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Certain sufficient conditions for close-to-convexity
and starlikeness of multivalent functions

MonHAMED K. Aour, TEODOR BULBOACA, AND ADELA O. MOSTAFA

ABSTRACT. By using Jack’s lemma, we derive simple sufficient condi-
tions for analytic functions to be multivalent close-to-convex and multi-
valent starlike.

1. Introduction

Denote by A(p), where p € N := {1,2,...}, the class of multivalent
analytic functions in the open unit disk U:= {z € C: |z| < 1} of the form

f(z) =2+ Z apzt, 2z €U,
k=p+1
and let A := A(1).
For 0 < a < p, we say that the function f € A(p) belongs to the class of

p-valently starlike functions of order a, denoted by Sj(«), if it satisfies the
inequality (see Owa [7] and Aouf [1, 2])

2f'(2)
f(2)

Also, we say that the function f € A(p) belongs to the class of of p-valently
convex functions of order «, denoted by K, («), if (see Owa [7])

2f"(z)
f'(2)

Re

>a, z€U. (1.1)

Re [14— } >a,z€U. (1.2)
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For the special case a = 0, we denote Sy := §;(0) and K, := K;(0), and

from the formulas (1.1) and (1.2) we have
2f'(2)
p

feKy(a) & € S5(a).

Furthermore, a function f € A(p) is said to be in the class of p-valently
close-to-convez functions, denoted by C(p), if there exists a function g €
S*(p) such that (see Aouf [3] and Owa [8])

2f'(z)
9(2)
Since g(z) = 2P € S*(p), it follows that a function f € A(p) satisfying

Re >0, zeU.

re 1)

zp—1

f’(zl) —p‘ <p, z€U, (1.3)

>0, z€U,

or

ZP—

is a member of the class C(p).
In order to prove our results, we have to recall the following lemma of
Jack [4] (generalized by Miller and Mocanu [5, 6]).

Lemma 1.1. Let w be a non-constant analytic function in U with w(0) =
0. If |w| attains its mazimum value on the circle |z| = r at a point zy € U,
then zow'(z0) = kw(z0) where k > 1 is a real number.

2. Main results

Theorem 2.1. Let f € A(p), and suppose that it satisfies, for v > 0, the
inequality
I—y v

() <p, z€U. (2.1)

pp=2

J;;,(_Zl) (p—1)

Then (1.3) holds, i.e., f belongs to C(p) and is a bounded function in U.

Proof. For a function f € A(p) satisfying the assumption (2.1), we define

a function w by
1(f(z)
w(z) ::]; <zp1 -pl, z€l. (2.2)
Then w is analytic in U with w(0) =
show that |w(z)| < 1, z € U.
Differentiating (2.2), we have

];/J(—? —p(p—1) =plp — w(z) + p2w'(z), z € U. (2.3)

0. To prove our conclusion (1.3) we will
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From (2.2) and (2.3) we obtain that

"(4 1=y ¢n p ol
J;p(_l) - J;p(_g) -p(p—1)

= |pw(z)| 7 |p — Dw(z) —i—pzw'(z)‘7 (2.4)
=plw(z)] ‘p— 1+ Z:J;S) 7, 2 e U.

Supposing that there exists a point zy € U such that lr|na|mx| lw(z)| =
z|<|z

|w(z0)| = 1, from Lemma 1.1 we obtain that zow'(20) = kw(zo) where k > 1.
Hence, from (2.4) we have

v
f'(20 (20
151)—17 zp( 2) plp—1)| =plp—1+k[" >p*,
20 0

which contradicts (2.1). Therefore, |w(z)| < 1 for all z € U, and the conclu-
sion (1.3) has been proved.
Finally, from (1.3) it follows that |f’( ) < 2p|zP7t < 2p, z € U, hence

!—‘/f Q)dc| <

2 =ré’ GU, 6 € [0,2m).

’(Pew)’ dp < 2pr < 2p,

Consequently, f is bounded in U. O
For the special case v = 1, Theorem 2.1 reduces to the next result.
Corollary 2.1. If f € A(p) satisfies

f"(2)

pzP—2

_(p_l)‘ <p, z e,
then the inequality (1.3) holds, i.e., f € C(p) and it is a bounded function
in U.

Theorem 2.2. Let f € A(p), and suppose that f satisfies, for v > 0, the

inequality
LG L (1 o e

Then the inequality (1.3) holds, i.e., f € C(p) and it is a bounded function
in U.

f'(z)

pzP~L

1-|-

Proof. For a function f € A(p) satisfying the assumption (2.5), we de-
fine a function w by (2.2). Then, w is analytic in U with w(0) = 0, and
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differentiating (2.2), we get

21 (2) 2(2)

—p=———,2€l. 2.6
7 P The) 20
From the assumption (2.5), it follows that the left-hand side of (2.6) is an
analytic function in U, hence w(z) # —1 for all z € U. From (2.2) and (2.6)

we have

1+

1—-

f'(2) 2f"(z) | 1=y | 2w (2) |7
-1 1 — = 7 U. (2.
" + 70 |w(2)] o) z € (2.7)
If we suppose that there exists a point zp € U such that max |w(z)| =

|2|<|zo
|w(z0)| = 1, from Lemma 1.1 we obtain that zow'(20) = kw(z0) with k& > 1.
Hence, from (2.7) we obtain

I'(20) 1 o 14 200 (2 ) K _ ’w(zo)\l_'y 2w'(z0) |7
ph! fo(z) 1+ w(z0)
k v 1\7
= |w(20)| m > <2> )

which contradicts (2.5). Therefore, |w(z)| < 1 for all z € U, and our conclu-
sion has been proved.

Since under the assumption (2.5) the inequality (1.3) holds, as in the proof
of the previous theorem it follows that f is bounded in U. O

Putting v = 1 in Theorem 2.2, we obtain the next special case.
Corollary 2.2. If f € A(p) satisfies

z2f"(z) 1
— = U
IE N PR
then the inequality (1.3) holds, i.e., f € C(p) and it is a bounded function
in U.

i

Remark 2.1. For the special case p = 1, the above corollary gives us the
following criteria for close-to-convexity. If f € A, then

2f"(2)
f'(2)

i.e., f lies in C(1) and is a bounded function in U.

<7,zeU:>]f )—1 <1, z€T,

Theorem 2.3. Let f € A(p), and suppose that it satisfies, for v > 0, the

inequality
Y 1 v
<(p—a)<1+> , z€U.

2f'(z) |
p+p—2af
(2.8)

2f"(2)

hE f(2)

-p

f(2)
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Moreover, for v =1, assume that f(z) # 0 for all z € U. Then f € Sp(a).

Proof. We have to prove that the assumption (2.8) implies the inequality
(1.1). For a function f € A(p) satisfying the assumption (2.8), we define a
function w by

2f'(z) _p+(p—20)w(z)
f(2) 1 —w(z)

We have that w is analytic in U with w(0) = 0, and from the assumption
(2.8) it follows that the left-hand side of (2.9) is an analytic function in U,
hence w(z) # 1 for all z € U.

Differentiating (2.9), we obtain

,2€elU (0<a<p). (2.9)

20 (2)
') 2p—a)w(z) () .
A IO A e Rl B e ] R
Then from (2.9) and (2.10) we have
O O
72) e P
o ZWE(';) ! (2.11)
B s | | Ry | B

If we suppose that there exists a point zp € U such that ‘rln<é‘xx| lw(z)| =
z|<]z0

|w(z0)| = 1, from Lemma 1.1 we obtain that zqw’(20) = kw(z0) with k& > 1.
Therefore, from (2.11) we get

ot P o
(o)
|0 wlz)
=2(p — ) 1 — w(z0) p+ (p—2a)w(2o) (2.12)
Y
1

k
>p—a)|l+ -

Py (1 _ 2;‘) w(z0)
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Considering the function ¢ defined by
1

“’“*:H(l_?;)z

Y
p+|p—2al
fact that v > 0, from (2.12) we obtain

20/’ (20) ‘17 20/(z0) "> (p— ) (1 Lk p )7

£(z0) Yy p ot Ip—20f

1 Y
>(p—a 1+)
( )( P+ [p—2a

which contradicts (2.8). This proves that |w(z)| < 1 for all z € U, and hence
[ €Sy(a). O

, 2z €U,

it is easy to check that |p(z)| > for all z € U. Hence, using the

If we take a = 0 in Theorem 2.3, then we obtain the next corollary.

Corollary 2.3. Let f € A(p), and suppose that f satisfies, for v > 0, the

inequality
2f'(2) 2f"(z) |7 <2p+ 1>7
pl <p , 2z €U.
f(2) f'(z) 2p

Moreover, for v = 1 assume that f(z) # 0 for all z € U := U\ {0}. Then
I €Sy

1—y
1+

For v = 1, Corollary 2.3 reduces to the next result.
Corollary 2.4. If f € A(p) satisfies the inequality
2/"(2)
f'(z)
and f(z) # 0 for all z € U, then f € S}.

1
’1+ —p‘<p+,zeU,

2

Taking p = 1 in Corollaries 2.3 and 2.4, we get the results obtained by
Singh and Singh [11, Theorem 3 and Corollary 3].
Putting p = 1 in Theorem 2.3, we have the following corollary.

Corollary 2.5. If f € A satisfies, for some v > 0, the inequality
2f'(2) 2f"(2) 1 !

1-— 14—
) ZON I S R =) A
and, for v =1 we have f(z) # 0 for all z € U, then f € S*(a).

1—y vy

The above corollary is an improvement of the result obtained by Owa and
Srivastava [10, Lemma 3].
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Theorem 2.4. Let f € A(p) be such that f(z) # 0 for all z € U, and
suppose that, for 0 < a < p, the inequality

zﬂ@k_'<@—aﬂ%+1—®,

) % —a zel, (2.13)

’1-1—

is satisfied. Then,
2f'(2)
f(z)

—p‘<p—a, z e, (2.14)

i.e., f € S).

Proof. Assume that f € A(p), with f(z) # 0 for all z € U, satisfies the
inequality (2.13). Define a function w by

2f'(2)

f(2)
It follows that w is analytic in U with w(0) = 0. Differentiating (2.15), we
have

=p+ (p—a)w(z), z€U. (2.15)

2f"(z) 2w'(2)
f'(2) P+ (p—)w(z)
Suppose that there exists a point zy € U such that lr‘na‘tx| lw(z)| = |w(z0)| =
z|<|zo
1. From Lemma 1.1 we obtain that zow'(z9) = kw(zo) with k& > 1, and from
(2.16) we obtain that
z0f" (20)

14 ) - el +

1+

—-p=(p—a) [w(z)—i- ] zeU.  (2.16)

k
P+ (p — a)w(zo)

(2.17)
=(p—a) . !

p1+<1—;‘>w(zo) .

, 2z €U,

If we define a function ¥ by
1

p_ " for all z € U. Hence, from (2.17) we

it is easy to check that |¢(z)| > 5
obtain that

L p-a)pti-a)

1+ﬁ P
2p — «

p2p—al
which contradicts (2.13). Thus, we conclude that |w(z)| < 1 for all z € U,
which proves that (2.14) holds. O

9

—p‘ >(p—a)
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Remarks 2.1. (i) For the special case 7 = 1, Theorem 2.3 reduces to the
next implication. Let f € A(p) be such that f(z) # 0 for all z € U. Then

2f"(z)
iz P

1
1+ <(p-a)ll+ ———), z€T,
‘ ) v )< p+!p—2a!>

(2.18)
implies (1.1).
(ii) Comparing this result with Theorem 2.4, since a € [0, p), and using
the fact that

p—a)2p+1-0a) 1 2p
> — 1 - c | =
2p — « z(p—a) +p+|p—2a| a 3°P)>

we deduce that Theorem 2.4 gives, for the case o € [2p/3,p), a better result
than the implication (i).

Theorem 2.5. Suppose that f € A(p) satisfies, for 0 < a < 1, the
inequality

‘a ("’J{(g) —p> +(1-a) (ZQ}’C(/;()Z) ~p(p— 1)) ’ <plat(l—a)] 2.
(2.19)

Then the inequality (1.3) holds, i.e., f €S,

Proof. Let f € A(p) satisfy the inequality (2.19). Define a function w by
2f'(z)
f(z)

The function w is analytic in U with w(0) = 0. Differentiating (2.20), we
have

=p(l14+w(z)), z€U. (2.20)

2f"(z) _ 2f'(z) wi(z)
TG I 16 B e M
Therefore,
ZQf”(Z)—(—l)—QQ()—I—QQ()— (2) + "(2), z € U. (2.21)
o) p(p =2p°w(z2) + pw(z) — pw(z) + pzu'(2), 2 . (2.

From (2.20) and (2.21) we have

(e r) e (ZQJ{(/;()Z) 201

= pw(z) {a +(1—a) [Qp -1+ Z:}(/S) +pw(z)} } , 2€ U,
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and hence
< (Fr) e <22f</;(>2)/ o)) (2.92)
=plw(2)| |a+ (1—a) {2}9 -1+ Z:j(ij)} + (1 — a)pw(2)|, z € U.

We will prove that that |w(z)| < 1, z € U. If we suppose that there exists

a point 29 € U such that |I|na|mx‘ lw(z)| = |w(z0)| = 1, from Lemma 1.1 we get
z|<]|z0

that zow'(z0) = kw(20) with k > 1. Therefore, from (2.22) we obtain

(e ) oo (B )

= plw(zo)] Zﬁlsj)o)] + (1 — a)pw(20)

zpla+t(1—a)2p—1+k)—(1—-a)p| =pla+(1-a)pl,

a+(1-a) [2p—1+

which contradicts (2.19). Concluding, we have |w(z)| < 1 for all z € U, and
hence (1.3) holds. O

Putting @ = 0 and a = 1/2 in Theorem 2.5, we obtain, respectively, the
following results.

Corollary 2.6. If f € A(p) satisfies
21(2)
f(z)
then (1.3) holds, i.e., f €S,

Corollary 2.7. If f € A(p) satisfies
2f'(2) | 2f"(2)
e e
then (1.3) holds, i.e., f € S;,.

—p(p—l)’ <p? zel,

<plp+1), z€0,

Remarks 2.2. (i) Putting p = 1 in Theorem 2.4, we obtain the result due
to Owa [9, Theorem 1].

(ii) Putting p =y =1 and a = 0 in Theorem 2.4, we obtain the result of
Singh and Singh [11, Corollary 3].

(iii) Putting p = 1 in Theorem 2.5 and Corollary 2.6, we get the results
due to Singh and Singh [11, Theorem 4 and Corollary 4].
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