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On Riemann problem in weighted Smirnov classes
with general weight

Bilal Bilalov, Aysel Guliyeva, and Sabina Sadigova

Abstract. Weighted Smirnov classes in bounded and unbounded do-
mains are defined in this work. Nonhomogeneous Riemann problems
with a measurable coefficient whose argument is a piecewise continuous
function are considered in these classes. A Muckenhoupt type condi-
tion is imposed on the weight function and the orthogonality condi-
tion is found for the solvability of nonhomogeneous problem in weighted
Smirnov classes, and the formula for the index of the problem is derived.
Some special cases with power type weight function are also considered,
and conditions on degeneration order are found.

1. Introduction

Let Γ be some rectifiable Jordan contour on the complex plane C and let
X (Γ) be a Banach space of functions on Γ. Let E+

X (intΓ) and E−X (extΓ)
be the Smirnov classes of functions analytic in intΓ and extΓ, respectively,
generated by the metric of X (Γ). Let G : Γ → C and g ∈ X (Γ) be some
given functions. Consider the Riemann problem

F+ (τ)−G (τ)F− (τ) = g (τ) , τ ∈ Γ,
(F+;F−) ∈ E+

X (intΓ)× E−X (extΓ) ,
(1)

where F+ (τ) (F− (τ) ) means the nontangential boundary value of the func-
tion F+ ∈ E+

X (intΓ) (F− ∈ E−X (extΓ)) at a point τ ∈ Γ from the inside
Γ (from the outside Γ). Here G (·) is called the coefficient, and g (·) the
right-hand side of problem (1). This problem has a deep history and is well
studied in different formulations. Monographs of various mathematicians
are devoted to this direction (see, for example, [10, 13, 15, 20, 28, 29, 30]).
Lp-theory was developed in the monograph [10]. The case of a weighted
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Lebesgue space with power weight was considered in [16, 17, 23, 24, 25, 27].
Namely, the general solution of the homogeneous Riemann problem with a
piecewise-continuous coefficient in the Smirnov weight classes with a weight
of the general form is constructed in the papers [23, 24, 27]. In [27], a
general solution to the nonhomogeneous Riemann problem with a piecewise
continuous coefficient in the weighted Smirnov classes with the weight of
a power form is found. In paper [25], nonhomogeneous Riemann problem
with a piecewise Hölder coefficient is considered, and a particular solution
to this problem is found in Smirnov weight classes with a general weight.
The Riemann problems associated with the metrics of the Lebesgue space
with a variable exponent of summability and Morrey spaces were studied in
[7, 8, 14, 21]. In [1]–[6], the Riemann problem is used to study the basic
properties of special systems of functions in Lebesgue spaces. It should be
noted that in all these works, strong restrictions are imposed on jumps of
the argument of the coefficient of the problem and on the weight function.

Weighted Smirnov classes in bounded and unbounded domains are de-
fined in this work. Nonhomogeneous Riemann problems with a measurable
coefficient whose argument is a piecewise continuous function are considered
in these classes. A Muckenhoupt type condition is imposed on the weight
function and the orthogonality condition is found for the solvability of non-
homogeneous problem in weighted Smirnov classes, and the formula for the
index of the problem is derived. Some special cases with power type weight
function are also considered, and conditions on degeneration order are found.

It should be noted that problems close to the topic of this article are
considered in works [31, 32] and the weighted Hardy classes (we call them
weighted Smirnov classes) are defined in a different way and impose more
restrictive conditions on the weight function. Analogues of classical results
are established in these classes.

2. Necessary information and auxiliary facts

In this section, we state some notations and facts to be used to obtain
our results. By Or (z0) we denote a circle of radius r centered at z0 on
the complex plane C, i.e., Or (z0) ≡ {z ∈ C : |z − z0| < r }. |M | means the
Lebesgue (linear) measure of the set M ⊂ Γ, where Γ ⊂ C is some rectifiable
curve. By n,m we denote the set {n, n+ 1, . . . ,m}, and [x] means the integer
part of a number x ∈ R. Notation f (x) ∼ g (x) , x ∈ M , means that there
exists δ > 0 with

0 < δ ≤
∣∣∣∣f (x)

g (x)

∣∣∣∣ ≤ δ−1, x ∈M.

Let us give a definition for Carleson curve.
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Definition 1. A Jordan rectifiable curve Γ on the complex plane is called
a Carleson curve or a regular curve if

sup
z∈Γ
|Γ ∩Or (z)| ≤ cr, r > 0,

where c is a constant independent of r.

For more information about this concept see, e.g., [11, 12].
Let Γ be some Jordan rectifiable curve and ω (·) be a weight function on

Γ, i.e., ω (ξ) > 0 for a.e. ξ ∈ Γ.

Definition 2. We will say that the weight function ω : Γ → R+ =
(0,+∞) belongs to the Muckenhoupt class Ap (Γ) (p > 1), if

sup
z∈Γ

sup
r>0

(
1

r

∫
Γ∩Or(z)

ω (ξ) |dξ|

)(
1

r

∫
Γ∩Or(z)

|ω (ξ)|−
1
p−1 |dξ|

)p−1

< +∞.

We will need some facts about the weights ω (·), which satisfy the
Muckenhoupt condition Ap (Γ), 1 < p < +∞, on the rectifiable curve Γ.
The following statement is true.

Statement 1. i) If ω ∈ Ap (Γ), 1 < p < +∞, then ω ∈ Aq (Γ) for q > p;

ii) ω ∈ Ap (Γ), 1 < p < +∞, if and only if ω
− 1
p−1 ∈ Ap′ (Γ) , 1

p + 1
p′ = 1;

iii) if ω ∈ Ap (Γ), 1 < p < +∞, then ω ∈ Aq (Γ) for some q with 1 < q < p.

We will also use the following statement by Coifman and Fefferman [9].

Statement 2. If the function ω (·) > 0 satisfies the Muckenhoupt con-
dition Ap (Γ), 1 < p < +∞, then for sufficiently small δ > 0 the “inverse
Hölder inequality”(

1

r

∫
Γ∩Or(z)

|ω (ξ)| 1+δ |dξ|

) 1
1+δ

≤ c

(
1

r

∫
Γ∩Or(z)

ω (ξ) |dξ|

)
, r > 0, z ∈ Γ

holds, where c = c (δ) is a constant independent of r and z ∈ Γ.

As usual, by Lp,ω (Γ) we denote the weighted Lebesgue space of functions
endowed with the norm

‖f‖Lp,ω(Γ) =

(∫
Γ
|f (ξ)|p ω (ξ) |dξ|

) 1
p

.

Consider the singular Cauchy operator

SΓ (f) =
1

2πi

∫
Γ

f (ξ)

ξ − τ
dξ, τ ∈ Γ.

The following theorem is valid.
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Theorem D. The operator SΓ is bounded in Lp (Γ), 1 < p < +∞, only
when Γ is a regular curve. Moreover, if Γ is a regular curve, then the singular
operator SΓ is bounded in Lp,ω (Γ), 1 < p < +∞, only when ω ∈ Ap (Γ).

For more information about these results see, e.g., [11, 12]. We will also
use the following result.

Privalov theorem. The following statements hold true: i) the singular
operator

SΓf (z) =
1

2πi

∫
Γ

f (ξ)

ξ − z
dξ, z ∈ Γ,

acts and is bounded in the space Lipα (Γ), if Γ is a piecewise smooth curve
with no cusps; ii) the same statement remains true when Γ is a Radon curve
with no cusps.

Recall that the Lipschitz space Lipα (Γ) is a Banach space on Γ with the
norm

‖f‖Lipα(Γ) = max
z∈Γ
|f (z)|+ sup

z1;z2∈Γ

|f (z1)− f (z2)|
|z1 − z2|α

.

For more information about this result see, e.g., [10] and [22].

Let G (ξ) = |G (ξ)| eiθ(ξ) be complex-valued functions on the curve Γ.
We make the following basic assumptions on the coefficient G (·) of the
considered boundary value problem and Γ:

(i) |G (·)|±1 ∈ L∞ (Γ);
(ii) θ (·) is piecewise continuous on Γ, and

{
ξk : k ∈ 1, r

}
⊂ Γ are dis-

continuity points of the function θ (·):
(iii) Γ is either Lyapunov or Radon curve (i.e., it is a limited rotation

curve) with no cusps. Direction along Γ will be considered as positive,
i.e., when moving along this direction the domain D stays on the left
side. Let a ∈ Γ be an initial (and also a final) point of the curve
Γ. We will assume that ξ ∈ Γ follows the point τ ∈ Γ, i.e. τ ≺ ξ,
if ξ follows τ when moving along a positive direction on Γ\a, where
a ∈ Γ represents two stuck points a+ = a−, with a+ a beginning, and
a− an end of the curve Γ.

So, without loss of generality, we will assume that a+ ≺ ξ1 ≺ · · · ≺ ξr ≺
b = a−. Denote one-sided limits limξ→ξ0±0

ξ∈Γ
g (ξ) of the function g (ξ) at the

point ξ0 ∈ Γ generated by this order by g (ξ0 ± 0), respectively. The jumps
of the function θ (ξ) at the points ξk , k ∈ 1, r, are denoted by hk:hk =
θ (ξk + 0)− θ (ξk − 0), k ∈ 1, r.

Let D+ ⊂ C be a bounded domain with the boundary Γ = ∂D+, which
satisfies the condition (iii). Denote by Ep (D+) , 1 < p < ∞, a Smirnov
Banach space of analytic functions in D+ with the norm

‖f‖Ep(D+) = :
∥∥f+

∥∥
Lp(Γ)

, f ∈ Ep
(
D+
)
, (2)
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where f+ = f/Γ are non-tangential boundary values of the function f on Γ.
Based on the norm (2), we define the weighted Smirnov class. Let ρ ∈

L1 (Γ) be some weight function. Define weighted Smirnov class Ep,ρ (D+)
by

Ep,ρ
(
D+
)
≡
{
f ∈ E1

(
D+
)

:
∥∥f+

∥∥
Lp,ρ(Γ)

< +∞
}
.

Let

‖f‖Ep,ρ(D+) =
∥∥f+

∥∥
Lp,ρ(Γ)

.

Similarly we define the Smirnov classes in an unbounded domain. Let
D− ⊂ C be an unbounded domain containing infinitely remote point (∞).
Denote by mE1 (D−) a class of functions from E1 (D−) which are analytic in
D− and have an order k ≤ m at infinity, i.e., the function f ∈ E1 (D−) has a
Laurent decomposition f (z) =

∑m
k=−∞ akz

k in the vicinity of the infinitely
remote point z =∞, where m is some integer.

For a given weight function ρ ∈ L1 (Γ), the weighted class mEp,ρ (D−) is
defined as

mEp,ρ
(
D−
)
≡
{
f ∈m E1

(
D−
)

:
∥∥f−∥∥

Lp,ρ(Γ)

}
with

‖f‖
mEp,ρ(D−) =

∥∥f−∥∥
Lp,ρ(Γ)

,

where f− are non-tangential boundary values of the function f on Γ.
We will also use some results of [23, 24, 25, 27] related to the solvability of

homogeneous and nonhomogeneous Riemann problem in weighted Smirnov
classes. Consider the following homogeneous Riemann problem in weighted
Smirnov classes:

F+ (ξ)−G (ξ)F− (ξ) = 0, a.e. ξ ∈ Γ. (3)

By the solution of the problem (3) we mean a pair of analytic functions(
F+;F−

)
∈ Ep,ρ

(
D+
)
×m Ep,ρ

(
D−
)
,

whose non-tangential boundary values F± (ξ) satisfy the equality (3) a.e.
on Γ. In weightless case, this problem has been well enough studied in the
monograph by Danilyuk [10].

In construction of a general solution of homogeneous Riemann problem,
an important role is played by the following lemma of uniqueness of the
solution for a simplest homogeneous problem.

Lemma C (see [10]). Assume that D+ is an arbitrary domain bounded
by the rectifiable curve Γ. A homogeneous problem

Φ+ (ξ)− Φ− (ξ) = 0, ξ ∈ Γ,

in a class of functions Φ (·), belonging to Smirnov classes E1 (D±) (D−=
C\D̄+

)
and having a finite order k at infinity, admits only trivial solutions

in the form of polynomials, whose degree does not exceed k.
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Let S be a length of the curve Γ and let z = z (s) , 0 ≤ s ≤ S, be
a parametric representation of Γ with respect to the length of the arc s.
Rewrite the problem (3) as follows:

F+ [z (s)]−G (z (s))F− [z (s)] = 0, a.e. s ∈ [0, S] .

Let Ω (s) ≡ θ (z (s)) , 0 ≤ s ≤ S, and suppose

hk = Ω (sk + 0)− Ω (sk − 0) , k ∈ 1, r; h0 = Ω (+0)− Ω (S − 0) ,

where ξk = z (sk) , 0 < sk < S, and a = z (0) = z (S) are discontinuity
points of the argument Ω (·). Consider the piecewise holomorphic functions

Z(1) (z) = exp

{
1

2πi

∫
Γ

ln |G (z (s))| dz (s)

z (s)− z

}
,

Z̃θ (z)=exp

{
1

2π

∫
Γ

Ω (s)
dz (s)

z (s)−z

}
=exp

{
1

2π

∫
Γ
θ (z (s))

dz (s)

z (s)−z

}
, z /∈ Γ.

As the argument θ (·) is defined ambiguously, it is clear that the value of

the function Z̃θ (·) depends on the chosen argument. Denote the product of
these functions by

Zθ : Zθ (z) ≡ Z(1) (z) Z̃θ (z) , z ∈ C\Γ.
Hereinafter, the function Zθ (·) will be called a canonical solution of the

problem (3) corresponding to the argument θ (·).
The following lemma is true for the first multiplier Z(1) (z).

Lemma 1 (see [10]). Let the conditions (i)–(iii) be satisfied for the coef-
ficient G (·) and the curve Γ. Then the functions Z(1) (z) and Z−1

(1) (z) are

bounded in each of the domains D±.

Represent the function Ω (s) in the form

Ω (s) = Ω0 (s) + Ω1 (s) , 0 ≤ s ≤ S,
where Ω0(s) is a continuous part, and Ω1(s) is a jump function defined by

Ω1 (0) = 0,

Ω1 (s) = [Ω (+0)− Ω (0)] +
∑

0<sk<s

hk + [Ω (s)− Ω (s− 0)] , 0 < s < S.

Denote

h
(0)
0 = Ω0 (S)− Ω0 (0) , h

(1)
0 = Ω1 (+0)− Ω1 (S − 0) .

Let

Z(2) (z) = exp

{
1

2π

∫
Γ

Ω0 (s)
dz (s)

z (s)− z

}
and

Z(3) (z) = exp

{
1

2π

∫
Γ

Ω1 (s)
dz (s)

z (s)− z

}
.
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It was proved in [10] that the following inclusion is true:

Z̃±1
(2) (s) = |z (s)− z (0)|±

h
(0)
0
2π

∣∣∣Z±(2) [z (s)]
∣∣∣±1
∈ Lq (Γ) , q ∈ (0,+∞) .

The modulus of boundary values of the function Z(3) (·) can be represented
by ∣∣∣Z+

(3) [z (σ)]
∣∣∣ ≡ |z (0)− z (σ)|−

h
(1)
0
2π

∏
0<sk<S

|z (sk)− z (σ)|−
hk
2π , (4)

which follows directly from the lemma below.

Lemma 2 (see [10]). Let the curve Γ satisfy the condition (iii) and let

Ω1(s) be an arbitrary jump function with the jumps h
(1)
0 = Ω1 (+0)−Ω1 (S−0)

at the point z (0). Then the modulus of boundary values of the function
Z(3) (·) can be represented by the formula (4) for a.e. σ ∈ [0, S].

Let us introduce the weight function

σ (s) ≡ |z (0)− z (s)|−
h0
2π

∏
0<sk<S

|z (sk)− z (s)|−
hk
2π .

Let ρ : Γ → (0,+∞) be some weight function. Assume that there exist
p1, p2 ∈ (1,+∞) such that∫ S

0
σpp1 (s) ρp1 (z (s)) ds < +∞. (5)∫ S

0
σ−qp2 (s) ρ

− q
p
p2 (z (s)) ds < +∞, (6)

The following theorem is true.

Theorem 1 (see [23, 27]). Let the conditions (i)–(iii) hold for complex-
valued functions G (·) and the curve Γ. Assume that the conditions (5) and
(6) are satisfied for the weight function ρ (·). Then the general solution of
the homogeneous problem (3) in the classes Ep,ρ (D+) ×m Ep,ρ (D−) has a
representation

F (z) = Zθ (z)Pm (z) ,

where Zθ (·) is a canonical solution corresponding to the argument θ (·), and
Pm (·) is an arbitrary polynomial of degree k ≤ m (for m ≤ −1 we assume
Pm (z) ≡ 0).

This theorem has the following direct corollary.

Corollary 1. Let all the conditions of Theorem 1 be satisfied. Then,
if F (∞) = 0, the problem (3) has only a trivial solution in the classes
Ep,ρ (D+) ×m Ep,ρ (D−), i.e., when m ≤ −1, the problem (3) has only a
trivial solution in the classes Ep,ρ (D+)×m Ep,ρ (D−).
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Consider the following nonhomogeneous Riemann problem:

F+ (z (s))−G (z (s))F− (z (s)) = g (z (s)) , s ∈ (0, S) , (7)

where g ∈ Lp,ρ (Γ) is a given function. By the solution of the problem (7)
we mean a pair of functions(

F+ (z) ;F− (z)
)
∈ Ep,ρ

(
D+
)
×m Ep,ρ

(
D−
)
,

whose boundary values F± on Γ a.e. satisfy (7). Introduce the weight
function

ν (s) =: σp (s) ρ (z (s)) , s ∈ (0, S) . (8)

We will assume that the weight function ρ (·) satisfies the condition∫
Γ
ρ
− q
p (z (s)) |dz (s)| < +∞. (9)

The following theorem is proved in [25].

Theorem 2. Let the coefficients G (z (s)) , 0 ≤ s ≤ S, of the problem (7)
satisfy the conditions (i) and (ii). Assume that their arguments are piecewise
Hölder functions and the curve Γ = z ([0, S]) satisfies the condition (iii).
If the weight function ν (·) belongs to the Muckenhoupt class Ap (Γ) , 1 <
p < +∞, and the weight function ρ (·) satisfies the condition (9), then the
analytic function

F1 (z) ≡ Zθ (z)

2πi

∫
Γ

g (ξ) dξ

Z+
θ (ξ) (ξ − z)

(10)

is a particular solution of the nonhomogeneous Riemann problem (7) in
weighted Smirnov classes Ep,ρ (D+)×−1 Ep,ρ (D−) .

Using this theorem, the following theorem is established in [26].

Theorem 3. Let the coefficients G (z (s)) , 0 ≤ s ≤ S, of the nonho-
mogeneous problem (7) satisfy the conditions (i) and (ii). Let argG (·) be a
piecewise Hölder function on Γ, where the curve Γ = z ([0, S]) satisfies the
condition (iii). Assume that the weight function ν (·) defined by (8) belongs
to the Muckenhoupt class Ap (Γ) , 1 < p < +∞, and the condition (9) holds,

i.e., ρ
− q
p ∈ L1 (Γ). Then the following assertions are true with regard to the

solvability of the problem (7) in the classes Ep,ρ (D+)×m Ep,ρ (D−):
1) for m ≥ −1, the problem (7) has a general solution of the form

F (z) = Zθ (z)Pm (z) + F1 (z) ,

where Zθ(·) is a canonical solution of the corresponding homogeneous prob-
lem (3), Pm(z) is an arbitrary polynomial of degree k ≤ m (for m = −1 we
assume Pm (z) ≡ 0), and F1(·) is a particular solution of the nonhomoge-
neous problem (7) of the form (10);
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2) for m < −1, the nonhomogeneous problem (7) is solvable only when
the right-hand side g (·) satisfies the orthogonality conditions∫

Γ

g (ξ)

Z+
θ (ξ)

ξk−1dξ = 0, k ∈ 1,−m− 1,

and the unique solution F (z) = F1 (z) is defined by (10).

3. Main results

3.1. Power weight. In Theorems 1 and 3, strong restrictions are imposed
on the coefficient G (·) and on the weight function. In this section we consider
a more general case. First, we consider the case when the weight has a power
form. The index of the problem is found. Then a certain class of weights
is introduced, depending on the coefficient. The index of the problem is
calculated also in the case when the weight has a general form.

Let us first consider the case where the weight ρ (·) has a power form

ρ (s) =

m0∏
k=0

|z (s)− z (tk)|αk , s ∈ [0, S] , t0 = 0. (11)

Let the following relation hold:

βi
p
/∈ Zp ≡

{
k − 1

p
: k ∈ Z

}
, i ∈ 0, l, (12)

where the numbers βk are defined by

βk = − p

2π

r∑
i=0

hiχTk (si) +

m0∑
i=0

αiχTk (ti) , k ∈ 0, l. (13)

Without loss of generality, we assume 0 = σ0 < σ1 < ... < σl < S, where

{σk}l0 ≡ {sk}
r
0 ∪{tk}

m0
0 ; hk=h (σk)=θ (z (σk+0))− θ (z (σk−0)) , k ∈ 1, l ;

h0 = h (σ0) = θ (z (S − 0)) − θ (z (+0)) ,

are the jumps corresponding to the argument θ (·) at the points σk, k ∈ 0, l.
Introduce the function

θ̃ (z (s)) =


θ (z (s)) , 0 < s < σ1,

θ (z (s)) + 2πn1, σ1 < s < σ2,
...

θ (z (s)) + 2πnl, σl < s < S,

where {nk}l1 ⊂ Z. It is not difficult to see that

eiθ̃(z(s)) ≡ eiθ(z(s)), s /∈
{
σk : k ∈ 1, l

}
.
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We have

h (σk) =

{
hi, σk = si,

0, σk /∈ {si}r1 ,
h (σ0) = h0.

Let

G̃ (z (s)) = |G (z (s))| eiθ̃(z(s)), 0 < s < S,

and consider the Riemann boundary value problem

F+ (z (s))− G̃ (z (s))F− (z (s)) = g (z (s)) , s ∈ (0, S) , (14)

with the coefficient G̃ (·). As G (z (s)) ≡ G̃ (z (s)) , s ∈ (0, S), it is clear
that the issues related to the solvability of the problems (7) and (14) in the
classes Ep,ρ (D+)×mEp,ρ (D−) are equivalent to each other. It is not difficult
to see that for the problem (14) the relation (13) becomes

β̃k = − p

2π
h̃k +

m0∑
i=0

αiχTk (ti) , k ∈ 0, l,

where h̃k is a jump of the function θ̃ (z (s)) at discontinuity point s = σk,
i.e.,

h̃k = θ̃ (z (σk + 0))− θ̃ (z (σk − 0)) , k ∈ 1, l.

We have

h̃1 = h (σ1) + 2πn1; h̃k = h (σk) + 2π (nk − nk−1) , k ∈ 2, l;

h̃0 = h (σ0)− 2πnl.

Considering these relations for β̃k, we obtain

β̃1 = β1 − pnl; β̃k = βk − p (nk − nk−1) , k ∈ 2, l; β̃0 = β0 + pnl.

Consequently,

− β̃1

p
= −β1

p
+ n1; − β̃k

p
= −βk

p
+ nk − nk−1, k ∈ 2, l;

− β̃0

p
= −β0

p
− nl.

Now let us define the integers nk, k ∈ 1, l, from the inequalities

−1
q < −

β1
q + n1 <

1
p ,

−1
q < −

βk
p + nk − nk−1 <

1
p , k ∈ 2, l.

}
(15)

From the conditions
{
βk
p

}l
1
∩Zp = ∅ it follows that the integers nk, k ∈ 1, l,

are defined uniquely by (15). Applying Theorem 3 to the problem (14), we
arrive at the following statement.
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Statement 3. Let the coefficient G (·) and the curve Γ satisfy the con-

ditions (i)–(iii), the weight function ρ (·) is defined by (11), and {βk}l0 is

defined by (13). Assume that
{
βk
p

}l
0
∩ Zp = ∅ and the integers nk, k ∈ 1, l,

are defined by (15). If the conditions

−1

q
< −β0

p
− nl <

1

p
; αk <

p

q
, k ∈ 0,m0, (16)

hold, then the assertions 1) and 2) of Theorem 3 are true with regard to the
solvability of the problem (7) in the classes Ep,ρ (D+)× mEp,ρ (D−).

Now we consider the case, where β0 may not satisfy (16). So let us assume
that the coefficient G (·) and the curve Γ satisfy all the conditions of State-
ment 3 except (16). The number β0, corresponding to the function θ (·), has
the form

β0 = − p

2π
h0 + α0 = − p

2π
(θ (a+ 0)− θ (a− 0)) + α0

= − p

2π
(θ (z (+0))− θ (z (S − 0))) + α0.

Let z0 ∈ D+ be an arbitrary fixed point. Consider the following analytic
function in D−:

ω (z) = (z − z0)φ , z ∈ D−,
where φ ∈ Z is some integer. We have ω− (ξ) = (ξ − z0)φ , ξ ∈ Γ. Let
γ (ξ) = argω− (ξ) , ξ ∈ Γ, and

G1 (ξ) = G̃ (ξ)ω− (ξ) , ξ ∈ Γ.

It is not difficult to see that the function G1 (·) satisfies the conditions (i)
and (ii). We have

θ1 (ξ) = argG1 (ξ) = θ̃ (ξ) + γ (ξ) , ξ ∈ Γ.

It is absolutely clear that the discontinuity points and the jumps of the
function θ1 (z (·)) coincide with the discontinuity points and the jumps of

the function θ̃ (z (·)) on (0, S). The jump h0 (θ1) of the function θ1 (·) at the
point ξ = a = z (0) = z (S) is equal to

h0 (θ1) = θ1 (z (+0))− θ1 (z (S − 0))

= θ̃ (z (+0))− θ̃ (z (S − 0)) + γ (z (+0))− γ (z (S − 0)) = h̃0 − 2πφ.

It is obvious that the quantity h0 (θ1) does not depend on the choice of the

point z0 ∈ D+. The quantities βk
(1), defined by (13) with regard to the

coefficient G1 (·), are equal to

βk
(1) = β̃k, k = 1, l ; β0

(1) = − p

2π
h0 (θ1) = − p

2π
h̃0 + pφ = β̃0 + pφ .
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Consequently

−β0
(1)

p
= − β̃0

p
− φ = −β0

p
− nl − φ.

Now define the number φ ∈ Z from the condition −1
q < −

β0(1)

p < 1
p , i.e., set

φ =

[
−β0

p
+

1

q
− nl

]
.

Then we obtain that the coefficient G1 (·) satisfies all the conditions of State-
ment 3, and therefore all the conditions of Theorem 3. Modify the problem
(7) in the following way:

F+ (ξ)−G (ξ)ω− (ξ)
F− (ξ)

ω− (ξ)
= g (ξ) , ξ ∈ Γ,

or

Φ+ (ξ)−G1 (ξ) Φ− (ξ) = g (ξ) , ξ ∈ Γ, (17)

where

Φ (z) =

{
F (z) , z ∈ D+,
F (z)
ω(z) , z ∈ D−.

It is absolutely clear that

Φ− (ξ) ∼ F− (ξ)ω−1 (ξ) , ξ ∈ Γ.

Moreover, if F (z) has an expansion in a neighborhood of z =∞ of the form

F (z) =
m∑

k=−∞
akz

k, am 6= 0, z →∞,

then Φ (z) has an expansion of the form

Φ (z) =

m−φ∑
k=−∞

bkz
k, bm−φ 6= 0, z →∞.

It follows directly from these relations that the function F (·) belongs to
the class mEp,ρ (D−) if and only if the function Φ (·) belongs to the class

m−φEp,ρ (D−), i.e., if the relation

F (·) ∈m Ep,q(D
−)⇔ Φ(·) ∈m−φ Ep,q(D−),

holds.
Thus, the solvability of the problem (7) in the classes Ep,ρ (D+)×

mEp,ρ (D−) is equivalent to the solvability of the problem (17) in the classes
Ep,ρ (D+) × m−φEp,ρ (D−). As all the conditions of Theorem 3 are satis-
fied with regard to the problem (17), applying this theorem we obtain the
following result.
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Statement 4. Let the coefficient G (·) and the curve Γ satisfy the condi-
tions (i)–(iii), and let the weight function ρ (·) be defined by (11). Assume

that βk, k ∈ 0, l, defined by (13) satisfy the condition {βk}l0 ∩ Zp = ∅, and

αk <
p
q , k ∈ 1,m0. Let φ =

[
−β0

p + 1
q − nl

]
, where the integer nl is defined

from the inequalities (15). Then the following assertions are true with regard
to the solvability of the problem (17) in the classes Ep,ρ (D+)×m−φEp,ρ (D−):

(1) for m−φ ≥ −1, the problem (17) has a general solution of the form

Φ (z) = Zθ1 (z)Pm−φ (z) + Φ1 (z) ,

where Zθ1(·) is a canonical solution of the homogeneous problem with the
coefficient G1 (·), Pm−φ(·) is an arbitrary polynomial of degree k ≤ m − φ
(for m−φ = −1 we assume Pm−φ (z) ≡ 0), and Φ1(·) is a particular solution
of the nonhomogeneous problem (17) of the form

Φ1 (z) =
Zθ1 (z)

2πi

∫
Γ

g (ξ)

Z+
θ1

(ξ)

dξ

ξ − z
, z /∈ Γ; (18)

(2) for m − φ < −1, the nonhomogeneous problem (17) is solvable only
when the right-hand side g (·) satisfies the orthogonality conditions∫

Γ

g (ξ)

Z+
θ1

(ξ)
ξk−1dξ = 0, k ∈ 1, φ−m− 1,

and the unique solution Φ (z) = Φ1 (z) is defined by (18).

We call the integer φ(G) = m−φ+1 = m−
∑l

k=0

[
−βk

p + 1
p

]
+1 an index

of the problem (7) in the classes Ep,ρ (D+)× mEp,ρ (D−).

Thus, for φ (G) ≥ 0 the problem (7) is always solvable, while for φ (G) < 0
it is only solvable when the orthogonality conditions hold (−φ (G)).

Let us simplify the formulation of Statement 3. From (15) we have

0 <
β1

p
+

1

p
− n1 < 1⇒ n1 =

[
β1

p
+

1

p

]
;

0 <
βk
p

+
1

p
− (nk − nk−1) < 1⇒ nk − nk−1 =

[
βk
p

+
1

p

]
⇒ n2 =

[
β2

p
+

1

p

]
+ n1 =

[
β1

p
+

1

p

]
+

[
β2

p
+

1

p

]
, . . . ,

nl =
l∑

k=1

[
βk
p

+
1

p

]
.

Then from (16) it follows that

nl = −
[
β0

p
+

1

p

]
⇒

l∑
k=0

[
βk
p

+
1

p

]
= 0.
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Therefore, Statement 3 can be restated as follows.

Statement 5. Let the coefficient G (·) and the curve Γ satisfy the condi-

tions (i)–(iii), let the weight ρ (·) be defined by (11), and let {βk}l0 be defined
by (13). Let also the conditions{

βk
p

}l
0

∩ Zp = ∅; αk <
p

q
, k ∈ 1, φ,

hold. If
∑l

k=0

[
βk
p + 1

p

]
= 0, then the assertions 1) and 2) of Statement

3 are true with regard to the solvability of the problem (7) in the classes
Ep,ρ (D+)× mEp,ρ (D−).

Now let us consider the more general case. By Statement 4 we have

−1

p
<
β0

(1)

p
<

1

q
⇒ 0 <

β0

p
+ nl + φ+

1

p
< 1

⇒ nl + φ = −
[
β0

p
+

1

p

]
⇒ φ = −

[
β0

p
+

1

p

]
− nl = −

l∑
k=0

[
βk
p

+
1

p

]
.

The solution of the boundary value problem (7) is expressed in terms of the
solutions of the boundary value problem (17) by the formula

F (z) =

{
Φ (z) , z ∈ D+,

ω (z) Φ (z) , z ∈ D−.

Taking into account these relations, from Statement 4 we obtain the fol-
lowing theorem.

Theorem 4. Let the coefficient G (·) and the curve Γ satisfy the condi-
tions (i)–(iii), and let the weight function ρ (·) be defined by (11). Assume
that the following conditions hold:

{βk}l0 ∩ Zp = ∅; αk <
p

q
, k ∈ 0,m0,

where βk, k ∈ 0, l, are defined by (13). Let

φ (G) = m− φ+ 1 = m−
l∑

k=0

[
βk
p

+
1

p

]
+ 1.

Then the following assertions are true with regard to the solvability of the
problem (7) in the classes Ep,ρ (D+)× mEp,ρ (D−):

(1) for φ (G) = m− φ + 1 ≥ 0, the problem (7) has a general solution of
the form

F (z) = F0 (z)Pφ(G)−1 (z) + F1 (z) ,
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F0 (z) =

{
Zθ1 (z) , z ∈ D+,

(z − z0)φ Zθ1 (z) , z ∈ D−,

where Zθ1(·) is a canonical solution of the homogeneous Riemann problem
with the coefficient G1 (·), Pφ(G)−1 (·) is an arbitrary polynomial of degree
k ≤ φ (G) − 1 (for φ (G) = 0 we assume Pφ(G)−1 (z) ≡ 0), and F1(·) is a
particular solution of the nonhomogeneous problem (7) of the form

F1 (z) =

{
Φ1 (z) , z ∈ D+,

(z − z0)φ Φ1 (z) , z ∈ D−,
(19)

where the function Φ1 (·) is defined by the Cauchy type integral (18);
(2) for φ (G) < 0, the nonhomogeneous problem (7) is solvable only when

the right-hand side g (·) satisfies the orthogonality conditions∫
Γ

g (ξ)

Z+
θ1

(ξ)
ξk−1dξ = 0, k ∈ 1,−φ (G),

and the unique solution F (z) = F1 (z) is defined by (19).

Consider the case where the argument θ (·) of the coefficient G (·) is a
Hölder function on Γ. Then the discontinuity points of the function θ (·) do
not exist and, obviously, the corresponding jumps are equal to zero. Thus,

by agreed notations, we have {σk}l1 ≡ {tk}
m0
1 , and

{
β̃k

}
’s, corresponding to

the argument θ̃ (·), are equal to

β̃k = − p

2π
h̃k + αk ⇒ −

β̃k
p

= −αk
p

+ nk − nk−1, k ∈ 1,m0, n0 = 0.

From (15) we obtain

−1

p
<
αk
p

+ nk−1 − nk <
1

q
,
αk
p
<

1

q
, k = 1,m0, n0 = 0 .

It follows that if there exists k0 ∈ 1,m0 such that nk0−1 − nk0 < 0 , i.e.,
nk0−1 − nk0 ≤ −1, then

αk0
p
≥ −1

p
− (nk0−1 − nk0)− 1

p
+ 1 =

1

q
,

which contradicts the condition
αk0
p < 1

q . Consequently

nk−1 − nk ≥ 0, k ∈ 1,m0 ⇒ nk ≤ nk−1 ⇒ nk ≤ 0, k ∈ 1,m0,

because n0 = 0. Then nl ≤ 0. If nl ≤ −1, then from (16) we obtain

−1

p
<
β0

p
+ nl <

1

q
,
α0

p
<

1

q
,
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where β0 = α0. Again we have α0
p > −1

p − nl ≥
1
q , and this contradicts the

condition α0
p < 1

q . So we obtain nk = 0 for all k ∈ 1,m0, and, consequently

−1

p
<
αk
p
<

1

q
, k ∈ 1,m0,

i.e., the conditions (16) become the Muckenhoupt condition with regard to
the weight function ρ (·). So the following statement is true.

Statement 6. Let the argument θ (·) of the coefficient G (·) be a Hölder
function on Γ. Then the conditions (16) of Statement 3 hold if and only if
the weight ρ (·) satisfies the Muckenhoupt condition, i.e., ρ (·) ∈ Ap (Γ) , 1 <
p < +∞.

3.2. General weight. Before turning to the case of a general weight, let
us define the class of weights we need. So, let {ξk}n1 ⊂ Γ be some finite
subset of Γ. Denote by Aρ ({ξk}n1 ; Γ) the set of weights ρ (·) for which there
exists a set of integers {nk}n1 ⊂ Z such that ρ̃ (·) ∈ Ap (Γ), where

ρ̃ (ξ) =

n∏
k=1

|ξ − ξk|−nkp ρ (ξ) , ξ ∈ Γ.

The following lemma is true.

Lemma 3. The set of integers {nk}n1 ⊂ Z in the definition of the class
Ap ({ξk}n1 ; Γ) with 1 < p < +∞ is defined uniquely.

Proof. First we consider the case where the set {ξk}n1 consists of one point,
i.e., n = 1. Assume the contrary, i.e., there exist n1, n2 ∈ Z such that

ρk (ξ) = |ξ − ξ1|−pnk ρ (ξ) ∈ Ap (Γ) , k = 1, 2.

Without loss of generality, we will assume that n2 = n1 + n0, where n0 ∈ N,
i.e., n0 ≥ 1. We have

ρ2 (ξ) = ρ1 (ξ) |ξ − ξ1|−pn0 ⇒ |ξ − ξ1|−n0 = ρ
1
p

2 (ξ) ρ
− 1
p

1 (ξ) .

Hence, applying Hölder’s inequality, we obtain∫
Γ
|ξ−ξ1|−n0 |dξ|≤

(∫
Γ
ρ2 (ξ) |dξ|

)
1
p

(∫
Γ
ρ
− q
p

1 (ξ) |dξ|
)

1
q ,

1

p
+

1

q
= 1. (20)

From ρk (·) ∈ Ap (Γ) , 1 < p < +∞, k = 1, 2, it follows that ρ2 (·) ∈
L1 (Γ) , ρ

− q
p

1 (·) ∈ L1 (Γ). Then from (20) we obtain |ξ − ξ1|−n0 ∈ L1 (Γ),
which contradicts the condition n0 ≥ 1. The case n = 1 is proved.

The general case is reduced to this case by using the relation
n∏
k=1

|ξ − ξ1|−pnk ρ (ξ) ∈ Ap (Γ)⇒ |ξ − ξ1|−pnk ρ (ξ) ∈ Ap (Γk) , k ∈ 1, n ,



ON RIEMANN PROBLEM IN WEIGHTED SMIRNOV CLASSES 49

where Γk ⊂ Γ, k ∈ 1, n, is a part of the curve Γ, which contains only ξk and
no other point ξi, i 6= k, and, besides, ξk is an internal point of Γk. �

As before, we will assume that 0 = σ0 < σ1 < . . . < σl < S, and let

θ̃ (z (s)) =


θ (z (s)) , 0 < s < σ1,

θ (z (s)) + 2πñ1, σ1 < s < σ2,
...

θ (z (s)) + 2πñl, σl < s < S,

(21)

where {ñk}l1 ⊂ Z are some integers. Let

G̃ (z (s)) = |G (z (s))| eiθ̃(z(s)), 0 < s < S,

and consider the Riemann boundary value problem

F+ (z (s))− G̃ (z (s))F− (z (s)) = g (z (s)) , s ∈ (0, S) , (22)

with the coefficient G̃ (·). Let ξk = z (σk) , k ∈ 0, l. Assume that ν (·) ∈
Ap

(
{ξk}l0 ; Γ

)
. Then it follows from Lemma 3 that there exist {nk}l0 ⊂ Z

such that
l∏

k=0

∣∣∣z (·)− ξk|
−pnk

ν (·) ∈ Ap (Γ) .

Let us find the jumps of the functions θ̃ (·) at the points ξk. We have

h̃1 = θ̃ (z (σ1 + 0))− θ̃ (z (σ1 − 0)) = h (σ1) + 2πñ1;

h̃k = h (σk) + 2π (ñk − ñk−1) , k ∈ 2, l;

h̃0 = θ̃ (z (S − 0))− θ̃ (z (+0)) = h (σ0)− 2πñl = h0 − 2πñl.

Similarly to the previous case, the weight function

ν̃(s) = σ̃p(s)ρ(z(s))

corresponds to the problem (22), where

σ̃ (s) = |z (0)− z (s)|−
h̃0
2π

∏
0<sk<S

|z (sk)− z (s)|
− h̃k2π

= |z (s)− ξ0|−
h0
2π |z (s)− ξ0| ñl

l∏
k=1

|z (s)− ξk|−
hk
2π |z (s)− ξk|−ñk+ñk−1

= σ (s) |z (s)− ξ0| ñl
l∏

k=1

|z (s)− ξk|−ñk+ñk−1 ,
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with ñ0 = 0. Consequently

ν̃ (s) = ν (s) |z (s)− ξ0|pñl
l∏

k=1

|z (s)− ξk|−p(ñk−ñk−1) .

Now let ñ1 = n1, ñk − ñk−1 = nk, k ∈ 2, l. It is absolutely clear that
if ñl = −n0, then ν̃ (·) ∈ Ap (Γ). Therefore, applying Theorem 3 to the
problem (22), we obtain the following corollary.

Corollary 2. Let the coefficient G (·) and the curve Γ satisfy the condi-
tions (i)–(iii). Assume that arg G (·) is a piecewise Hölder function on Γ,

the weight function ν (·) defined by (8) belongs to the class Ap

(
{ξk}l0 ; Γ

)
,

1 < p < +∞, and {nk}l0 ⊂ Z are the corresponding integers. We find the
integer ñl from the relations

ñk = nk + ñk−1, ñ0 = 0. (23)

If ñl = −n0 and ρ
− q
p (·) ∈ L1 (Γ), then the assertions 1) and 2) of Theo-

rem 3 are true with regard to the solvability of the problem (7) in the classes
Ep,ρ (D+)× mEp,ρ (D−).

Now we consider the general case, i.e., the case where the condition ñl =
−n0 may in general not hold, with ñl defined from (23). Let z0 ∈ D+ be an
arbitrary fixed point. Consider the following analytic function in D−:

ω (z) = (z − z0)φ , z ∈ D−,
where φ ∈ Z is some integer. Following the previous case (i.e., the case of
power weight), we have

ω− (ξ) = (ξ − z0)φ , γ (ξ) = argω− (ξ) , ξ ∈ Γ.

Let

G1 (ξ) = G̃ (ξ)ω− (ξ) , ξ ∈ Γ.

Consequently

θ1 (ξ) = argG1 (ξ) = θ̃ (ξ) + γ (ξ) , ξ ∈ Γ.

The discontinuity points and the jumps of the function θ1 (z (·)) coincide with

the discontinuity points and the jumps of the function θ̃ (z (·)) on (0, S). The
jump h0 (θ1) of the function θ1 (·) at the point ξ = a is equal to

h0 (θ1) = θ1 (z (+0))− θ1 (z (S − 0))

= θ̃ (z (+0))− θ̃ (z (S − 0)) + γ (z (+0))− γ (z (S − 0))

= h̃0 − 2πφ = h (σ0)− 2πñl − 2πφ.

As before, the weight

ν1(s) = σ1
p(s)ρ(z(s))
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corresponds to the Riemann problem with the coefficient G1 (·), where

σ̃1 (s) = |z (0)− z (s)|−
h0(θ1)

2π

∏
0<sk<S

|z (sk)− z (s)|
− h̃k(θ1)2π

= |z (s)− ξ0|−
h0
2π |z (s)− ξ0| ñl+φ

l∏
k=1

|z (s)− ξk|−
hk
2π |z (s)− ξk|−ñk+ñk−1

= σ (s) |z (s)− ξ0| ñl+φ
l∏

k=1

|z (s)− ξk|−ñk+ñk−1 ,

with ñ0 = 0. Then

ν1 (s) = ν (s) |z (s)− ξ0|p(ñl+φ)
l∏

k=1

|z (s)− ξk|−p(ñk−ñk−1) .

We find the integer ñl from (23) and set

ñl + φ = −n0 ⇒ φ = −n0 − ñl.
Then we obtain that the coefficient G1 (·) satisfies all the conditions of The-
orem 3. Transform the problem (7) as follows:

F+ (ξ)−G (ξ)ω− (ξ)
F− (ξ)

ω− (ξ)
= g (ξ) , ξ ∈ Γ,

m
Φ+ (ξ)−G1 (ξ) Φ− (ξ) = g (ξ) , ξ ∈ Γ, (24)

where

Φ (z) =

{
F (z) , z ∈ D+,
F (z)
ω(z) , z ∈ D−.

It is absolutely clear that

Φ− (ξ) = F− (ξ)ω−1 (ξ) , ξ ∈ Γ.

Moreover, if F (z) has an expansion in the neighborhood of z = ∞ of the
form

F (z) =
m∑

k=−∞
akz

k, am 6= 0, z →∞,

then Φ (z) has an expansion of the form

Φ (z) =

m−φ∑
k=−∞

bkz
k, bm−φ 6= 0, z →∞,

and vice versa. In view of

ω (ξ) ∼ const, ξ ∈ Γ,
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from these relations we obtain that the function F (·) belongs to the class

mEp,ρ (D−) if and only if the function Φ (·) belongs to the class m−φEp,ρ (D−),
i.e., F (·) ∈ mEp,ρ (D−) ⇔ Φ (·) ∈ m−φEp,ρ (D−) . Thus, the solvability of
the problem (7) in the classes Ep,ρ (D+) × mEp,ρ (D−) is equivalent to the
solvability of the problem (24) in the classes Ep,ρ (D+)×m−φEp,ρ (D−). Ap-
plying Theorem 3 to the problem (24), we obtain the following statement.

Statement 7. Let the coefficient G (·) and the curve Γ satisfy the condi-
tions (i)–(iii), and let arg G (·) be a piecewise Hölder function on Γ. Assume

that the weight function ν (·) defined by (8) belongs to the class Ap

(
{ξk}l0 ; Γ

)
,

{nk}l0 ⊂ Z are the corresponding integers, φ = −
∑l

k=0 nk, and ρ
− q
p (·) ∈

L1 (Γ). Then the following assertions are true with regard to the solvability
of the problem (24) in the classes Ep,ρ (D+)× m−φEp,ρ (D−):

(1) for m− φ ≥ −1, the problem (24) has a general solution of the form

Φ (z) = Zθ1 (z)Pm−φ (z) + Φ1 (z) ,

where Zθ1(·) is a canonical solution of the homogeneous problem with the
coefficient G1 (·), Pm−φ(·) is an arbitrary polynomial of degree k ≤ m − φ
(for m−φ = −1 we assume Pm−φ (z) ≡ 0), and Φ1(·) is a particular solution
of the form

Φ1 (z) =
Zθ1 (z)

2πi

∫
Γ

g (ξ)

Z+
θ1

(ξ)

dξ

ξ − z
, z /∈ Γ; (25)

(2) for m − φ < −1, the nonhomogeneous problem (24) is solvable only
when the right-hand side g (·) satisfies the orthogonality conditions∫

Γ

g (ξ)

Z+
θ1

(ξ)
ξk−1dξ = 0, k ∈ 1, φ−m− 1, (26)

and the unique solution Φ1 (·) is defined by (25).

Now back to the problem (7). Considering the relationship between the
problems (7) and (24), we have

F (z) =

{
Φ (z) , z ∈ D+,

ω (z) Φ (z) , z ∈ D−.

So the following theorem is true.

Theorem 5. Let G (·), Γ, arg G (·), ν(·), φ, and ρ
− q
p be the same as

in Statement 7. Then the following assertions are true with regard to the
solvability of the problem (7) in the classes Ep,ρ (D+)× mEp,ρ (D−):

(1) for m− φ ≥ −1, the problem (24) has a general solution of the form

F0 (z) =

{
Zθ1 (z)Pm−φ (z) + Φ1 (z) , z ∈ D+,

(z − z0)φ (Zθ1 (z)Pm−φ (z) + Φ1 (z)) , z ∈ D−,
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where Zθ1(·) is a canonical solution of homogeneous problem

F+ (ξ)−G1 (ξ)F− (ξ) = 0, ξ ∈ Γ,

G1 (·) is a coefficient, Pm−φ(·) is an arbitrary polynomial of degree k ≤ m−φ
(for m− φ = −1 we assume Pm−φ (z) ≡ 0), and Φ1(·) is defined by (25);

(2) for m−φ < −1, the nonhomogeneous problem (7) is solvable only when
the right-hand side g (·) satisfies the orthogonality conditions (26), and the
unique solution F1 (·) is defined by

F1 (z) =

{
Φ1 (z) , z ∈ D+,

(z − z0)φ Φ1 (z) , z ∈ D−,

where Φ1 (·) is defined by (25).

The number φ (G) = m − φ + 1 = m −
∑l

k=0 nk + 1, where the integers

{nk}l0 are defined from the condition ν (·) ∈ Ap
(
{ξk}l0 ; Γ

)
, is called an index

of the problem (7) in the classes Ep,ρ (D+)× mEp,ρ (D−).

Thus, for φ (G) ≥ 0 the problem (7) is always solvable, for φ (G) = 0 it
has a unique solution and it is solvable for all g (·) ∈ Lp,ρ (Γ); for φ (G) < 0
it is solvable if the orthogonality conditions hold (−φ (G)).

Assume that the argument θ (·) of the coefficient G (·) is a Hölder function
on Γ. In this case, the discontinuity points and the jumps of the function
θ (·) do not exist and, therefore, σk = tk, k ∈ 1,m0. Let us consider the
weight function

ν̃ (s) = σ̃p (s) ρ (z (s)) ,

which corresponds to the function θ̃ (·) defined by (21), where

σ̃ (s) = |z (s)− ξ0| ñm0

l∏
k=1

|z (s)− ξk|−ñk+ñk−1 , ñ0 = 0.

Denote by Γk, k ∈ 0,m0 the connected part of Γ, for which Oδ (ξk) ⊂
Γk , ξi /∈ Γ̄k for any i 6= k, where Oδ (ξk) = {ξ ∈ Γ : |ξ − ξk| < δ}, and Γk is
a closure of Γk. Consequently

σ̃ (s) = ν̃
1
p (s) ρ

− 1
p (z (s)) , 0 < s < S.

Assume that all the conditions of Theorem 5 hold. Then

ν̃ (·) ∈ Ap (Γ) ∧ ρ−
q
p (·) ∈ L1 (Γ) (27)

and so
ν̃ (·) ∈ Ap (Γk) , k ∈ 0,m0. (28)

As
σ̃ (ξ) ∼ |ξ − ξk| ñk−1−ñk , ñ0 = 0, ξ ∈ Γk, k = 1,m0;

σ̃ (ξ) ∼ |ξ − ξ0| ñm0 , ξ ∈ Γ0,
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it is clear that

|z (s)− ξk| ñk−1−ñk ∼ ν̃
1
p (s) ρ

−1
p (z (s)) , z (s) ∈ Γk, ñ0 = 0, k ∈ 1,m0;

|z (s)− ξ0| ñm0 ∼ ν̃
1
p (s) ρ

−1
p (z (s)) , z (s) ∈ Γ0.

If, for some k0 ∈ 0,m0,

ñk0−1 − ñk0 ≤ −1 (k0 = 0⇒ ñm0 ≤ −1),

then from the previous relations we obtain∫
Γk0

|z (s)− ξk0 |
γk0 |dz (s)|

≤ C

(∫
Γk0

ν̃ (s) |dz (s)|

) 1
p
(∫

Γk0

ρ
− q
p (z (s)) |dz (s)|

) 1
q

,

(29)

where

γk =

{
ñk−1 − ñk, k ∈ 1,m0,

nm0 , k = 0.

Hence, in view of (27) and (28), we have |ξ − ξk0 |
γk0 ∈ L1 (Γk0), which

contradicts the condition γk0 ≤ −1. Consequently, γk ≥ 0 for all k ∈ 0,m0.
We have

ñk−1 − ñk ≥ 0, k ∈ 1,m0 ⇒ ñk ≤ ñk−1, ñ0 = 0, k ∈ 1,m0.

It follows directly that if for some k0 ∈ 1,m0 − 1 the relation ñk0 ≤ −1
holds, then ñm0 ≤ −1. As a result, from (29) when k0 = m0 we arrive
at a contradiction. It follows that, in the case considered, all conditions of
Theorem 5 can be satisfied only when

ñk = 0, k ∈ 0,m0 ⇒ ν̃ (s) = ρ (z (s))⇒ ρ (·) ∈ Ap (Γ) .

So, the following statement is valid.

Statement 8. Let the argument θ (·) of the coefficient G (·) be a Hölder
function on Γ. Then the conditions of Theorem 5 are satisfied, i.e., ν (·) ∈
Ap ({tk}m0

0 ; Γ) , 1 < p < +∞, if and only if ρ (·) ∈ Ap (Γ).

Remark 1. It follows from the results of Statements 6 and 7, and the ex-
pression ν(s) = σp(s)ρ(z(s)) for the weight function ν (·) that, when argG (·)
has discontinuities, then for solvability of corresponding problems, the weight
ρ (·) may in general not satisfy the Muckenhoupt condition.
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