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On generalized Lagrange—Hermite—Bernoulli and
related polynomials

WASEEM A. KHAN AND M. A. PATHAN

ABSTRACT. We introduce a new class of generalized polynomials, as-
cribed to the family of Hermite, Lagrange, Bernoulli, Miller—Lee, and
Laguerre polynomials and of their associated forms. These polynomials
can be expressed in the form of generating functions, which allow a high
degree of flexibility for the formulation of the relevant theory. We de-
velop a point of view based on generating relations, exploited in the past,
to study some aspects of the theory of special functions. We propose a
fairly general analysis allowing a transparent link between different forms
of special polynomials.

1. Introduction

The Lagrange polynomials in several variables, which are known as the
Chan—Chyan—Srivastava polynomials [2], are defined by means of the gener-
ating function

r

[T - “J—Zg@ Mg, (1.1)

=1
where a; € C (j = 1,...,7); | t |< min{| 1 |7%,...,| 2 |7'}. These
polynomials are represented by
ks ko
glovazean) (g o Z Z Z 1), (02) ky—tey - - -
r 1=0 k:z Ok'l— (12)
k1 _ko—ky kp—1=kr—2 4 1
" T Tr_1 x "
(Qr—1)k 1 —kpo (Qr )k, Frl (ko—F1)! """ (kr_1—FKr_2)! (nikrn!

where (A\)p:=1and (A\), =AXA+1)...(A+n—1) (neN:={1,2,...}).
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Altin and Erkus [1] presented a multivariable extension of the so called
Lagrange-Hermite polynomials generated by (see [1, p. 239])

T o0
H(l —xth) T = Zh,(lal""’ar)(xl, R A (1.3)
Jj=1 n=0
where a; € C (j =1,...,7), |t |<min{| 21 [}, ] 22 |_%,...,| Ty |_%}, and
k1 kr
R{OLn) (g ) = > (1)t - - ()i, oy - - %27

k14+2ko+-+rkr=n

The special case when r = 2 in (1.3) is essentially a case which corresponds
to the familiar (two-variable) Lagrange—Hermite polynomials considered by
Dattoli et al. [4]:

o0
(1 — 1) (1 — wat?) 72 = > Aoz, m)t™, (1.4)
n=0
The multivariable (Erkus—Srivastava) polynomials Ur(f;ii’”)(:cl, cey )y

defined by the generating function [5, p. 268]
T o
H(l —ath) Y = Z Ur(fﬁal:) (T1,. ..,z )t" (1.5)
j=1 n=0
where a;j € C (j = 1,...,7), ; e N(j =1,...,7r), |t |< min{| z; |7}
soooy| @ |71}, are a unification (and generalization) of several known fam-

ilies of multivariable polynomials. It is evident that the Chan—Chyan—
(aq...0)

Srivastava polynomials g, (z1,...,z,) and the Lagrange-Hermite
polynomials hgfl'“a’“)(xl, ...,xy) are special cases of the FErkus—
Srivastava polynomials Uﬁi’::’i’")(xl, cooxy)whenlj=1(j=1,...,7).

The generating function (1.5) yields the following explicit representation
(see [5, p. 268]):

(a1 yeeeyur) ! 2k
Un’h:'”:lT (xh o 7$r) - Z (al)kl Tt (ar)kr#ﬂ e ﬁ’

k1,...,kréNo,(l1k1+"~+lrkrin)

which, in the special case [; =1 (j = 1,...,7), corresponds to (1.2).

2. Definitions and basic properties of
Lagrange—Hermite—Bernoulli and related polynomials

In this section, we link the Lagrange polynomials in several variables with
Hermite and Bernoulli polynomials. The resulting formulae allow a consid-
erable unification of various special results which appear in the literature.
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Following Pathan [6] and Pathan and Khan [7], it seems quite appropriate

to define Lagrange-Hermite-Bernoulli polynomials g Hj, (@, )(:U\azl, Ce )
in several variables by means of the generating function
et [T e = 3 g ot

7=1

which, for ordinary case r = 2, reduces to the Lagrange—Hermite—Bernoulli
polynomials defined by

(o]
e (1= mt) T (1 = aat?) T = pH (g, wo)t". (2.1)
n=0

In particular, when z; = zo = 0, (2.1) reduces to Bernoulli polynomials
By, (z) defined by

et Z Bp(2)%). (2.2)

The Lagrange-Hermite—Bernoulli polynomlals of order « are defined by

() (1= mt) @ (L= aat®) ™ = 3 pHI D (], ma)t", (2.3)
n=0

so that

(a>
B,
BHT(La‘al’OQ) :c|x1 xg E hozl’a2 5131,332) (a:)

(n—m)!
Setting @ = =z = 0 in (2.3), the result reduces to (1.4). For a = 1, the
equality (2.3) reduces to (2.1).

The Lagrange—Bernoulli polynomials of order « are defined by

oo
«a
()" e = aat) (1 = at) 2 = 37 gl oy, a)e” (2.4)
n=0

so that

(O‘|a17

BYn

az) a1,02) Sz(l—)m(l”)
(z|x1, x2) Zg (z1,22) =D

Setting # = 0 in (2.4), the result reduces to

(ett_l) (1 - xlt) al(l - x2t T = ZBg(alal’OQ)(xla -TZ)tn
n=0

where

(a\al,az)(

pgller02) (021, 20) = pg T, x2).



214 WASEEM A. KHAN AND M. A. PATHAN

Theorem 2.1. The following implicit summation formula for 2-variable

h(Otl,O@)(

Hermite polynomials xl,xz) holds true:

h(al’QQ .’L‘l, {L‘Q Z B[’In0617 2) ’.’Bl, .’L‘Q)( x)m . (2.5)
Proof. For a =0 in (2.3), we have

’”Z H{® 02 (g2, 29)t" = (1 — 21t) "1 (1 — 29t?) 72,
n=0
which gives

[e.9]

Z (—z)™t™ mtm Z (0417042 (x!xl,:rg)t” _ Z hglm,az)(g;l,l‘z)t”.

n=0 n=0
Replacmg n by n —m in the left hand side, we have

oo
S 3 BH ) G = 3 oy, e
n=0

n=0m=0

Comparing the coefficients of t", we get (2.5). O

Theorem 2.2. For the Lagrange—Hermite—Bernoulli polynomials, the
following implicit summation formula holds true:

BH,(La|a1’a2)(x+y]w1,x2 Z H, alal’”) (x|z1, xg)% (2.6)

Proof. From the definition (2.3), we have

oo
(03
Z BHT(Lalm,cm)(I +ylay, 2ot = (etil) exteyt(l —2it)" (1 — $2t2)_a2

n=0
oo
m
— § :BH,(la‘al’CQ |ZE1 $2 tn E :ymt
n=0

Replacing n by n —m in the above equality and comparing the coefﬁments
of t", we get the equality (2.6). O

Theorem 2.3. For the Lagrange—Hermite—Bernoulli polynomials, the
following implicit summation formula holds true:

pHHBlO102) (0 g1y ) = Z BH0) (321 29) BE) (y) L. (2.7)
Proof. Using the definition (2.3), we have

[e.e]
> pHTD) (g g ylay o)t
n=0
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a+8
= (ett_1> e@TVHL — 218) 7 (1 — 2pt?) 2

_ Z 0<|a17012 (2|1, 32)t" Z B(ﬁ) m'

m=0

Replacing n by n — m in the above equality, we have

)
ZBH7(1Q+5|Q17(X2)(x + y|x17x2 Z Z H(alal’QQ ’x17$2)B(ﬁ)( )ml'
n=0 n=0m=0

Comparing the coefficients of t", we get (2.7). O

Theorem 2.4. For the Lagrange—Hermite—Bernoulli polynomials, the
following implicit summation formula holds true:

n
BHI02) (al2y,m9) = S pH (@ — 2oy, 20) 2. (28)

m=0
Proof. By exploiting the generating function (2.3), we have
o0
(e
D B e, o)t = (o) e (1 = at) (1 =)

n=0

[e.9]

m
= g 0"‘“’“2) (x — z|x1, x2)t" g 2m W'

m=0

Replacing n by n —m in the above equality, we have

oo
alal,«a (0<|04176¥2 m t"
E pH102) (101 20 ) ™ E E BH, " (x — z|wy, 12) 2™ oy

n=0 n=0m=0

Comparing the coefficients of t", we get the result (2.8). O

Theorem 2.5. For the Lagrange—Hermite—Bernoulli polynomials, the
following implicit summation formula holds true:

(B)
BHr(La+B|a1,a2 (2|21, 22) Z H(a\oq,aQ (2|21 xQ)B (z=2) (2.9)

m!
Proof. Going back to the generating function (2.3), the use of (2.2) gives

00
> pH ) (]2, )t
n=0

a B
= (ett—_l> e? (1 — 1) "1 (1 — aot?) ™2 <ﬁ) elr=2)t

([3)
— E BH 0<|011,Oé2) z\xl .%'2 tn Z B a: Z)t™
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Replacing n by n — m in the above equation and comparing the coefficients
of t", we get (2.9). O

Theorem 2.6. For the Lagrange—Hermite—Bernoulli polynomials, the
following implicit summation formula holds true:

Z Ha\al,ag (z|z1, x2)h$1,52)($175€2) = BH,(LO‘|Q1+BI’QQ+62)($|$1’Iz)'

(2.10)
Proof. Using (2.4) and (1.4), we have
o0
> pHEl 0t gy o)
n=0
[e%
= (%1) et (1 — zyt) "B (1 — got2) 02>
_ ZBH a\a1,a2 |$1 x2 tn Z h(Bl,ﬁg ($1 :Cg)tm.
m=0
Replacing n by n — m in the above equality, we have
Z Z BH\IE (lwy, @) R (2, o) "
n=0m=0
o
S )
n=0
Comparing the coefficients of t", we get the equality (2.10). O

Theorem 2.7. The following implicit summation formula, involving the
Lagrange—Hermite—Bernoulli polynomials and Lagrange—Bernoulli polynomi-
als, holds true:

ZBHr(Laml’aQ) (|21, 22) 2 Z gal 1,5) (z|z1, ) (z2)™ (2)m

m!

Proof. We start with the generating function (2.3). Multiplying both sides
by (1 —yt)~” and interpreting the result, using (2.4) and series expansion of
(1 —yt)=8, we get the required result. O

3. Generalized Bernoulli-Miller—Lee polynomials

The definitions (2.3) and (2.4) can be exploited in a number of ways. As
a first example, we set « = ag =0, a1 =m+1, ;1 = 1 in (2.3) to get

e*t(1 —t)~m 1 ZG ", |t < 1.
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Here G{™ (x) are called the Miller-Lee polynomials [3, p. 21].

Another example is the definition of Bernoulli-Hermite—Miller—Lee poly-

(m,«

nomials g HGy, )(:z:, y) given by the generating function

a wttyt? > m.o n
(ﬁ) W :ZBHng ’ )(%y)%p (3.1)
n=0
which, for a = 0, reduces to

zt+yt
(1—1) 1—fym+1 E HG $ y nl

where HG%m) (z,y) are called the Hermite-Miller—Lee polynomials.
Putting y = 0 into (3.1) gives

(etil) - t)m+1 = ZBGma (3.2)

)(x) are called the Bernoulli-Miller-Lee polynomials.

where BGng’a

Theorem 3.1. The following implicit summation formula, involving the

(a|ar,a2) (

Lagrange—Hermite—Bernoulli polynomials gHpy x|z1,x2), Bernoulli-

Miller—Lee polynomials e Ol)(:v), and Miller—Lee polynomials G’T(lm)(x),
holds true:

sG =n! ZB(a m ﬁ
(3.3)

n—2r

[%}
=t Y o)t O e (1, )
r=0

Proof. Setting z1 =1 and o = m + 1 in (2.3), and using (3.2), we have
[0
(ﬁ) eazt( —m 1 ZBGmoz)

_ (1 _ $2t2)a2 Z BH7(La|m+1,a2)(m|1’ .Tg)tn
n=0
which, using the binomial expansion, takes the form

iB ZG(m o Z (ozg)r( )t i L (elm+1,a2) (2|1, z2)t"
n=0

r=0 n=0
Now

ZBGma ZZBQ (nnr)'

n=0r=0
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E
2

o
=03 S T )

n=0 r=0
Finally, comparing the coefficients of t", we get (3.3). O

Remark 3.1. Equality (3.3) is obviously a series representation of the

Bernoulli-Miller-Lee polynomials BG,(lm’a)(x) linking Lagrange—Hermite—
Bernoulli and Miller—Lee polynomials.

Theorem 3.2. The following implicit summation formula, involving the
Lagrange—Hermite—Bernoulli polynomials BH&'”’“”(JC!@,@) and Miller—
Lee polynomials Gim (x), holds true:

H{plo 10 (0 4yl ) = Z BHED (4o, a) G (£) af.

(3.4)
Proof. By replacing x by x + y and a1 by a1 + m + 1 in (2.3), we have

(e%l)a e(:v+y)t(1 _ xlt)_m_l(l —zt)” (1 — zot?) "2

- Z H{lotmeLoz) (g 4 ylay, wo)t",

which can be wrltten as

o0
ZBH °‘|a1’a2 (y|z1, z2 t"ZG ( >x1tr
n=0 r=0

oo
— Z BHT(La\alerJrl,ag)(x + y|$1’ xz)tn
n=0

Now replacing n by n — r in the left hand side of the above equality, we get

S5 BB ey, 22) G (£) afen

n=0 r=0
_ Z a|a1+m+1 “2)(x+y]:n1,x2)t".

Finally, comparing the Coefﬁments of t", we get the equality (3.4). O

Theorem 3.3. The following implicit summation formula, involving the
Lagrange-Hermite-Bernoulli polynomials BH(OAOLI’O‘2 (x|z1,22) and Miller-
Lee polynomials GS{’”‘)( ), holds true:

n

ZB G (aler, w) iy = (e pHLTO (a1 22) .
r=0
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Proof. For ay =m+ 1 and 21 =1 in (2.3), we have

oo
a
(ﬁ) e:ct(l o t)—m—l(l o $2t2)_a2 _ z BH7(La|m+1,a2)(x|1’l,2)tn
n=0

Multiplying both sides by (1 —x1t)”*, we have

Z B (m‘al’o‘z)(:dxl,xg)t"
=0
[oe)
= (1= ayt)" Y pHPLIM ) (2]1, 29)t"
n=0

Now, replacing n by n — r in the above equality, we get

ZZB m\a1,a2 (x|xlv$2)(nfr)!

n=0r=0
+1, n
=30 (e ) B HE T a1 )
n=0 r=0
Comparing the coefficients of t", we get the desired result. O

4. Generalized Laguerre—Bernoulli polynomials

We shall be interested in the relation between the Lagrange—Hermite—

Bernoulli polynomials pH, (afar,a2) (z|z1,72) and Laguerre polynomials
L(m)

no ().

For 29 =0, x1 = —1, a1 = —m, and ag = 0 in equation (2.3), we have

() e+ Z LI ( (4.1)

where 5 L™ (x) = pHT™O (x|—1,0) are called the generalized Laguerre—
Bernoulli polynomials.

When a = 0 in (4.1), the polynomials L™ (z) reduce to ordinary
Laguerre polynomials i (x) (see [8]).

Theorem 4.1. The following implicit summation formula, involving the
Lagrange—Hermite—Bernoulli polynomials BH,Sa‘al’QQ)(le, x9) and Laguerre
polynomials L%m)(:v), holds true:

n

ZB (9 (@lar, @) LI (y) = Y (@) pH™) (2 4 y| — 1,20) L.
r=0
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Proof. Replacing = by = + y and setting 1 = —1, a1 = —m in (2.3), we
have

o
a
(ett—1> e(z-‘ry)t(l + t)m(l _ w2t2)—a2 — ZBHT(LM—m,ag)(m + y’ - l,xg)t"
n=0

Multiplying both sides by (1 — x1t)~*, we have

()" e+ ™ (1 = 1) (1= )2

oo
= (1—a1t)™ Y pHLT™D (@ 4 y| — 1, 2a)t",
n=0

which gives

> BH (w|zy, a)t" Y L)
n=0 r=0

oo o0
= 37 ) NP pelmen) (4 4y — 120"
r=0 n=0

Replacing n by n — 7 in the above equality, we have

Z Z pH, (wfay, 22) LI ()1

n=0 r=0
[e.e] n
= ZZ( ) pHC 0 (2 4y - 1,29)%.
n=0 r=0
Comparing the coefficients of t", we get the desired result. O

Theorem 4.2. The following implicit summation formula, involving the

(a|ag,a2) (

Lagrange-Hermite-Bernoulli polynomials pHy, x|x1,x2) and Laguerre

polynomials L )( ), holds true:

ZB L) ot = sHETO @+ y] — 1), (42)

Proof. Replacing x by = + y and setting 1 = —1, oy = —m, and ag =0
n (2.3), we have

(e}
() e+ om ZBHQ' O (x4 y| — 1,221,
n=0

and thus

o o
ZB ()4 ZL tt =" pHTO (@ 4 y| — 1, 29)t"
n=0 k=0

n=0
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Replacing n by n — k in the left hand side of the above equality, we have

SN BO @)L P @) = > BT @+ y| - 1wt
n=0 k=0 n=0

Comparing the coefficients of t", we get (4.2). O

Theorem 4.3. The following implicit summation formula, involving the
Lagrange—Hermite—Bernoulli polynomials BH,S“““’C“Q)(x|x1, x2) and Laguerre
polynomials Lglm)(:c), holds true:

3 B HCLT0) (g ) (—a)FLY T (y )
k=0

= pHPImTon02) (o — ylay 2y).

Proof. Replacing a; by g —m and x by z — y in (2.3), we have

Z 1 BT en02) (g, o) t" (—xl)ktkLEm_k) (y/z1)
n—=0 k=0
oo
— Z BHflal_m+a1’°‘2)(x — ylay, x2)t".

n=0

Replacing n by n — k in the left hand side of the above equality, we have

SOST a B (g ) (—a )P (y )

n=0 k=0
[ee]
= pHITe02) (3 — ylay p)t"
n=0
Comparing the coeflicients of t", we get the desired equality. O

Theorem 4.4. The following implicit summation formula, involving the
Lagrange—Hermite—Bernoulli polynomials BH,SC“‘“““?)(Q;|$1, x9) and Laguerre
polynomials L%m)(x), holds true:

n

—k —
Y B @ ) ke = sHOT @ 4yl - Laa). (43)
k=0
Proof. Setting ©1 = —1, a; = —m, ag = 0, and replacing = by = — y in

(2.3), we have

o0 o0

S B (@) L ()t = 3T pHEO (@ — gl - 1)t
n=0 k=0 n=0
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Replacing n by n — k in the left hand side of the above equality, we have

n=0 k=0 n=0

Finally, replacing y by —y and comparing the coefficients of ¢", we get (4.3).
O

Theorem 4.5. The following implicit summation formula, involving the
Lagrange—Hermite—Bernoulli polynomials BH,(la‘al’aQ)(ﬂxl, x9) and Laguerre

polynomials L( )( ), holds true:

N B, () (~2) LI (=) iy = B HETO(y - 2| — 1) (—2)".

Proof. For x1 = —1, a1 = —m, ag = 0, x — y — x in (2.3), we have

o
(ettq) W1 4 )™ ZBH al=m0) (y — x| — 1, zo)t"

Writing —zt instead of ¢ in the above equality, and after that, replacing x
by z and z by x, we have

a
(e_;:z:t_l) e—:pyt(l m et ZBH al— mO o Z| - 1,$2)(—5L‘t>n.

This gives
[e.e] o0
> B S Y (et L)
n=0 r=0

= pHPT™O(y — 2| — 1, 29)(—at)".

n=0
Replacing n by n — 7 in the left hand side of the above equality, we have

S BE ) (o) LT (@) ey

n=0 r=0

= Z pHW=0) (4 — 2| — 1, a9) (—at)".
n=0

Finally, comparing the coeflicients of ", we get the desired equality. O
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Theorem 4.6. The following implicit summation formula, involving the
Lagrange—Hermite—Bernoulli polynomials BHy(la|al7a2)($‘iL'1,iL'2) and general-
ized Laguerre—Bernoulli polynomials BLT(Im) (z), holds true:

> L (@)L (y) ey = BHETT RO (@ oy — 1 a). (44)
r=0

Proof. Replacing a by a+3, x by x+y, and setting x1 = —1, a1 = —m—k,
ag =0 in (2.3), we have

o B
(at5) e+ 0™ () e+t

o
=" pHETT RO (g g y| 1,2t

n=0

which leads directly to

oo tn o0 .
alm Blk t
,LZ:%BLM )(ﬂf)n!;]BLy(« | )(y)ﬁ

oo
=" pHETEO (4 | 1 )i,

n=0

Replacing n by n — 7 in the left hand side of the above equality, we have

Z Z LBr(zoi';n) (ﬂf)LBf«Blk) (y)(nfi:)!r;
n=0 r=0

oo
= > pHPHOITm RO (g 4y — 1z,
n=0

Now, comparing the coefficients of t", we get (4.4). O
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