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Quantitative versions of almost squareness and
diameter 2 properties

EveE OJa |, NATALIA SAEALLE, AND INDREK ZOLK

ABSTRACT. We introduce a quantitative version (using s € (0,1]) of
almost (local) squareness of Banach spaces. The latter concept (i.e.,
the s = 1 case) was introduced by Abrahamsen, Langemets, and Lima
in 2016. Related diameter 2 properties (local, strong, and symmet-
ric strong) are also relaxed correspondingly. Our note contains some
(counter-)examples and results for the s-almost (local) squareness prop-
erty.

1. Concepts

Almost square Banach spaces were introduced by Abrahamsen et al. [1] in
2016. These spaces have already got quite a lot of attention in the literature;
see, e.g., [15] for results and references.

Let X be a Banach space over R and let Sx denote its unit sphere, Bx
its closed unit ball and X* its dual space. Following [1], we say that X is
almost square (ASQ) if for every finite subset {x1,...,2,} of Sx and every
e > 0, there exists y € Sx such that ||z; +y|| < 1+eforalli=1,... n.

Also, following [1], X is called locally almost square (LASQ) if for every
x € Sx and every € > 0, there exists y € Sx such that ||z £ y|| <1+e.

Definition 1.1. Let s € (0,1]. A Banach space X is s-locally almost
square (s-LASQ) if for every x in Sx and for every € > 0 there exists y € Sx
such that

|z £sy]| <1+e.
Note that 1-LASQ means precisely LASQ.
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Definition 1.2. Let s € (0,1]. A Banach space X is s-almost square
(s-ASQ) if for every finite family 1, ..., x, in Sx and for every € > 0 there
exists y € Sx such that

lzi +syl| <1+e, i=1,...,n.

Note that 1-ASQ means precisely ASQ. As in the case of the ASQ property,
we can have for free the plus-minus sign in the definition of the s-ASQ prop-
erty since we can take —x; together with x; in the finite family of elements
from Sx.

Note that the LASQ property occurs in [12], a paper by P. Harmand and
A. Lima from 1984, in the proof of the Harmand-Lima theorem: if X is a non-
reflexive M-ideal in its bidual X**, then X contains almost isometric copies
of ¢p. The Harmand—Lima theorem has been refined in [1] as follows: every
ASQ space X contains almost isometric copies of ¢, and every non-reflexive
X which is M-ideal in X**, is ASQ. To complement [1], let us remark that
the result [1, Corollary 2.3] that every LASQ space contains almost isometric
copies of /2, is present in the Harmand-Lima proof.

The LASQ property was first isolated and used in 2014 in [14] under the
notation of points of uniformly non-squareness.

Recall that a set S(z*,a) = {x € Bx: z*(x) > 1 — a} (where z* € Sx-
and a > 0) is called a slice of Bx. According to |2|, a Banach space X has
the local diameter 2 property (LD2P) if every slice of Bx has diameter 2, and
the strong diameter 2 property (SD2P) if every finite convex combination of
slices has diameter 2.

If, for a finite family of slices Si,...,5, of Bx, and for a number & > 0,
there exist elements x; € S; (i = 1,...,n) and an element y € Bx with
lyl| > 1 — & such that z; £y € S; for all ¢, then X is said to have the
symmetric strong diameter 2 property (SSD2P). This property was defined
in [4] and was considered in |2, Lemma 4.1]. Very recently, SSD2P has been
further characterized and investigated [11].

In 1988, Deville [9] investigated the following property that for the case
d = 2 is equivalent to SD2P.

Definition 1.3. Let d € (0,2]. A Banach space X has the strong diameter
d property (SD(d)P) if the diameter of every convex combination of slices of
Bx is greater than or equal to d.

The respective generalization of LD2P is the following.

Definition 1.4. Let d € (0,2]. A Banach space X has the local diameter
d property (LD(d)P) if the diameter of every slice of By is greater than or
equal to d.

The symmetric version of SD(d)P is the following.
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Definition 1.5. Let d € (0,2]. A Banach space X has the symmetric
strong diameter d property (SSD(d)P) if whenever n € N, Sy,...,S, are
slices of By, and € > 0, there exist elements x; € S; (i = 1,...,n) and an
element x € By, ||z|| > 1 — ¢, such that z; + %x € Siforeveryi=1,...,n.

The relations between these properties are as follows. (The case d = 2 was
treated already in [2, Lemma 4.1].)

Proposition 1.6. The property SSD(d)P implies SD(d)P, which, in turn,
implies LD(d)P.
Proof. For the first implication, let a set S = Y | \;S; be a convex com-
bination of slices S; = S(z},a;). By SSD(d)P, for every i € {1,...,n} and
e > 0, there exist elements x; € S; and x € Bx such that ||z]] > 1 — ¢ and
z; %az € S;. Therefore

- d = d
;)\i (.%’z + 21’) — ;)\z <I’z — 2£C>

implying that diam S > d.
The second implication is clear from the definitions. O

The LD2P /SD2P case of the following result is known due to [14] (see also
|1, Proposition 2.5]).

Proposition 1.7. Let X be a Banach space. Let s € (0,1].

(a) If X has the s-LASQ property, then X has the LD(2s)P.
(b) If X has the s-ASQ property, then X has the SSD(2s)P.

Proof. First, we prove (b).

Let S; = S(z}, a;) (in this proof, we always have ¢ = 1,...,n) be slices of
Bx and let € > 0. Denote § = min {ial, e ian,g}. For every functional
x} there exists an element y; € Sx such that 27 (y;) > 1 —J. By the s-ASQ
property of X, for the finite family of elements +y1,...,+y, € Sx there
exists y € Sx such that |ly; £ sy|| <1+ 9.

Note that

+a.*(sy) = —xf () + 2F (yi £ sy) < (6 — 1)+ (14 6) = 20.

Yi
1+6

diam S > > d(1 —e),

Therefore, for the elements z; = and z = 115 we have

1
]| = ||zl = 144 <1
and
el > —— > 1—¢
1+¢ '
Now, the elements x; + sx belong to the respective slices S;. Indeed,
(1—-0)—25

¥ (z; £ sx) > 1535

>1—-40>1—a.
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The conditions of the SSD(2s)P for X have been fulfilled.
For the assertion (a), we read the last proof with n = 1. After that,

we read the proof of (first implication of) Proposition 1.6 with n = 1 and
A= 1. ]

2. Some results

In this section we rewrite some results on the ASQ property in the s-ASQ
setting.

Let r,s € (0,1]. Recall that a closed subspace Y of X is called an M (r, s)-
ideal in X if there exists a norm one projection P on X* with ker P = Y+ =
{z* € X*: z*|y = 0} and r||Pz*| + s||a* — Pz*|| < ||=*|| for all z* € X*.

M(r,s)-ideals were introduced by Cabello and Nieto [7] in 1998.
M-ideals are precisely M(1,1)-ideals. A number of examples of M(r,s)-
ideals can be found in [8].

It is said that Y is an almost isometric ideal (ai-ideal) in X [3] if for
every finite dimensional subspace E of X and every § > 0 there exists a
linear operator U: E — Y such that Ue = e for every e € ENY and
(14 8)ell < |Ue|| < (1+d)|e| for all e € E.

Note that a Banach space Y is always an ai-ideal in its bidual Y™**.

The following result is a quantitative version of [1, Theorem 4.2].

Theorem 2.1. Let Y be a proper ai-ideal in an infinite-dimensional
Banach space X, and let s € (0,1]. IfY is an M(1,s)-ideal in X, then
Y is 5-ASQ.

Proof. We follow the scheme of the proof for M-ideals due to Harmand and
Lima [12, proof of Theorem 3.5, formalized in [1, Theorem 4.2]. However,
we do it in a bit smoother way.

Assuming that Y is an M (1, s)-ideal in X, let P be a corresponding ideal
projection on X*. Then ||P|| =1, ker P = Y+, and X* = ran P @ ker P with

[Pz + slla” — Pa*|| < [l2*]|, 2" € X"

Hence X** = ker P* @ ran P* with ran P* = (ker P)t = (Y1)t = Y+t
Since Y # X, we have that ker P* £ {0}. Choose any ** € Sye; p.

Let y1,...,yn € Sy and let ¢ > 0. Choose 6 > 0 such that (1 + §)? <
1+ e. Applying first the principle of local reflexivity to the subspace E =
span{yi, ..., yn, ™"} of X** provides us a local reflexivity operator S: F —
X. Applying then the definition of an ai-ideal to the subspace S(E) of X
provides us an operator 7: S(F) — Y such that U =TS: E — Y satisfies
the conditions

Ue=e, ecENY
and
(1+8) 7 lell < |Uell < (1 +8)lel, €€ E.
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Put y = % Then y € Sy. We shall verify that ||y; + sy| < 1+ ¢ for all
1=1,...,n.
Firstly, let us show that ||y; + sz**|| < 1. Let 2* € X* be arbitrary. Since

y; € Sy C ran P* and z** € Sy p+, we have
|(yi + s2™)(2")| = |(Pz")(yi) + sz™ (2" — Pz”)|
< [Pzt + sl|z” — Pa™|| < [[27

as needed.
Secondly, using that 1+ 6 > ||[Uz**||7! > (14+0)"! > 1 — 6, we have

—— — || = |—— —1| <4.
‘ Uz ‘ Uz
Putting these inequalities together implies that
o+ sl = |0 (35 + 5 )
Yi T+ SY|| = Yi T ST ntl
b
*3k
< (149) <Hy + sz + s || —— — 2™ >
1 [Uz*]]

<(1+0)(1+s5)<(1+6)*<1+e.
O

The s-ASQ analogues of [1, Lemma 2.2] and [1, Theorem 2.4] go as follows.

Lemma 2.2. If z,y € Sx are such that ||x £ sy|| < 1+ ¢, then for all
scalars «, B the following estimate holds:

(21 - ) max{lal, 6]} < lloz + Byl < (2~ s +€) max{lal, [5]}.

Theorem 2.3. If X has the s-ASQ) property, then for every finite dimen-
stonal subspace E C X and every € > 0 there exists y € Sx such that for all
scalars A and all x € E

1
<2_8 - ) mac{lall, M} < 12 + Agll < (2 = s + ) max{ ], ]\]).

In Remark 3.4, we shall see that the bounds in Lemma 2.2 (hence also in
Theorem 2.3) cannot, in general, be improved.

Proof of Lemma 2.2. We may assume s < 1 since s = 1 has already been
treated in [1]. We can also assume that € is small enough.
First note that
2=|(z+sy) + (x—sy)ll < llz L syl +1+e¢,

hence
ot syl >1—c. (1)
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It is clear that if @« = 0 or § = 0 the lemma holds.
Case |f| > |a| > 0. We need to show that

1
—— —e< |y ty|| <2-s+¢,
2—s

where v = € (0,1]. By the triangle inequality, we get

(3
]
vz £yl =llv(zLsy) (1 —ys)yl <v(1+e—s)+1<2-s+e.

For v > 51— we have (due to (1))

1 1
vz £y = gH’YSﬂ? + syl = ;Hx + sy — (1 —s)z||

1 1 1
>(l—e—(1—7s) =vy—-c>
(l—e—(0-vs)=7-_e>5—

—E.

The last inequality holds as it is equivalent to
<5 1
e < — .
1—s 7 2—s5

1
vz £yl = [(T+ys)y £y Fsy)l| =1 +ys —v(1+e) = ;— — e

For v < Tis we have

2—s
Case |a| > |5]| > 0. Denote 6 = ‘g‘ € (0,1). We shall show that
1
—— —e< |zt dy[| <2—-s+e
2—s
We have
[ £ oyl = l|6(z £ sy) + (1 = 6)z £ 6(1 — s)y||
<0(1l4+e—-141-85)+1<2—-s5+¢
and
0 S 0 S
| (RSN at ELIE R
lz oyl =~ ||[(1+5) e —(@Fsy)|| = (1+5 €
s1-Ss b
s~ 2—s
The last inequality holds as it is equivalent to ¢ < 5°. O

Proof of Theorem 2.3. The argumentation is an adapted version of that in

[1]. We take an §-net {z1,...,2n} of Sg. Due to the s-ASQ-ness of X, we
can find y € Sx such that

€ €
1—5 < £ sy < 1"‘5‘
Now, for a = € Sg, find i such that ||z — 2;|| < §, hence

L—e <zt syl = o —2ill <z £ syll < llzi + syl + [lo — 2| <1+
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By using Lemma 2.2 we obtain the result. O

Remark 2.4. Arguing analogously to [1, Theorem 2.4], one can prove more
in Theorem 2.3: we can have that, for any finite dimensional subspace F' C
X* the element y can be taken so that s|f(y)| < (1 — s+ ¢)||f|| for every
ferF.

(Unlike in the 1-ASQ case, in the general s-ASQ case such reasoning does

not allow W to be arbitrarily small.)

/1]

A slight generalization of the argument in |1, Lemma 5.5] yields the fol-
lowing result.

Proposition 2.5. Let X and Y be nontrivial Banach spaces. Then X®1Y
fails the s-ASQ property for any s € (0, 1].

Proof. Let Z = X &Y, x € Sx, y € Sy. Consider the elements z; =
(—tx,(1 —t)y) and z2 = ((1 — t)x, —ty) from Sz where the exact value of
t € (0,1) will be clarified later. Assume that there is a w = (wg,wy) € Sz
with [|z; £ sw|| < 1+ ¢ for a certain small . Then

1 1
sllwa| + 11 =)yl < 5l =tz + swol| + 5 |[tw + swa

4510 =0y = swyll + (0~ 1)y + s,
< max{|z1 + sw||, ||z1 — sw||} < 1+e.
Hence s||w,|| < 1+e— (1 —t) =t+e. Similarly s|jw,| <t+ ¢, giving
sllw|| < 2(t+¢).
A contradiction has been reached if
2(t+¢) <s.
It suffices to take, e.g., t =¢ = . O

The following proposition is a s-LASQ version of [1, Proposition 5.7(1),(iii)].

Proposition 2.6. Let X and Y be nontrivial Banach spaces. The direct
sum Z = X ®oo Y i s-ASQ (s-LASQ) if and only if either X orY is s-ASQ
(s-LASQ).

Proof. We only prove the s-ASQ case — the s-LASQ case follows similarly.

Necessity. Assume that the sum Z = X © Y is s-ASQ. Suppose to
the contrary that neither X nor Y is s-ASQ. Thus there are finite families
Tl,---,Tn € Sx, Y1,---,Ym € Sy, and € > 0 such that for every x € Sx
there exists an index k € {1,...,n} and for every y € Sy there exists an
index [ € {1,...,m} such that

g +sz|| >1+e (2)
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and

Iy + syll > 1+e. (3)
Suppose that m > n. Denote z; =0 for i =n+1,...,m. Consider a family
zi = (x4,9i), @ = 1,...,m. By our assumption, there is a z = (u,v) € Sz
such that

|zi +sz]| <1+¢ (4)
for every ¢ = 1,...,m. The condition z € Sz implies u € Sx or v € Sy. In

the case u € Sy the inequality (4) is in contradiction with condition (2). In
the case v € Sy we get contradiction with (3).

Sufficiency. Suppose that X is s-ASQ. Let z; = (x;,y;) € Sz for i =
1,...,N and let € > 0. We may assume that x; # 0 for ¢ = 1,...,N. As
X is s-ASQ), there exists u € Sx such that ‘

i=1,...,N. Then

H;—m +suH < 1+ e for every

i + sull =

.
ol (2 + ) (1 = i) | < sl + €+ 51 L)
(2

=(1+e—s)|zi|| +s<1+e.
Put z = (u,0) € Sz. Now we have
|zi + sz|| < max{||z; + sul|,1} <1+¢
for every i =1,..., N and Z is s-ASQ. O

Every (non-separable) s-ASQ space is saturated with separable s-ASQ
subspaces, as is shown by the next result.

Proposition 2.7. Let X have the s-ASQ property. For every separable
subspace Y of X there ezxists a separable subspace Z having property s-ASQ
such thatY C Z C X.

We omit the proof as it is an almost verbatim copy of the proof of |1,
Proposition 6.5] (only s must be added in front of every y).

3. Examples

Let A € (0,1); we denote s =1 — X\. We consider an equivalent renorming
of ¢o due to Johnson and Wolfe [13]: let

a
)l =sup { Shlor ol ~aul. oo b @ cen G

and denote ¢y with respect to the norm (5) by co .

Note that the information from [8, Example 4.3] together with [8, Corollary
2.4| and Theorem 2.1 shows that ¢ ) has the %—ASQ property. However,
we can say more.
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Proposition 3.1. The space co \ has the s-ASQ property.

Proof. Take elements z; € S¢, ,, 7 =1,...,n, and a number € > 0. Now there
exists a natural number N such that ||x; — Pya;|| < e foralli=1,...,n
where P,, n € N, are the partial sum projections associated to the unit vector
basis (en )52, of oz

Denote y = en41, then ||ly|| =1 and ||Pyx; + 8y|| lforalli=1,...,n

Indeed, let z; = (£1)72,, then |&f] < X and |¢} — €] < 1 for all k € N and
z':l,...,n,andPNxZ+syf(§1,...,§N,sOO ) Now
iovai+oul = max {1 g eilef — sl e

< max{l,A\} =1
since €8 —s| < A +s=1. O

Proposition 3.2. The space ¢y fails the 5-LASQ property for any § €
(s,1].

Proof. Fix a number § € (s,1]. Consider an element x = (},0,0,...) € g »,
then ||z|| = 1. Fix a number ¢ > 0 such that ¢ < § — s. Assume that there
exists an element y = (1,) € co.z, ||yl = 1, such that ||z £ 5y|| < 1+e. Since
x + 8y = (A £ 3n1, £35n2, £5n3,...), we have

5 |A = Sm|
14 2| =225 g 4 ¢
)\771‘ h +e€
therefore @ < £ < &5 < 1. Now, as |y = % < 1, and |m —

Ml —=n M| < A, there exists an index m such that |n; —17m| =1 If M — N =
1, then

l+ez|z+syl|ZA+5m —dpm|=A+5=1—-s5+5>1+¢,

a contradiction. The case 1, —n1 = 1 is treated similarly, using the element
T — §y. O

Remark 3.3. Propositions 3.1 and 3.2 show that the Johnson—Wolfe spaces
co\ offer exact examples in the full scale of the s-ASQ property (where

€ (0,1)). (An example for 1-ASQ=ASQ is, of course, ¢p.) Also note that
if 5 € (0,1) is such that 5 > s, then the space ¢ 1, has the s-ASQ property,
but fails even the §-LASQ property, hence fails the §-ASQ property, hence
fails the (L)ASQ property.

Remark 3.4. Due to the spaces gy, the bounds 5— and 2 — s in Lemma
2.2 and Theorem 2.3 cannot be improved. Indeed, take x = (A,0,0,...) and
y=(0,1,0,0,...). Clearly z,y € S, , and ||z £ syH = 1. Now,

Hx_yH = H()‘v_laoa)n :max{1,1+)\}:1+)\:2—s,
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1
7+ (2= )yl = O, 14+ 2,0, )l =1 = 5= -max{1,2 - s}
Proposition 1.7 yields that the space ¢ ) also has the SSD(2(1—A))P. The
following result shows that it even has the SSD2P, hence also the SD2P.

Proposition 3.5. The space co \ has the SSD2P.

Proof. We are going to use [11, Theorem 2.1 (a)<(d)]: a Banach space X
has the SSD2P iff, for every n € N and every z1,...,z, € X, there exist
nets (y%,) C Sx and (z4) C Sx such that y! — x; weakly, z, — 0 weakly,
and ||y}, £ zo|| > 1 foralli=1,...,n.

So we have the elements z; = (£1)%2, € cox, @ = 1,...,n. Denote y% =
7+ (& — €4 )en. Choose an index N such that, for all i, we have |£4;| < %
if N > N’. Hence, if N > N’, then |&] — €4 < A+ 152 < 1, therefore the
equality

a [STRPTE. i i _
szH_sup A\ 7|€1 52‘7"‘7|€1 fN‘v'" =1

implies

HyNH :Sllp{ )3 7|€1 _52‘7'”7|€1 _§N71‘707‘§1 _£N+1’7”- =1

We also have that ey — 0 weakly, y}v — x; weakly, and

lyy £enl =1

because |&} — (¢ £1)| = 1.
We have verified that the nets (y}V)N>N/ and (en)n>n suit to the role of
(y!) and (zq), respectively. -

The paper [8] offers yet another equivalent renorming of ¢y. Fixa p € (0,1)
such that g =) p, where p,, > 0 for every n. Denote ¢y = (co, || - ||) where

I(an) || = sup (\an\ + Zukak> :

k=1
The “s-LASQ” analysis of ¢y remains inconclusive here, but some remarks
will be made. We denote
P
L+

s=1- € (0,1).

Let the unit vector basis of ¢y be denoted by (e,)5; where

1
en—<0,...,0,,0,...>.
L+ pn
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Note that the information from [8, Example 4.4] together with [8, Corollary
2.4] and Theorem 2.1 shows that ¢ has the (1 — u)-ASQ property. However,
we can say more.

Proposition 3.6. The space ¢g has the s-ASQ property.

Proof. We follow the scheme of the proof of Proposition 3.1. Take elements
Z1,...,Tn € S and a number € > 0. There exists a natural number /N such
that ||x; — Pyz;|| < e for all i = 1,...,n where P,,, m € N, are the partial
sum projections associated to the unit vector basis e,,, m € N, of ¢.

Denote y = en41, then |y|| =1 and ||Pyz; +sy|| < 1lforalli=1,...,n
Indeed, let z; = (€)%, then ||[Pyz; + sy| is the maximum of numbers (we
let j=1,...,N)

j—1
- , 1 +,UN+1 BNt
(L )+ ml€il, T ZMH&J T+ +Zukz|§k|
k=1

Since

= ; Al K

s+ <1 —p+ <1,

> el ntY T o

k=1 k=1
we have ||Pyx; + sy|| < 1. O

1

m,l], the space ¢o fails the

Proposition 3.7. For any k, for § € <
5-LASQ property.

Proof. Let 5 > ﬁ for some index k. Take z = e, € Sz. We denote

y = (an), |ly]l = 1, and prove that ||z + Sy|| < 1+ ¢ for a small € > 0 is
impossible.
Let m be an index, m > k, for which

ZMJM]" +(1+,um)|am| >1-—e

Let a; > 0. Now

m—1
lz+ 8yl > 377 -+ Sawme + Zugslagl (L pim) 3|
J#k
Pk 151 —¢)>1+e,
L+ g

as the last inequality is equivalent to € < ﬁ . <§ — ﬁ)
For aj < 0, we analogously show that ||z — sy|| > 1 +«.

We do not have the answer on the 5-ASQ-ness of ¢ for any § > s. However,
the next proposition pushes the lower bound towards s.
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Proposition 3.8. Let k and p be natural numbers such that k > p and

1 o 1
Hj:l(l + 1) ; LA pug
Let
o
§>1—Z J
j=1 LA

Then ¢y fails the 5-ASQ property.

Note that the sufficient condition in Proposition 3.8 is non-void, i.e., there
exist spaces ¢, where R(p, k) > 0. Indeed, for every k € N we have

k k
(1+Nj)>1+Zij
j=1 J=1
therefore
k p
1 P Z‘:1/~Lj
Rpk) >1— ———— =) i >~ =)
L+ 35 ; R ; ]

For example, if we put u, = ug" (1 —¢q) (0 < ¢ < 1), then Z;'l:1 pj =
u(l —q"). In this case

R(p.k) > —L— (¢ — ¢* + pg? — ).

1+ p
Hence, the condition R(p, k) > 0 holds if u, p, ¢ and k satisfy the inequality
1-— qk
< —
H< T

Proof of Prop. 3.8. Assume that under these conditions the space ¢y has the
5-ASQ property. We fix a number of “bad” elements z € Sz, and show that
if there is an element y = (ay) such that ||z + sy|| < 1 + € holds for all of
these “bad” elements x (and for a suitably small € > 0) then one cannot have

Iyl = 1.

Denote x1 = *ey, ..., T = *tey,
+1 +1 G
T = , = ]] ,0,0,...
Lt (T4 p) (1 + p2) iy Ly

where all coordinates can take the + or the — sign independently.

Assume now that, for all choices of signs, ||z;+3y|| < 1+¢,5=0,1,...,k.
The norm ||y|| is the supremum of numbers Z:r;ll wilai| + (L + pm)|aml,
m € N.



ALMOST SQUARENESS AND DIAMETER 2 PROPERTIES

We have, for a suitable choice of signs in x,, (where m = 1,

m—

Z ilag] + (14 i) |am)|

= Zgua‘\aa‘H‘l
j=1

< lzm + 8yl < 1+e,
therefore, for ¢ < §/(1 + 3),

+ éam‘ (1+ pm)
m

Zﬂj|aj|+(1+,um)|am|< <l-e

Wl M

Let m > k. For a suitable choice of signs in x,

k m—1

Hj .
Yo+ 3| D wlagl+ (L ) am|

o I (U4 ) j=1

—Z

+ > Epglag) + 51+ ) |am]
j=k+1

< flzo + Syl < 1+e.

=+ sa;

+Mz’) ’

Since
k

g 1 _ _
P TR i
j=1 1li=1 Hi j=1 Hj

adding ——~—— to the inequalities (6) yields that

g=1(1+n;5)
m—1
> wilas] (1 g | < e
j=1 IT=1 (X + py)

If we had Z;n:? tilail + (1 + pm)|am| > 1 — ¢, then
1
§(l-e)< ——— +¢
[T (1 + py)

and, using that R(p, k) > 0, we would obtain

p

~ Hi
l—¢g)<1-—

5( £) ;:1 T+ + e

143

., k) that
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which would be equivalent to

P Hi e
- -+ 5—1
e > ZiEl > 0.
s+1

Therefore € can not be made arbitrarily small, so ¢ is not §-ASQ. O
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