yj |

for i = 1, 2, 3, t ∈ [0, 1], and each (x1, . . . , x3n) , (y1, . . . , y3n) ∈ R3n;

(H2) Λ := max1≤k≤n−1
1≤i≤3

(∑3n
j=1 λ

i
jF

i
0,
∑3n

j=1 λ
i
jF

i
k,
)
< 1.

Then the system (1) has a unique solution on [0, 1].

Proof. We shall show that T is contractive onB. If (u1, u2, u3) , (v1, v2, v3) ∈
B and t ∈ [0, 1], then

‖Ti (u1, u2, u3)− Ti (v1, v2, v3)‖∞

≤ sup
t∈[0,1]

∫ t

0
Q+
n (t, s, 0) s−ηisηi |fi (∇u (s))− fi (∇v (s))| ds+ ∆+

n,0 (1, δi, µi)
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×
∫ 1

0

(
Q+
n (1, s, δ1)+Q−n (1, s, µ1)

)
s−η1sη1 |fi (∇u (s))−fi (∇v (s))| ds.

Thanks to the hypothesis (H1), we get

‖Ti (u1, u2, u3)− Ti (v1, v2, v3)‖∞ ≤

(
Γ(1−ηi)

Γ(αin+1−ηi) sup
t∈[0,1]

tα
i
n−ηi

+∆+
n,0 (1, δi, µi)

(
Γ(1−ηi)

Γ(αin+δi+1−ηi) + Γ(1−ηi)
Γ(αin−µi+1−ηi)

))
×
(
λi1 ‖u1 − v1‖∞ + λi2 ‖u2 − v2‖∞ + λi3 ‖u3 − v3‖∞

+λi4 ‖Dα1 (u1 − v1)‖∞ + · · ·+ λin+2

∥∥∥Dα2
n−1 (u2 − v2)

∥∥∥
∞

+ · · ·+ λi3n

∥∥∥Dα3
n−1 (u3 − v3)

∥∥∥
∞

)
.

So,
‖Ti (u1, u2, u3)− Ti (v1, v2, v3)‖∞

≤
3n∑
j=1

λijF
i
0 ‖(u1 − v1, u2 − v2, u3 − v3)‖B .

(12)

Similarly, using anew (H1), we obtain∥∥∥Dαik (Ti (u1, u2, u3)− Ti (v1, v2, v3))
∥∥∥
∞

≤
3n∑
j=1

λijF
i
k ‖(u1 − v1, u2 − v2, u3 − v3)‖B .

(13)

It follows from (12) and (13) that

‖T (u1, u2, u3)− T (v1, v2, v3)‖B

≤ max
1≤k≤n−1
1≤i≤3

 3n∑
j=1

λijF
i
0,

3n∑
j=1

λijF
i
k,

 ‖(u1 − v1, u2 − v2, u3 − v3)‖B .

By the hypothesis (H2) we deduce that T is a contractive operator. Con-
sequently, from Banach fixed point theorem we conclude that T has a fixed
point which is the unique solution of system (1). This completes the proof.

�

Example 2.5. Consider, for 0 < t ≤ 1, the singular fractional system of
equations

D
7
3u1 (t) = (sinu1 (t) + sinu2 (t) + sinu3 (t)

+ cosD
2
3u1 (t) + cosD

3
2u1 (t) + cosD

1
3u2 (t) + cosD

4
3u2 (t)

+ cosD
1
2u3 (t) + cosD

6
5u3 (t)

)/(
180π

√
t
)
,
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D
5
2u2 (t) = (cosu1 (t) + cosu2 (t) + cosu3 (t)

− sinD
2
3u1 (t)− sinD

3
2u1 (t)− sinD

1
3u2 (t)− sinD

4
3u2 (t)

− sinD
1
2u3 (t)− sinD

6
5u3 (t)

)/(
144πt

1
3

)
,

D
9
4u3 (t) =

∣∣∣u1 (t) + u2 (t) + u3 (t) +D
2
3u1 (t) +D

3
2u1 (t)

+D
1
3u2 (t) +D

4
3u2 (t) +D

1
2u3 (t) +D

6
5u3 (t)

∣∣∣/(72π2t
2
5

×
(

1 +
∣∣∣D 2

3u1 (t) + cosD
3
2u1 (t) + cosD

1
3u2 (t)

+ cosD
4
3u2 (t) + cosD

1
2u3 (t) + cosD

6
5u3 (t)

∣∣∣)) ,
where

∑3
i=1

∑1
j=0

∣∣∣u(j)
i (0)

∣∣∣ = 0 and D
5
3u1 (1) = J

10
3 u1 (1) , D

3
2u2 (1) =

J
9
2u2 (1) , D

7
4u3 (1) = J

11
4 u3 (1).

We have n = 3, α1
3 = 7/3, α2

3 = 5/2, α3
3 = 9/4, α1

1 = 2/3, α1
2 =

3/2, α2
1 = 1/3, α2

2 = 4/3, α3
1 = 1/2, α3

2 = 6/5, µ1 = 5/3, µ2 = 3/2, µ3 =
7/4, δ1 = 10/3, δ2 = 9/2, δ3 = 11/4.

Then, for each t ∈ [0, 1] and (x1, . . . , x9) , (y1, . . . , y9) ∈ R9, we get

t
3
4 |f1 (t, x1, . . . , x9)− f1 (t, y1, . . . , y9)| ≤ t

1
4

180π

9∑
j=1

|xj − yj | ,

t
2
3 |f2 (t, x1, . . . , x9)− f2 (t, y1, . . . , y9)| ≤ t

1
3

144π

9∑
j=1

|xj − yj | ,

t
4
5 |f3 (t, x1, . . . , x9)− f3 (t, y1, . . . , y9)| ≤ t

2
5

72π2

9∑
j=1

|xj − yj | ,

where η1 = 3/4, η2 = 2/3 and η3 = 4/5. So, we can take(
λ1
j

)
j=1,2,...,9

= 1
180π ,

(
λ2
j

)
j=1,2,...,9

= t
1

144π
,
(
λ3
j

)
j=1,2,...,9

= 1
72π2 ,

9∑
j=1

λ1
j = 1

20π ,
9∑
j=1

λ2
j = 1

16π ,
9∑
j=1

λ3
j = 1

8π2 .

Indeed,

F 1
0 = 24.2284, F 1

1 = 40.1320, F 1
2 = 52.6663,

F 2
0 = 2.8842, F 2

1 = 3.7843, F 2
2 = 5.9714,

F 3
0 = 5.2610, F 3

1 = 7.2219, F 3
2 = 8.6856,
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9∑
j=1

λ1
jF

1
0 = 0.3856,

9∑
j=1

λ1
jF

1
1 = 0.6387,

9∑
j=1

λ1
jF

1
2 = 0.8382,

9∑
j=1

λ2
jF

2
0 = 0.0574,

9∑
j=1

λ2
jF

2
1 = 0.0753,

9∑
j=1

λ2
jF

2
2 = 0.1188,

9∑
j=1

λ3
jF

3
0 = 0.0666,

9∑
j=1

λ3
jF

3
1 = 0.0915,

9∑
j=1

λ3
jF

3
2 = 0.1100.

It is clear that Λ < 1. Thus, our system has a unique solution on [0, 1].

Theorem 2.6. For n ∈ N∗, let n − 1 < αin < n (i = 1, 2, 3). As-
sume that fi : (0, 1] × R3n → R (i = 1, 2, 3) are continuous functions with
lim
t→0+

fi (t, . . . ) =∞, and there exist constants 0 < ηi < 1 such that the func-

tions tηifi (t, . . . ) are continuous on [0, 1]×R3n. Then the system (1) has at
least one solution on [0, 1].

Proof. Let

Li = sup
t∈[0,1]

tηi |fi (∇u (t))| , (14)

and consider Br := {(u1, u2, u3) ∈ B : ‖(u1, u2, u3)‖B ≤ r} , where

r = max
1≤k≤n−1
1≤i≤3

Li
(
F i0, F

i
k

)
.

We will show that T : Br → Br. Let (u1, u2, u3) ∈ Br and t ∈ [0, 1]. By
(14), taking into account (9), we get

‖T (u1, u2, u3)‖B ≤ r. (15)

Then, by Lemmas 2.1 and 2.2, we have Ti (u1, u2, u3) , DαikTi (u1, u2, u3) ∈
C ([0, 1]). Thus, T : Br → Br. From Lemma 2.3 it follows that T is com-
pletely continuous. Consequently, by Lemma 1.1 we deduce that the system
(1) has at least one solution on [0, 1]. This completes the proof. �

Example 2.7. Consider the system of equations

D
7
2u1 (t) = t−

4
7

(
cos (u1 (t)u2 (t)u3 (t)) + cos

(
D

1
2u1 (t) +D

3
2u1 (t)

+D
7
3u1 (t)

))/(
πet + sin

(
D

1
3u2 (t) +D

4
3u2 (t) +D

11
5 u2 (t)

)
× sin

(
D

1
4u3 (t) +D

5
3u3 (t) +D

15
7 u3 (t)

))
,

D
11
3 u2 (t) = t−

1
3

(
cos
(
u1 (t) +D

1
2u1 (t) +D

3
2u1 (t) +D

7
3u1 (t)

)
× sin

(
u2 (t)+D

1
3u2(t)+D

4
3u2(t)+D

11
5 u2(t)

))/
(π−sin(u3(t)
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+D
1
4u3 (t) +D

5
3u3 (t) +D

15
7 u3 (t)

))
,

D
15
4 u3 (t) = t−

1
9

(
sin
(
D

1
2u1 (t) +D

3
2u1 (t) +D

7
3u1 (t)

)
cos
(
D

1
3u2 (t)

+D
4
3u2 (t) +D

11
5 u2 (t)

))/(
2π2 − sin (u1 (t) + u2 (t)

+w (t)) + cos
(
u3 (t) +D

1
4u3 (t) +D

5
3u3 (t) +D

15
7 u3 (t)

))
,

where 0 < t ≤ 1,
3∑
i=0

2∑
j=0

∣∣∣u(j)
i (0)

∣∣∣ = 0, andD
7
3u1 (1) = J

5
2u1 (1) , D

9
4u2 (1) =

J
5
2u2 (1) , D

5
2u3 (1) = J

11
4 u3 (1).

We have n = 4, α1
4 = 7/2, α2

4 = 11/3, α3
4 = 15/4, α1

1 = 1/2, α1
2 =

3/2, α1
3 = 7/3, α2

1 = 1/3, α2
2 = 4/3, α2

3 = 11/5, α3
1 = 1/4, α3

2 =
5/3, α3

3 = 15/7.
Taking η1 = 5/7, η2 = 2/3 and η3 = 5/9, we satisfy all assumptions of

Theorem 2.6. Thus, the considered system has at least one solution on [0, 1].

3. Ulam–Hyers stability

In this section, we define and discuss the Ulam-Hyers stability and the
generalized Ulam-Hyers stability for system (1).

Definition 3.1 (cf. [12, 13, 14]). System (1) has Ulam–Hyers stablity, if
there exists σ > 0, such that for all ε1, ε2, ε3 > 0, and for all solutions
(v1, v2, v3) ∈ B of

∣∣∣Dαinvi (t)− fi (∇v (t))
∣∣∣ < εi, i = 1, 2, 3, 0 < t ≤ 1,

k − 1 < αik < k, k = 1, 2, ..., n, i = 1, 2, 3,
3∑
i=0

n−2∑
j=0

∣∣∣v(j)
i (0)

∣∣∣ = 0, Dµivi (1) = Jδivi (1) ,

n− 2 < µi < n− 1, δi > 0, i = 1, 2, 3,

(16)

there exists a solution (u1, u2, u3) ∈ B of system (1)) with

‖(v1 − u1, v2 − u2, v3 − u3)‖B < σε, ε > 0.

Definition 3.2 (cf. [12, 13, 14]). System (1) has generalized Ulam–Hyers
stablity if there exists Υ ∈ C (R+,R+) , Υ (0) = 0, such that for all ε > 0,
and for each solution (v1, v2, v3) ∈ B of system (16), there exists a solution
(u1, u2, u3) ∈ B of system (1), where

‖(v1 − u1, v2 − u2, v3 − u3)‖B < Υ (ε) .

Theorem 3.3. For n ∈ N∗, let n−1 < αin < n and 0 < ηi < 1, i = 1, 2, 3.
Assume that
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(S1) fi : (0, 1] × R3n → R, i = 1, 2, 3, are continuous functions with
limt→0+fi (t, . . . ) = ∞, and tηifi (t, . . . ) are continuous on [0, 1] ×
R3n;

(S2) the following inequality holds:∥∥∥tηiDαinvi

∥∥∥
∞
≥ max

1≤k≤n−1
1≤i≤3

Li
(
F i0, F

i
k

)
;

(S3) the hypotheses (Hi), i = 1, 2, of Theorem 2.4 hold;

(S4) max
1≤i≤3

3n∑
j=1

λij < 1.

Then the system (1) is generalized Ulam–Hyers stable in B.

Proof. Using (S1), we receive (15), and for each solution (v1, v2, v3) ∈ B
of (16), we can write

‖(v1, v2, v3)‖B ≤ max
1≤k≤n−1

1≤i≤3

Li
(
F i0, F

i
k

)
. (17)

By (17) and (S2) we get

‖(v1, v2, v3)‖B ≤ max
1≤i≤3

∥∥∥tηiDαinvi

∥∥∥
∞
. (18)

Thanks to (S3), there exists a solution (u1, u2, u3) ∈ B of system (1). So,
the inequality (18) implies

‖(v1 − u1, v2 − u2, v3 − u3)‖B ≤ max
1≤i≤3

∥∥∥tηiDαin (vi − ui)
∥∥∥
∞

≤ max
1≤i≤3

∥∥∥tηi (Dαinvi − fi (∇u (t))
)
− tηi

(
Dαinui − fi (∇v (t))

)
+tηi (fi (∇u (t))− fi (∇v (t)))‖∞ .

Then

‖(v1 − u1, v2 − u2, v3 − u3)‖B
≤ max

1≤i≤3

(
‖tηi‖∞

∥∥∥Dαinvi − fi (∇u (t))
∥∥∥
∞

+ ‖tηi‖∞
∥∥∥Dαinui − fi (∇v (t))

∥∥∥
∞

+ ‖tηi (fi (∇ (t))− fi (∇v (t)))‖∞
)
.

By (1), (16), and (S3) we obtain

‖(v1 − u1, v2 − u2, v3 − u3)‖B

≤ max
1≤i≤3

εi + max
1≤i≤3

3n∑
j=1

λij ‖(v1 − u1, v2 − u2, v3 − u3)‖B .
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Thus,

‖(v1 − u1, v2 − u2, v3 − u3)‖B ≤
ε

1− max
1≤i≤3

3n∑
j=1

λij

:= σε, ε = max
1≤i≤3

εi.

It follows by (S4) that σ > 0. Hence, the system (1) has Ulam–Hyers stablity.
Putting Υ (ε) = σε, we see that the system (1) is generalized Ulam–Hyers
stable. This completes the proof. �
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[13] A. Täıeb and Z. Dahmani, On singular fractional differential systems and Ulam-Hyers
stabilities, Internat. J. Modern Math. Sci. 14(3) (2016), 262–282.
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