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Necessary and sufficient Tauberian conditions
for weighted mean methods of summability
in two-normed spaces

IBRAHIM CANAK, GIZEM ERIKLI, SEFA ANIL SEZER, AND ECE YARASGIL

ABSTRACT. We first define the concept of weighted mean method of
summability and then present necessary and sufficient Tauberian con-
ditions for the weighted mean summability of sequences in two-normed
spaces. As corollaries, we establish two-normed analogues of two classi-
cal Tauberian theorems.

1. Introduction

The notion of two-normed spaces was first defined by Géhler [7], and has
been developed extensively by several authors (see, for example, [3, 5, 6, 9,

18]).
Let X be a real vector space with the dimension dim X > 2. A two-norm
on X is a function |-, -||: X x X — R which satisfies the conditions

(i) ||z, y|| = 0 if and only if z and y are linearly dependent,
(i) 12yl = ly, x| for each z,y € X,
(iii) ||z, y|| = |||z, y|| for each x,y € X and o € R,
(iv) ||z,y + 2| < ||z, y]| + ||z, 2|| for each z,y,z € X.
The pair (X, ||-,-||) is then called a two-normed space. Observe that in any
two-normed space, ||z, y|| is nonnegative and ||x,y + ax| = ||z, y|| for each
z,y € X and o € R.
A standard example of a two-normed space is R? being equipped with the
two-norm

HJ")yH = |‘T1y2 - x?:‘/l’ y (1)
where x = (z1,x2) and y = (y1,y2).
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Let (zp, :m=0,1,2,...) be a sequence in a two-normed space (X, |-, -|)-
The sequence (z,,) is said to be convergent to | € X if for every y € X,

lim ||z, —{,y|| =0.

n—00

Furthermore, () is called bounded (notation =, = O(1)) if for every y € X
there exists H > 0 such that

|Tn,y| <H (n=0,1,2,...).

In 2017, Savas and Sezer [13]| considered the (C,1) summability in 2-
normed spaces. We introduce the weighted mean method of summability in
2-normed spaces.

Let (pn) (n € Ng :={0,1,2,...}) be a sequence of nonnegative numbers
with pg > 0 such that

n
Pn::Zpk—>oo, as n — oo. (2)
k=0
The weighted means of the sequence (z,,) are defined by

1 n
tn ::Pnkzopkxk, n=20,1,2,....

The sequence (z,) is said to be summable to | € X by the weighted mean
method determined by the sequence (p,) (briefly, summable (N, p) to ] € X)
if for every y € X,
Jim ([t — 1, y] = 0. (3)

Notice that summability method (N,p) reduces to the Cesaro method
(C,1) if p, = 1 for all n € Ny, and to the logarithmic method (¢,1) if
pn=1/(n+1) for all n € N.

The following theorem indicates that the convergence of a sequence in a
two-normed space always implies the convergence of its weighted means to
the same limit.

Theorem 1. Let the condition (2) be satisfied. If a sequence (x,) in
(X, ]|, +]|) converges tol € X, then the sequence (t,) of its weighted means
also converges to .

Proof. 1f (x,,) converges to [, then, for every e > 0 and y € X, there exists
a positive integer ng such that ||z, — [, y|| < €/2 if n > ng, and there exists
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H > 0 such that ||z, — l,y|| < H if n < ng. Hence, for every y € X, we get
1 O 1 <
szkxk— szklyy
n oy n
Zpk i — 1),
™ k=0
n
7zpk”l’k_l y||+* > o llae— Lyl

k; no+1

[tn =1yl =

n

Zpk lze — Lyl

P, e
- P, 2
Since P,,/P, — 0 as n — oo, there exists a positive integer n; such that
|HP,,/P,| <¢/2ifn > ny. Therefore, ||t,—1,y|| < eif n > max{ng,n1}. O

Theorem 1 expresses the so-called regularity property of the weighted
mean method of summability in two-normed spaces.

Example 2. Let X = R? be equipped with the two-norm (1). Define the
sequence (z,) in X by

- (1 + (-t L <‘21)") ,
and let y = (y1,y2). Then, putting p,, = 1 for all n, we find the (C,1) mean
of (zy,) as

. {(nil, 2’?@) if n is even,

n =

(1, %) if n is odd.

In the case n is even, we obtain that, for all y = (y1,2) € R?,
nlggo [tn — Lyl = T}Lm H (n+1v 2?5-%) (1.3). (ylhw)H
(b))

—Yy2 _
n+1 2n+2‘ =0.

= lim
n—oo

If n is odd, then (¢,) = (1,1/2). Therefore, it follows from (3) that (x,) is
(C,1) summable to (1,1/2).
Besides, if (x,,) is convergent, the limit should be (1,1/2). However, when
y = (0,1), since
lim [l — Lyl = lim [[((-0" S5, m0)
n—oo

n—oo

= lim (_1)n+1y2 _ (—1%”y1

n—oo

= hm‘ 1"+1‘:1750,

n—oo
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we have that the sequence (z,,) is not convergent.

Example 2 shows that the converse of Theorem 1 is not true in general.
Thus we are led to the problem of finding additional conditions which, to-
gether with assumption (3), would assure the convergence of the sequence
(). Such conditions are called Tauberian conditions and the resulting the-
orem is called a Tauberian theorem. Tauberian type theorems have a long
history: see, for example, the book [10] and the papers [1, 2, 4, 12, 16, 17].

In this work, our purpose is to obtain Tauberian conditions under which

the convergence of (z,,) in a two-normed space follows from its (IV, p) summa-
bility.

2. Main results

Theorem 3. Let (p,) be a sequence of nonnegative numbers such that
po > 0 and
.. P
lim inf - > 1 for every A>1, (4)

n—o0 n
where [An] denotes the integer part of the product An, and let (z,,) be a se-
quence in (X, ||+, -||) which is (N, p) summable tol € X. Then (z,) converges
to 1 if and only if one of the following two conditions is satisfied:

[Ar]
1
inf limsup || 5———- k= Tn), Y| =0, ’
inf lim sup Pow — P k§r1pk( k )y (5)
P 1 Zn: ( ) 0 (6)
mf limsup || =——— De\Tn — k), Y| =
0<A<L pooo [P — PP\"] k=[An]+1
forally € X.

Remark 4. It is clear that the condition (4) implies (2).

Remark 5. Consider the special cases of (5) and (6) for p, = 1 for all
n € Ny. In this case, conditions (5) and (6) reduce to

[An]
1
inf 1i - — )y =
Bl oy 2 (e =0 Y
and
1 n
inf i —_— n— k), y|l =0, 8
I P O T ®)
respectively.

Savag and Sezer [13] used Tauberian conditions (7) and (8) to retrieve
convergence of (z,) from the (C, 1) summability.
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Remark 6. Following Schmidt [14] (or Stanojevié [15]), a sequence (z,)
is said to be slowly oscillating in two-norm if for every y € X,

inf limsup max ||z — zn,y|| =0 9
A>1 n_>oopn<k§[)\n] H F " y” ( )

or equivalently,

inf limsup max ||z, —2z =0.
0irc1 poP [An]<k§n” n =2kl

Notice that, if (z,,) is slowly oscillating in two-norm, then (7) and (8) hold.

Remark 7. If the two-sided condition %Amn = O(1) of Hardy [8] type,
where Az, = z,, — T,_1, is satisfied under some appropriate condition im-
posed on (py,), then (z,) is slowly oscillating in two-norm.

Taking into account the Remarks 6 and 7, we obtain the following two-
normed analogues of some classical Tauberian theorems.

Corollary 8. Let (4) be satisfied and let (x,) be (N,p) summable to
l € X. If (z,) is slowly oscillating in two-norm, then (x,) converges to l.

Corollary 9. Let

P
lim — 20—\ A>1, (10)

n—oo n

be satisfied for some § > 0 and let (z,,) be (N,p) summable tol € X. If

Po pgy = O(1), (11)

Pn

then (x,,) converges to l.

Remark 10. It is clear that the condition (10) implies (4).

3. Auxiliary results

Lemma 11 (see [11]). If (P,) is a nondecreasing sequence of positive
numbers, then (4) is equivalent to the condition

P,
liminf = >1 for every 0<\< 1. (12)
n—0o0 [)\TL]
In the proof of the main theorem we need the following lemma on the
so-called moving weighted averages.

Lemma 12. Let (pn) be a sequence of nonnegative real numbers such that
po > 0 and the condition (4) is satisfied. If (xy,) is (N, p) summable tol € X,
then, for each y € X,

[An]
1
lim | —— Z o — Lyl =0 for every A>1 (13)

n—oo P[/\n] — Pn k1
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and

1 n
lim || =—— prrk — Lyl =0 forevery 0<A<1. (14)
n—oo || P, — P[)\n} k:%—i—l

Proof. For brevity, we denote the moving weighted averages (7,7 ) for A > 1
and (7,7) for 0 < X\ < 1, respectively, by

[An]
1
Tn> = 7}) P Z prxr and Tn< Z PrZ-
An] =51 2 Po = P k=[] +1
Consider the case A > 1. Then
[An]

> — > _ _ —
HTn l,yH HTn—i-t[,\n] Uan] M/H P PZkak

[An]
Zpk$k+ Z Prt Zpkwk—l Yy
)\n] - An] — ] rart
P 1 [An]
B | N . |
Pn) = Fn ﬂw,ﬂzf’”’“ Pon)—Pa ]—P P, Zp’f ok nkzopkka Y
Thus we see that
P,
I =toll = 5, =5, HtA"] tn, yl| + [t — Ly - (15)

Pn) —

Moreover, from (4) we have

P A -1
lim sup 771]371 <hm inf ][Dn] 1> < 0.

n—00 P[)m,} n—0o0 n

Now, (13) follows from (15) and the (N,p) summability of (x,) to I. The
proof of (14) is similar to that of (13). O

4. Proofs of main results

Proof of Theorem 3. Necessity. Assume that (x,) is convergent to .
Given any A > 1, by Lemma 12 we obtain

1 [An]
lim || >———- pr(TK — Tn),y
n—o0 P[/\n} — In k:;rl "
1 [An]
< lim || 5——F Zpkmk—ly + lim jz, =1 y[ =0

n—oo P[)\n} —_ k; ol
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for every y € X. Namely, we have an even stronger condition than (5). In a
similar way, for any 0 < A < 1, we have

n

) 1
lim || 5——— > prlen —azx)y|| =0,

n—00 Pn - Pp\n] k:[)\n]—‘rl
which is stronger than (6).

Sufficiency. Suppose that (5) holds, and let y € X be arbitrarily fixed.
Then, for any given € > 0, there exists A > 0 such that

1 [An]
limsup || =— pr(Tr —xn),y|| < e

So, using also (N, p) summability of (x,,) and Lemma 12, we obtain

[An]
1
limsup ||z, — Ly|| <limsup || 5——— > pexe — Ly
n—o0 n—o00 P[)\n] - Pn —
1 [An]
+limsup || =— Z Pr(Tr — 70),y|| < €
n—o00 P[)\n] - Pn kent1

for every y € X. Since € > 0 is arbitrary, convergence of (x,) to [ follows.
A similar proof can be given if (6) is satisfied. O

Proof of Corollary 8. Suppose that (x,) is slowly oscillating in two-norm.
Then, for any given y € X, we have

[An] [An]

1 1
— pe(zy — ),y < s Pk |2k — T, Y|
Pian) — P kzn;rl Pixn) = P k;zngﬂ

< max T — X .
- n<k§[>\n]H k n’yH

Taking the lim sup of the last inequality as n — oo, we get

[An]
1
limsup || =———— Tp — Tn), <limsup max ||zx —=x .
m sup Pow — P k:EnJrlpk( k= Zn),Y msup max Tk — Zn, Y|

Therefore, we conclude that

1 [An]
inf limsup || =——= Z Pr(xke — n),y|| =0
A>1 n—oo ] —In jR—

for every y € X. The proof follows from Theorem 3. (|
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Proof of Corollary 9. Let (10) and (11) be satisfied. Then, for every
y € X, there exists H > 0 such that H}%Amn,y < H (n=0,1,...).

Hence, slow oscillation of (z,,) follows. Indeed, for each y € X,

k k
ok =yl = || D (@5 —mim0)y|| = || Y Ay

j=n+1 Jj=n+1
k i k i
J . L
< D plamyl=a } 5
j=n+1 J j=n+1 J

< g In

< P,
Taking the maximum of both sides of the inequality above, we have

I [An] Py

Now, taking the lim sup of both sides of the last inequality, by (10) we have
that

limsup max |z — zn,yl| < HA —1). (16)
n—oo n<k<[An]

Finally, taking the infimum of both sides of (16) for A > 1, we get

inf limsup ma T — T =0.
A>1 n—>oopn<k§[)f\n] H K 'myH

Thus, the proof is completed by Corollary 8. O
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