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Some unrestricted Fibonacci and Lucas
hyper-complex numbers

GOKSAL BILGICI AND AHMET DASDEMIR

ABSTRACT. A number of studies have investigated the Fibonacci quater-
nions and octonions that include consecutive terms of the Fibonacci
sequence. This paper presents a new generalization of Fibonacci quater-
nions, octonions and sedenions, where non-consecutive Fibonacci num-
bers are used. We present the Binet formulas, generating functions and
some identities for these new types of hyper-complex numbers.

1. Introduction

Real number algebras can be converted into hyper-complex number al-
gebras by applying the Cayley—Dickson process (so-called Cayley—Dickson
doubling). Using this process, by starting from the real numbers, we suc-
cessively obtain the well-known complex numbers, quaternions, octonions,
sedenions, 2V-ons. Each algebra is a sub-algebra of all the previous ones.
However, increasing the dimension of the algebra results in the loss of some
properties, for example, complex numbers do not have the self-conjugacy
properties that real algebras have and octonions are non-associative. These
lost properties often lead to unexpected results.

The hyper-complex numbers known as 2¥-ons can be regarded as linear
combinations of elements from a canonical basis set:

2N 1
w= E wie; = woeg + wier + -+ + WoyN_169N _q,
i=0

where the e;’s are elements of the basis set and the w;’s are real numbers.
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In terms of this basis, the conjugate of w is
2N _1
w* = wpeq — Z Wie; = Wpeg — Wie] — -+ — WoN_1E9N_]
i=0
and the norm of w is

2N 1
N (w) = Z w;.
i=0

Hyper-complex numbers have been studied by many researchers. In par-
ticular, many papers have been devoted to cases such as N = 2 (quater-
nions), N = 3 (octonions) and N = 4 (sedenions). Table 1, taken from the
paper [3], summarizes the multiplication rules for the bases used by these
algebras. For abbreviation, we set i = e; for ¢ = 0,...15.

TABLE 1. Multiplication table for 2V-ons for values of N
between 0 and 4

: 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
0 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 1 -0 3 -2 5 -4 -7 6 9 -8 -11 10 -13 12 15 -14
2 2 -3 -0 1 6 7T -4 -5 10 11 -8 -9 -14 -15 12 13
3 3 2 -1 -0 7 -6 5 -4 11 -10 9 -8 -15 14 -13 12
4 4 -5 -6 -7 -0 1 2 3 12 13 14 15 -8 -9 -10 -11
5 5 4 -7 6 -1 -0 -3 2 13 -12 15 -14 9 -8 11 -10
6 6 7 4 -5 -2 3 -0 -1 14 -15 -12 13 10 -11 -8 9
7 7 -6 5 4 -3 -2 1 -0 15 14 -13 -12 11 10 -9 -8
8 8 -9 -10 -11 -12 -13 -14 -15 -0 1 2 3 4 5 6 7
9 9 g -11 10 -13 12 15 -14 -1 -0 -3 2 -5 4 7 -6
10 | 10 11 8 -9 -14 -15 12 13 -2 3 -0 -1 -6 -7 4 5
11|11 -10 9 g -15 14 -13 12 -3 -2 1 -0 -7 6 -5 4
12|12 13 14 15 8 -9 -10 -11 -4 5 6 7 -0 -1 -2 -3
13113 -12 15 -14 9 g8 11 -10 -5 -4 7 -6 1 -0 3 -2
14|14 -15 -12 13 10 -11 8 9 -6 -7 4 5 2 -3 -0 1
15|15 14 -13 -12 11 10 -9 8 -7 6 -5 -4 3 2 -1 -0

Since the inception of hyper-complex number theory, many authors have
investigated quaternions, octonions, and sedenions whose coefficients have
been taken from special integer sequences, such as the Fibonacci and Lucas
sequences, in different ways. The Fibonacci numbers {F,}7 ; are recursively
defined via the relation F,,41 = F,, + F,,—1 with initial terms Fy = 0 and
Fy =1, and the Lucas numbers {L,},. , are defined by the same recursive
equation but with initial terms Ly = 2 and L; = 1. Horadam [6] defined
Fibonacci quaternions as

Qn = F, + 1Fy1 + jEnye + kFpys.
Iyer [7] gave a similar definition for Lucas quaternions via the relation

Ty := Ly + iLlpy1 + jLnyo + kLpys,
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as well as presenting many properties of Fibonacci quaternions. Halici [5] in-
vestigated Binet’s formulas and generating functions for Fibonacci and Lucas
quaternions. Fibonacci and Lucas quaternions have been extensively stud-
ied, and many generalizations have been considered. For instance, Swamy
[10] considered the new quaternion R,, defined as

Ry = My +iMpi1 + jMyyo + kM43,

where M,+1 = M, + M,_1, with initial terms My = s and M; = r. Flaut
and Shpakivskyi [4] gave certain properties of generalized Fibonacci quater-
nions and Fibonacci-Narayana quaternions. Akyigit et al. [1] introduced the
Fibonacci generalized quaternions and described many of their properties.
Kecillioglu and Akkus [8] extended the definitions of Horadam [6] and Iyer
[7] to Fibonacci and Lucas octonions as follows:

7 7
Qn = Zerz and Tn = ZLlel
=0 =0

They have also authors presented Binet’s formulas and some other identities
for these types of octonions.

In addition, Bilgici et al. mentioned Fibonacci and Lucas sedenions in
their study [2].

Note that all these authors introduced Fibonacci and Lucas hyper-complex
numbers and their generalizations into consecutive basis coefficients
{eo,€1,...,eov_;} as in Horadam [6] and Iyer [7]. In this paper, however,
we present a new perspective on Fibonacci and Lucas quaternions, octonions
and sedenions. We introduce unrestricted Fibonacci and Lucas 2V-ons and
present several properties of these hyper-complex numbers.

Throughout the paper, we take ¢ = (¢g,c1,...,con_1) where ¢y = 0 and
€1,C2,...,CoN_q are integers.

Definition 1. The rth unrestricted Fibonacci and Lucas 2V-ons are de-
fined, respectively, by the relations

2N 1 2N 1

c ¢

Nor = E Frjcei and LY, := g Lyqeei.
1=0 i=0

From the defining recurrence relations for Fibonacci and Lucas numbers,
we can see that unrestricted Fibonacci and Lucas 2/V-ons satisfy the recur-
rence relations

¢ _ 1< c
]:N,r - ]:N,'r—l +‘FN,7‘—2 (1)
and

C _ pC ¢
[’N,r - ‘CN,rfl + £N,7"72’

respectively.
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Depending on the choice of N and ¢, some particular examples of our
newly defined 2"-ons are as follows.

e For N = 0 and ¢ = (0), the original Fibonacci and Lucas (integer)
numbers are obtained.

e For N =1 and ¢ = (0,1), Fibonacci and Lucas complex numbers are
obtained.

e For N =2 and ¢= (0,1,2,3), Fibonacci and Lucas quaternions are
obtained.

e For N =3 and ¢= (0,1,...,7), Fibonacci and Lucas octonions are
obtained.

e For N =4 and ¢= (0,1,...,15), Fibonacci and Lucas sedenions are
obtained.

We now give an example to clarify these ideas. Consider the Fibonacci
quaternion Fsey + F_ge1 + Fhses + Fpes. The most important coefficient
for us is the coefficient of eg, i.e., the real part. We write this Fibonacci

. (0,—11,17,—5)
quaternion as F g .

The identities F_,, = (—=1)"*'F, and L_,, = (—=1)"L,, also allow us to
give unrestricted Fibonacci and Lucas quaternions with negative indices r
as follows:

2N 1
Jc\f,fr = (_1)T+l Z (_1)CiFr—ciei
i=0
and
2N 1
A O ) L I W L
i=0
2. Results

The first result is the Binet’s formulas for our unrestricted Fibonacci and
Lucas 2V-ons which are given by the following theorem.

Theorem 1. For any non negative integer r, the unrestricted Fibonacci
and Lucas 2N -ons are, respectively,

e @)
and
LY, = da" + BT, (3)
where
2N 1 2N 1

o= Z ae; and f = Z B%%e;.

1=0 i=0
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Proof. From the definition of unrestricted Fibonacci 2V-ons and Binet’s
formula for the Fibonacci numbers we have
}_JC:T,T =F + Fopeer+ 4 Fayeyy €av g
_ 1 (Oér _ Br + (ar—f—cl o /BT+61)€1 + (ar+cg _ 5T+02)62
a—p

N (O/'+C2N71 — I@T+02N71)62N71)

== i 5 (@ (1+a e +a%eg+ -+ + 2N tegn )
—B"(1 4 %1 + B2eg + - 4 B2V -1egn 1)) .
We can obtain (2) from the last equation, and (3) can be proved similarly. [
For i, € {1,2,...,(2¥1 — 1)} and i # j, we define
Si = {(G,k)leiej = ex, 1 <,k < (2871 —1),i # i # k and j # k}.
For example, for N = 5, we have

S1o = {(1,13),(2,14), (3,15), (4,8), (9,5), (10,6), (11,7)}.

We now need to present the following properties of & and B since they
will play key roles in the proofs of subsequent theorems.

Lemma 1. For N € {0,1,2,3,4}, we have

ap = A% + V5B, (4)
and
Ba = Ay — V5B, (5)
where
2N -1 P |
AY =LYo— D> (-1 and By = Y e Y (—1)%Fy ¢,
i=0 =1 (jR)ES;

Proof. We easily see that
Af=1, AT=r0)+(-1)" -1, Bf=B{=0.
For N = 2, from the definitions of & and B we have
B = (14 ae; + a®ey + a®es)(1+ %1 + %23 + B%€s3)
=1—(af)” — (aB)® — (aB)® + (o + BT + a®f% —a®[)es
+(@®? 4+ B2 + % —a® f9)es + (a + B + a7 B2 — a? B ey

=1+ (71>c1+1 + (71)624-1 + (71)63—&-1 + (L01 + (*1)63\/5}702703) el

+ (ch + (_1)C1 \/5F63—01> ez + (LCB + (_1)62\/51701—02) €3.



42 GOKSAL BILGICI AND AHMET DASDEMIR
Applying the identity F_, = (—1)"*!'F, and Binet’s formulas for the
Fibonacci and Lucas numbers yield
A5 = L50+ (27 + (<D 4 (-1 -1
and B
By = (—1)%Fey—cyer + (1) Foy—c €2 + (—1)% Fe gy e3.
For N = 3, we have
§=L50+ (ZDTT (D) 4 (C)TH

and

+[(=1) (1) Fey—cs + (1) Fes—crle2
+1(= I)CQFC1 —ep T (m1)*® Feges + (—1)7 Fey—crles
F (D) Fos ey + (m1) P Fogcy + (=1) P Fop—cs)ea
(D)2 ey + (1) Fey ey + (1) Fey—cqles
(D) Fos ey + (1) Foy ey + (=1 Fey 7] €6
(D) Fogmey + (1) Foy ey + (=1 Foy s ex

For the case N = 4, we calculate
Af = Lio+ (1) + (=)= 4 (21 -1
Each coefficient of e; in B{ has seven terms. So, it would be too tedious to
write Bf in open form. For example, we give only coefficient of ejs. From
the definition of the set Si2, the possible choices of (7, k) are (1,13), (2,14),
(3,15), (4,8), (9,5), (10,6) and (11,7). Thus the coefficient of ejy is
( )CI3FC1 —cC13 ( )CI4F02 —C14 (_1)615F03—015 + (_1)CSFC4—08
+ (—1)05F09_c5 + (_I)CSFCw—Ca + (_1)C7F011—C7'
The other coefficient of e; in B can be obtained similarly. O

Using Lemma 1, we can obtain the useful equation
B + fa = 245 (6)
The following theorem gives the generating functions.

Theorem 2. The generating functions for unrestricted Fibonacci and Lu-

cas 2N -ons are
+ 2T, N,

me—_—wz g

and . .
o0
>, = e 0
pr Nt l—x—a2
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Proof. Define F(z) = Y .2, f?]lxl Expanding the first two terms of
F(z), we obtain

F(x) = Fio + Fiae + fov,w" (9)
=2

Multiplying both sides of this equation by —z and —2? yields

—zF(z) = —.7-"]‘27’03; - Z}"]C:,J,lxi (10)
i=2
and
—2?F(z) = =) Fiot', (11)
i=2

respectively. Adding the equations (9), (10) and (11), and applying the
recurrence relation (1), we see that

f(z) = ot (Frni— Fro)e

1—o2—22 ’
Using the identity ‘7:10:/,—1 =F5, — ]:]C:,O, we get (7). The equality (8) can
be obtained in similar way. O

3. Some identities

By using Binet’s formulas and properties of the Fibonacci and Lucas num-
bers, we now present several identities for unrestricted Fibonacci and Lucas
2N_ons. The following theorem gives the Catalan identities for unrestricted
Fibonacci and Lucas 2/V-ons.

Theorem 3 (Catalan identity). For any integers r and s, we have
o o L o72 o o
FierisFNoms = [Fon] = CO™HE (AVF + BYL)  (12)
and
" o L 12 o "
Nrslivros = |Ehs| = (=17 F, (ARF, + BRL)
Proof. From (2) and (6) we have
16:7,7"+s ]C:f,rfs - [fﬁ,r]
1 v y o
— g [(Ov[ar—o—s . Bﬁr—l—S)(dar—s o ﬁBT—S) o (dar o BﬁT)Q}

= & [0 @ + Bap®) + (17245
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Using (4) and (5), we get

g g z 17
]:N,r—i-s]:N,r—s - [‘FN,T}
(—1)7F 7 (AR +VEBR)a™ + (A5 — VBBR)B®) + (-1)" A%
r R R 0128 o ,825 B
(1ot (ARt 4 %) 458k (T 250 ) )+ (-urag]
(—1)7 7 (AR Loy + 5B P ) + (-1)7 A% |

O = Ot = Ot =

The identity 5F2 = Lo, — (—1)" (see [9, p.42]) gives
R R L 12 S S
FlorraFRoms = [FRy| = (G171 (A F2 + BY Ry )

and (12) can be proved by substituting the identity Fbs = FsLs into the
last equation. The Catalan identity for unrestricted Lucas 2V-ons can be
obtained similarly. O

If we choose @ = (0,1,2,3) with N = 2, then we obtain the respective
Catalan identities for Fibonacci and Lucas quaternions:

N o L 72
'Fg,r-l—sfg,r—s - |:‘F2C,r] = (_1)T+8+1FS [FSEQ,O + Ls(_el —e2+ 63)]
and
N ~ L 12
el = [£5,] = (=1 TR [Fulag + Ly(—e1 — €2+ ¢3)].

The Catalan identities for the case s = 1 become the Cassini identities
for unrestricted Fibonacci and Lucas 2V -ons, and are given in the following
result.

Corollary 1 (Cassini identity). For any integer r, we have
S R L 72 R S
FirnFho = |[Foa] = (17 (45 + BR)
and
S o L 12 S S
LR £ = [E5s] = =5(=1)" (4% + BR).

Kecilioglu and Akkus [8] gave the Cassini identities for Fibonacci octo-
nions. Here we obtain the Cassini identities for Fibonacci and Lucas octo-
nions by choosing ¢ = (0,1,2,...,7) with N = 3:

. . L2
Fg,r—i—lf?f,r—l — [F§7ri| = (—1)r(£3,0— €1 — €y — 263 — 364 + 965 + 666—667)

=(—1)"(L3,0 — F3,0 + 14es + 14eg + Ter)
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and
o o L 012
Sr1L5, 1 — { ?,J = —5(=1)"(L3,0 — Fa,0 + 1de5 + 1deg + Ter).

Now we present the d’Ocagne identities for unrestricted Fibonacci and
Lucas 2V-ons.

Theorem 4 (d’Ocagne identity). For any integers r and s, we have
f]%,rf]%,s+1 - f]%,r+1f]€/,s = (_1)8( ?;[Fr—s + B]C_\}LT—S) (13)
and
if,rflc_;,s—i-l - E%,r—l—l‘ciﬂs = _5(_1)8( %Fr—s + BIC:TLT—S)- (14)

Proof. From Binet’s formula for unrestricted Fibonacci quaternions we
have

]:IC:LT]:]CQ,SH _ ]—“]5\',,”1]-"]6:,’8 = % [(dof _ BﬁT) (das’—‘rl B Bﬁs-i-l)
_ (dar—l-l B BBT—Fl) <da5 _B/BS)]
_ ?5(_1)8 (afar— — pap—)

Substituting (4) and (5) into the right-hand side of the last equation, we
have

g/,’r ](z/,s—f—l - ‘7:]0:/',7‘—&—1‘/_"]{7,5
\/g s c c r—s ¢ c s
:?(—1) [( ¥+ ByVB)a' ™ — (Ay — By V5)5 }
= LBy [ A5 e - ) + B VB + 7).

We can obtain (13) from the last equation, and (14) can be obtained in a
similar way. O

Choosing ¢ = (0,1,2,3) with N = 2, we obtain the respective d’Ocagne
identities for Fibonacci and Lucas quaternions:

]c:f,rf]c:f,s—l—l - f]c:f,r—i—lf]%,s = (_1)5 |: (Jj_;T,OFTfs + (—61 —ez+ 63)L7‘75]
and
if,r %f,s—i-l - iﬂr—&-lﬁiﬂs - _5(_1)8 [ %{,OFT—S + (—61 —e2+ 63)Lr—si| .

Next, we present several properties for our unrestricted Fibonacci and
Lucas quaternions.
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Theorem 5. For any integers r and k, we have

(co,C15sCoN _1) (co+k,c1+k,....con_,+k)
]:N,r—i-k = N,r o (15)

and
(C05C15+CoN 1)

ﬁ(co-l—kcl—‘rk, CoN _ +k)
Nyr+k = '

(16)
Proof. We only present here the proof of (15), as (16) can be proved
similarly. By the definition of unrestricted Fibonacci 2V-ons, we can write

(co,C15CoN _1)
FNorik = Fribtco€0 T Frokte€1 + -+ Fripie,y €N

= L'ryco+k€0 T Fr+cl+kel + et Fr—&-cQN_l—‘rk‘eQNfl

(Co+k c1+k,.. ©CoN _ 1+1€)
N,r

This completes the proof. O

In the next theorem, we give certain identities involving convolutions of
unrestricted Fibonacci and Lucas 2V -ons.

Theorem 6. For any integers r,s and t, we have

C _ T C
Ny — ]:N,rfl +‘FN,T+17

Nt sF Nt = LNt FNps = 201 AGFR
N LN = Lo F i = 2(=1)" BNLS .
Fierlivs = Ly T = 2(=1)* (AN Frs + B Lr—s),
FiooFis = FsFae = 2(=1) T By Fs, (17)

oL — L L, = 10(~1) BY P,
f]c:f,r—ksFr—i-s - F]c:f,r—sFr—s = }—JC:CQrF%v
?V,r—i-er-&-s - ?\/',r—sLT—S = 5]:10:/,21«F257 (18)
Fiprsbrrs = Fiposboms = FiyarLas + 2(=1)"" FRg,
L?V,r—l-er-&-s - E?\/,r—er—s = C?V,QT'LZS + 2(_1)T+s£§\/,0a
5[7%.] - [#5.] = a0,
Fies T (1" FRpos = P Lo,
g/,rJrs + (=" i/,rfs = E?/,TLsa
]:]C:/',Qr = Fr+1f]<f,r + FT]:JC:I,T—I'

Proof. The above identities can be proved, for example, using a method
based on the Binet’s formulas for the corresponding 2¥-ons. We will only
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prove (17) and (18) since the others can be proved similarly. Using Binet’s
formula for unrestricted Fibonacci 2/V-ons, we have

R Fho — ForFhow = £ | (07— 387) (0 - 35
)
= % { — dﬂvarﬂs — Bda‘gﬂr + d//;’asﬂr + Bdarﬁs}.
By substituting (4) and (5) into the previous equation we get

L o 1 } )
P 5,75~ [ )
25

— _7BC S N0Ss r—s __ r—s
e i C Y
=2 (_1)s+1 BJC:TFT_S.
Similarly, using Binet’s formula again, we obtain
£?_;77T+5LT+5 - Ei/,r—er—s — (dar-i-s + BBH_S) (ar—i-s + 5r+s)
— (dars 4+ 350 (o7 4 )

_ (da2r+2s + BIB2T+23 - OVCOCQT_QS - BﬁQT—QS)

_ (da2r+23 + BIB2T+2S - da27"l62s - Ba2852T>

B ) Sa2r — BIBQT a2 — 528
= (o~ 5) ( — )( —)

= 5;162[’27.}725.

0

The next theorem gives certain summation formulas for unrestricted
Fibonacci and Lucas 2V-ons without proof, because the proofs can be ob-
tained straightforwardly using only elementary operations.

Theorem 7. We have

T T

E : ¢ __ TC c § : ¢ _ péc c
]:N,t - ]:N,r+2 - ]:N,lv 'CN,t — ~N,4+2 — ~N,1>»

t=0 t=0

' '
C _ < c c _prc c
E fN,thl = -7:N,2r - fN,O? § [’N,thl = ﬁN,Qr - EN,O:
t=0 t=0

T T
g _ g g _ pE ¢
E Fnot =Fnort1 — Fn—1; E LNor = LN o2r41 — LN -1
t=0 t=0
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and

— (T o ¢ —~ (T ¢ g
<t>]‘—N,t = }—N,2r7 Z <t> EN,t = £N,2r'

t=0 =0
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