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Natural vibrations of nanostrips with cracks

Mainul Hossain and Jaan Lellep

Abstract. Employing the main equations of the theory of plates ac-
counting for the rotational inertia the transverse vibrations of nanobeams
and nanostrips are investigated. The nano strips under consideration
have piecewise constant dimensions of cross sections. The nanosheets
are weakened by cracks at re-entrant corners of steps. While the mate-
rial behavior corresponds to the Eringen’s nonlocal theory of elasticity
it is assumed that the cracks produce additional local compliance, which
can be evaluated with the aid of the stress intensity factor at the crack
tip. A numerical algorithm for determination of natural frequencies of
nanosheets is developed.

1. Introduction

The analysis of nano-sized structural elements has shown that the be-
havior of nanobeams and nanoplates can be modelled with the aid of size-
dependent theories only. The classical theory of elasticity is not suitable for
this purpose as it is unable to account for the size effects. A suitable non-
local theory of elasticity was developed by Eringen [10], also Eringen and
Edelen [11]. According to Eringen [10] the stress at a fixed point of the body
depends on the strain field at each point of the body.

Peddieson et al. [23] applied the nonlocal theory of elasticity for investi-
gation of actuators in small-scale systems. Later Reddy [25] captured the
modifications of the Euler–Bernoulli, also Timoshenko and Reddy beam the-
ories into a non-local beam theory resorting to the differential constitutive
relations of Eringen. Analytical solutions of bending, vibration and buck-
ling are developed for nanomaterials with differential constitutive equations
by Reddy [25], Bagdatli [6], Ansari and Sahmani [3], Lu et al. [21],
Ghannadpour et al. [13], Wang et al. [30, 31], Thai [29], Li et al. [19],
Aranda-Ruiz et al. [4], Zhou and Huang [35], Hossain and Lellep [14],
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Lim et al. [20], Zhang et al. [34]. While the papers cited above use the
Eringen’s nonlocal theory with differential constitutive equation Fernández-
Sáez et al. [12] formulated the problem making use of the Eringen’s integral
constitutive equation. Roostai and Haghpanahi [26] investigated the free vi-
bration of nanobeams with multiple cracks. The effects of nonlocality, crack
location and crack parameter are examined in case of natural frequencies of
the cracked nanobeam.

Aydogdu [5] presented a nonlocal beam theory for studying bending, buck-
ling and vibration problems of nanobeams. This approach admits to employ
the beam theories including those of Euler–Bernoulli, Timoshenko, Reddy,
Levinson and Aydogdu for solution of particular problems. Variational prin-
ciples regarding to the complementary energy and potential energy, also
Hu–Washizu principles are connected with the concept of nonlocal elasticity
by Polizzotto [24]. The variational approach to solution of problems of strain
gradient elasticity was employed by Challamel and Wang [7], as well.

Mousavi et al. [22] presented a variational approach to the analysis of
third-order shear deformable plates. Higher order shear deformation beams
are investigated within the strain gradient theory by Yaghoubi et al. [33].
All the papers deal with the natural vibrations. Moreover, the industrial
problem of the material damping is often so important that it cannot be
neglected. Wesolowski and Barkanov [32] developed a new method for iden-
tification of coefficients of material damping for laminated plates.

In the present paper natural vibrations of nanobeams are investigated
in the case of step-wise varying cross sections. It is assumed that the
nanobeams are weakened by stable cracks at the re-entrant corners of steps.

2. Statement of the problem

Consider the natural vibrations of a nanoplate strip of length l with rect-
angular cross section of width b and height

h =

{
h0, X ε (0,a),
h1, X ε (a,l),

(1)

where h0, h1 are given constants.
It is assumed that the coordinate axis 0X coincides with the axis of the

straight nanoplate strip and its origin is located at the center of the left-
hand edge of the nanoplate. The nanoplate strip is stretched with the axial
load N . This nanoplate of piecewise constant thickness (height of the cross
section) has defects at the cross section X = a. The defects are treated
herein as stable cracks of length c. The stability of the crack is meant in the
present analysis so that the crack does not propagate during the vibration
with fixed amplitude. However, it is accepted that the presence of the crack
causes the change of the internal (potential) energy of the nanoplate strip.
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Figure 1. Geometry of the problem

The aim of the paper is to determine the frequencies of natural vibrations
of a nanoplate strip simply supported and free of external loads. Moreover,
we are aiming at the definition of the sensitivity of eigenfrequencies on the
geometrical parameters of the nanoplate. The primary concern of the study
is to elucidate the dependence of eigenfrequencies on the crack location a,
its length c and dimensions b, h0, h1.

3. Governing equations

The governing equations of a vibration problem consist of geometrical
relations, equilibrium equations and constitutive equations with boundary
conditions. A geometrically non-linear beam model accounting for the effect
of the inertia of rotation will be used in the present study. Assuming that
the axial force N = const. throughout the nanobeam one can present the
equilibrium equations as (see Reddy [25], Soedel [27])

∂2M

∂X2
+N

∂2W

∂X2
= µ

∂2W

∂t2
− Ir

∂4W

∂X2∂t2
. (2)



90 MAINUL HOSSAIN AND JAAN LELLEP

Here M(X, t) denotes the bending moment, W (X, t) the transverse displace-
ment of a point lying on the axis of the nanoplate strip, and t is time. The
parameter µ in (2) stands for the mass per unit length of the nanobeam and
Ir is the moment inertia of the plate strip.

Since the height of the nanoplate strip is according to (1) piece wise con-
stant it is reasonable to introduce the notations Ir = µI, where

µ =

{
µ0, X ε (0,a),
µ1, X ε (a,l)

(3)

and

I =

{
I0, X ε (0,a),
I1, X ε (a,l).

(4)

In (3) for homogeneous beam µ0 = µ1 = ρ where ρ is the density of the
material. The inertial moments I0, I1 can be calculated as

I0 = (bh30)/12, I1 = (bh31)/12. (5)

Evidently, in the case Ir = 0 the equilibrium equation (2) coincides with
the classical non-linear equation of beam dynamics (see Reddy [25], Li et
al. [19], Soedel [27], Lellep and Lenbaum [17], Lellep and Liyvapuu [18]).

It is expected that the mechanical behavior of a nanoplate strip can be
prescribed within the limits of the nonlocal theory of elasticity. Probably
the simpliest case of the constitutive equation was treated by Reddy [25],
Lu et al. [21], Aranda-Ruiz et al. [4], Roostai and Haghpanahi [26], Lellep
and Lenbaum [16, 17].

In the classical Euler–Bernoulli theory (see Lellep and Kägo [15], Lellep
and Lenbaum [17], Soedel [27])

Mc = −EI ∂
2W

∂X2
, (6)

where E stands for the Young modulus and area moment of inertia I is
defined by (4) and (5). However, in the non-local elasticity one can expect
that (see Roostai and Haghpanahi [26], Reddy [25], Lellep and Lanbaum
[17])

M − (e0a)2
∂2M

∂X2
= −EI ∂

2W

∂X2
. (7)

Combining the equations (2), (6), and (7) one obtains

M = −EI ∂
2W

∂X2
+ (e0a)2

(
−N ∂2W

∂X2
+ µ

∂2W

∂t2
− µI ∂4W

∂t2∂X2

)
(8)
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provided µ = const, E = const. Substituting (8) in (2) leads to the
equation

EI
∂4W

∂X4
− (e0a)2

(
−N ∂4W

∂X4
+ µ

∂4W

∂t2∂X2
− µI ∂6W

∂t2∂X4

)
= N

∂2W

∂X2
− µ∂

2W

∂t2
+ µI

∂4W

∂t2∂X2
.

(9)

Separating variables in (9) one can assume that

W = W (X).T (t), (10)

where W (X) depends on X only and T (t) is a function of time t. Making
use of (9) and (10), one obtains

d2T
dt2

T
= −

EI d
4W
dX4 + (e0a)2N d4W

dX4 − (e0a)2µd
2W
dX2 −N d2W

dX2

(e0a)2Iµd
4W
dX4 + µW − Iµd2W

dX2

= −ω2
c , (11)

where ωc stands for the frequency of free vibrations. The equations (9)−(11)
admit to present the equation for determination of W (X) as

EI
d4W

dX4
+ (e0a)2

(
N
d4W

dX4
− µd

2W

dX2
− ω2

c Iµ
d4W

dX4

)
−N d2W

dX2
− ω2

cµW + Iµω2
c

d4W

dX4
= 0.

The dimensionless variables are defined as follows:

x =
X

l
, w =

W

l
, η =

e0a

l
, n =

Nl2

EI
,

ω0 = ωcl
2

√
ρ

EI
, γ =

h1
h0
, ω1 = γω0.

Then, the equation of motion is simplified in the form

d4w

dx4

(
1 + η2n− h20

12l2
ω2
0

)
+
d2w

dx2

(
η2ω2

0 − n+
h20

12l2
ω2
0

)
− ω2

0w = 0. (12)

For solving the linear differential equation of the fourth order (12) one has
to solve the characteristic equations(

1 + η2n− h20
12l2

ω2
0

)
λ40 − λ20

(
η2ω2

0 − n+
h20

12l2
ω2
0

)
− ω2

0 = 0 (13)

and (
1 + η2n− h20

12l2
ω2
1

)
λ41 − λ21

(
η2ω2

1 − n+
h20

12l2
ω2
1

)
− ω2

1 = 0. (14)



92 MAINUL HOSSAIN AND JAAN LELLEP

It should be remembered that (13) corresponds to the solution of (12) in
the interval xε(0, a) and (14) for xε(a, l). It is easy to recheck that the roots
of (13) and (14) are

(λ0)1,2 = iθ0, (λ0)3,4 = β0,

(λ1)1,2 = iθ1, (λ1)3,4 = β1,

where i stands for the imaginary unit, and for the conciseness sake the
notation

P0 =

√(
η2ω2

0 − n+
h20

12l2
ω2
0

)2

+ 4ω2
0

(
1 + η2n− h20

12l2
ω2
0

)
,

Q0 = η2ω2
0 − n+

h20
12l2

ω2
0, R0 = 2

(
1 + η2n− h20

12l2
ω2
0

)
,

θ0 =

√
P0 +Q0

R0
, β0 =

√
P0 −Q0

R0

and

P1 =

√(
η2ω2

1 − n+
h20

12l2
ω2
1

)2

+ 4ω2
1

(
1 + η2n− h20

12l2
ω2
1

)
,

Q1 = η2ω2
1 − n+

h20
12l2

ω2
1, R1 = 2

(
1 + η2n− h20

12l2
ω2
1

)

θ1 =

√
P1 +Q1

R1
, β1 =

√
P1 −Q1

R1

is used.
The general solution of the equation of vibration (12) can be presented

for xε(0, a) as

w = A1sinh(θ0x) +A2cosh(θ0x) +A3sin(β0x) +A4cos(β0x), (15)

and for xε(a, l) as

w = B1sinh(θ1x) +B2cosh(θ1x) +B3sin(β1x) +B4cos(β1x). (16)

Arbitrary constants A1 − A4, B1 − B4 in (21) and (22) will be defined
with the help of corresponding boundary and intermediate requirements. In
the case of a simply supported edge the transverse displacement W and the
bending moment M must vanish at the ends of the nanostrips.

The latter means that according to (12) at a simply supported edge

(1 + η2n)
d4w

dx4
+ (η2ω2

0 − n)
d2w

dx2
− ω2

0w = 0. (17)
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It can be seen from (17) that at the cross sections where w = 0 also

the second derivative d2w
dx2

= 0. Thus, in the case of a nanobeam simply
supported at both ends one has

w(0) = 0,
d2w

dx2
(0) = 0 (18)

and

w(l) = 0,
d2w

dx2
(l) = 0 (19)

Similarly, in the case of a fully clamped nanobeam the boundary condi-
tions have the forms

w(0) = 0,
dw

dx
(0) = 0 (20)

and

w(l) = 0,
dw

dx
(l) = 0. (21)

4. Additional local flexibility

It is well known in solid mechanics and fracture mechanics that cracks
in structures are the sources of additional flexibility or compliance C. In
general, every displacement ui of the system is affected by every force Pj
applied to the system. It is known in the mechanics that the compliance Cij
of a beam element is coupled with the applied load Pj and the displacement
ui as (see [14, 15−18])

Cij =
∂ui
∂Pj

(22)

or

Cij =
∂2

∂Pi∂Pj
b

∫ c

0
Gdc. (23)

In (23), G stands for the energy release rate due to the crack. On the other
hand (see Dimarogonas [8], Anderson [1])

G =
1

E

( 6∑
i=1

K1i

)2

+

(
6∑
i=1

K2i

)2

+ (1 + ν)

(
6∑
i=1

K2i

)2
 . (24)

In (24) E and ν are the Young modulus and Poisson ratio, respectively, and
K1i,K2i,K3i stand for the stress intensity factors for the three modes of
fracture caused by the loads Pi.

However, the problem can be remarkably simplified as most of the gener-
alized forces Pi (i = 1, . . . , 6) can be neglected in the case of free vibrations of
the beam or plate strip. The only non-zero generalized forces in (22)−(24)
are the bending moment M and the membrane force N . Moreover, the
dominating member is the bending moment M . Thus, one can present the
rotation angle of the cross section as θ = C.M(a, t). Naturally, the matrix
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C is also a function of the coordinate X. In the case of a beam element
subjected to the couple M the energy release rate G and the stress intensity
factor K are coupled as (see Anderson [1])

G =
K2

E′ . (25)

In (25), E′ = E in the case of plane stress state. However, in the case of
plane strain one has E′ = E/(1− ν2).

Let the angle θ presents the jump of the slope of the deflection, or

θ =
dW

dX
(a+ 0, t)− dW

dX
(a− 0, t) (26)

where the quantity dW
dX is discontinuous. It is worthwhile to mention that

according to the vibration model of Dimarogonas [8] the displacement W is
continuous but its derivative dW

dX is discontinuous.
It is known in the fracture mechanics that in the case of a beam element

G =
M2

2b

dC

dc
, (27)

where M = M(a, t), and the stress intensity factor

K =
6M

bh2

√
πc F (

c

h
). (28)

It follows from (22)−(28) that

C =
72π(1− µ2)

Ebh20
f(s), (29)

where s = c/h and

f(s) =

∫ c

0
Gdc. (30)

The shape function F (s) in (29) should be determined experimentally.
Making use of the experimental database from the book by Tada et al. [28]
one can state that

F (s) = 1.93− 3.07(s) + 14.53(s)2 − 25.11(s)3 + 25.80(s)4 (31)

or

F (s) =

√
2

πs
tan

πs

2

0.923 + 2.025 + 0.37(1− sin(πs2 ))4

cosπs2
. (32)

Note that (31), (32) can be applied in the case when the cracked beam
element is loaded with the bending moment M . However, if the element is
loaded with the moment M and the tensile force N , then the stress intensity
factor can be presented as (see Zhou and Huang [35], Anderson [1])

K =

√
πs

6
√
h

(
NFN (s) +

6M

h
FM (s)

)
. (33)
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In (29) as well as in (33) instead of h one has to choose the smallest of
the thicknesses h0, h1. Thus here

h = min(h0, h1). (34)

The functions FN and FM should be determined experimentally. How-
ever, there exists a suitable database in the appropriate literature, as well.
According to Tada et al. [28] one can use (32) as FM (s) and

FN (s) =

√
2

πs
tan

πs

2

0.752 + 0.199(1− sinπs2 )3

cosπs2
. (35)

Similar terms of the flexibility matrix have been used by Dimarogonas et
al. [9], also by Anifantis and Dimarogonas [2]. However, Zhou and Huang
[35] used the correction factors in the form

FM = 1.12− 1.4(s) + 7.33(s)2 − 13.08(s)3 + 14(s)4 (36)

and

FN = 1.12− 0.23(s) + 10.55(s)2 − 21.72(s)3 + 30.79(s)4. (37)

The injured cross section of the nanobeam is affected by the generalized
forces N and M . Corresponding generalized displacements are the axial
displacement u and the slope of the deflection θ =

[
dw
dx (a)

]
defined by (26).

Now the quantity C in (29) must be interpreted as the flexibility matrix
(see Anifantis and Dimarogonas [2]). However, θ and M have now the role
of a generalized displacement and a generalized force, respectively. Let the
flexibility (compliance) matrix be the matrix

[C] =

[
CNN CNM
CMN CMM

]
, (38)

where due to the symmetry CMN = CNM . In the matrix (38)

CNN =
2

Eb

∫ c

0
sF 2

Nds,

CMN =
2

Eb

∫ c

0
sFMFNds,

CMM =
2

Eb

∫ c

0
sF 2

Mds.

(39)

The jump of the slope (25) can be defined according to (23) and (39) as

θ = N.CMN +M.CMM . (40)

Evidently, similar estimation can be derived for the axial displacement u
also.
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5. Determination of natural frequencies

For determination of natural frequencies of the nanobeam one has to de-
termine the unknown constants in the expressions of displacements (15),
(16). For this purpose the boundary conditions (18) and (19) together with
intermediate continuity and jump conditions will be employed. From physi-
cal considerations it is evident that the transverse deflection w and bending
moment M vanish at the edges x = 0 and x = l of the plate strip. Thus, it
follows from (12), (15), and (16) that

A2 +A4 = 0,

θ20A2 − β20A4 = 0
(41)

and

B1sinh(θ1l) +B2cosh(θ1l) +B3sin(β1l) +B4cos(β1l) = 0,

θ21(B1sinhθ1l +B2coshθ1l)− β21(B3sinβ1l +B4cosβ1l) = 0.

It immediately follows from (41) that

A2 = A4 = 0 (42)

and
B1sinhθ1l +B2coshθ1l = 0,

B3sinβ1l +B4cosβ1l = 0.

Thus
B1 = −B2cothθ1l,

B3 = −B4cotβ1l.

The jump condition can be presented in the form[
dw

dx
(a)

]
= 0.

Here the square brackets stand for the difference of corresponding right and
left hand limits of the slope dw

dx (a). The quantity θ in (41) must be evaluated
by (35), (8) and (14). The quantities CMN , CMM are defined by (34) with
(31), (32). Making use of (15), (16), and (42)−(46) one can present the
condition of continuity of the transverse deflection at x = a as

A1sinh(θ0a) +A3sin(β0a)−B1cos(β1l)sinh(θ1(l − a))

−B3cosh(θ1l)sin(β1(l − a)) = 0.
(43)

The jump condition (41) with (15), (16), (39), and (40) reads as

A1sinh(θ0a)θ20 −A3sin(β0a)β20 −B1cos(β1l)sinh(θ0(l − a))θ20

+B3cosh(θ1l)sin(β1(l − a))β21 = 0,
(44)
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where the constant θ is evaluated by (35). The continuity of the bending
moment M and the shear force Q = ∂M

∂x furnishes the equations

−A1Csinh(θ0a)θ20 +A3Csin(β0a)β20 −B1cos(β1l)cosh(θ1(l − a))θ1

−B3cosh(θ1l)cos(β1(l − a))β1 −A1cosh(θ0a)θ0 −A3cos(β0a)β0 = 0
(45)

and

A1cosh(θ0a)θ0ω
2
0η

2 +A3cos(β0a)β0ω
2
0η

2 +B1cos(β1l)cosh(θ1(l − a))θ1ω
2
1η

2

+B3cosh(θ1l)cos(β1(l − a))β1ω
2
1η

2 +A1cosh(θ0a)θ30 −A3cos(β0a)β30

+B1cos(β1l)cosh(θ1(l − a))θ31 −B3cosh(θ0l)cos(β1(l − a))β31 = 0.
(46)

The system (43)−(46) is a linear homogeneous system with respect to
unknown constants A2, A4, B2, B4. Such system has non-trivial solutions
only in the case if its determinant ∆ vanishes. The equation ∆ = 0 is
solved numerically with the computer software Maple. Before that one has
to calculate the integrals (34) and substitute θ from (35) in (42). It appeared
that a reasonable approximation of the solution can be obtained by ignoring
the term CMN in (35). This approach was used in the case of beams in
papers by the first author [14], as well. In this case it follows from (8),(14),
and (35)−(40) that θ = CNM M(a) and

M(a) = A1sinh(θ0a)θ20 −A3sin(β0a)β20 −B1cos(β1l)sinh(θ1(l − a))θ21

+B3cosh(θ1l)sin(β1(l − a))β21 .

6. Numerical results

The results of calculations are presented in Table 1 and Figures 2−8.
These results correspond to nanosheets of length l = 1nm and width b =
1nm, height h0 = 0.1nm. The material constants are: modulus of elasticity
E = 160GPa, Poisson ratio ν = 0.3. Table 1 illustrates the natural frequency
for different values of nonlocal parameter, height to length ratio and mode of
frequency for a simply supported nanoplate strip. In this case, the natural
frequency decreases with the increase of nonlocal parameter and height to
length ratio. Increase of height to length ratio increases the effect of rota-
tory inertia. That is why, increase of height length ratio decreases natural
frequency. The effect of rotatory inertia is more significant in the case of
higher modes of frequency. It can be seen from Table 1 that the results of
the current paper differ slightly from those obtained by Roostai and Hagh-
panahi [26] in the case of nanostrips of constant thickness. In paper [26], the
rotatory inertia is ignored. However, the discrepancies between these results
are more obvious in the case of a higher mode of frequency.
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without rotatory with rotatory
inertia inertia

H. Roostai [19] h/l = 0.05 h/l = 0.1 h/l = 0.2 h/l = 0.3
Mode η ω ω ω ω ω

1 0 9.8700 9.8590 9.8297 9.7105 9.5239
2 0 39.4780 39.3174 38.8471 37.1123 34.6778
3 0 88.8260 88.0139 85.7089 78.0239 68.8143
1 0.5 5.3000 5.2947 5.27854 5.2155 5.1140
2 0.5 11.9740 11.9260 11.7820 11.2565 10.5186
3 0.5 18.4390 18.2696 17.7932 16.1972 14.2841
1 1 2.9940 2.9904 2.9812 2.9455 2.8887
2 1 6.2050 6.1799 6.1054 5.8335 5.4501
3 1 9.3720 9.2872 9.0432 8.2319 7.2603
1 1.5 2.0490 2.0462 2.0404 2.0159 1.9768
2 1.5 4.1650 4.1485 4.0986 3.9156 3.6585
3 1.5 6.2680 6.2105 6.0473 5.5055 4.8557
1 2 1.5495 1.5449 1.5264 1.4969
2 2 3.1186 3.0815 2.9437 2.7508
3 2 4.6627 4.5408 4.1335 3.6453

Table 1. Natural frequency (ω) of a simply supported
nanoplate strip for different values of height to length ra-
tio (hl ).

In Figures 2−8, the natural frequencies of stepped nanosheets are pre-
sented in the case of simply supported one-stepped nanosheets. The dashed
lines correspond to the theory neglecting the rotatory inertia and the solid
lines present the results of the study accounting for the effect of rotatory
inertia. It can be seen from Figures 2−8 that the bending theory accounting
for rotatory inertia yields the results which essentially differ from the results
obtained by ignoring the effect.

In Figure 2 the natural frequency versus nonlocal parameter is presented
for different lengths of the strip. This graph shows the comparison between
current study and the study of Roostai and Haghpanahi [26]. It can be
seen from Figure 2 that longer nanostrips have higher natural frequencies,
as might be expected. Increase of length decreases the effect of nonlocal
parameter where η = e0a

l . That is why, frequency decreases for the increase
of length. The upper pair of curves in Figure 2 corresponds to a nanostrip
with length l = 10nm; the lower one is associated with length l = 1nm; the
middle pair corresponds to the case of length l = 5nm. The results of the
current study compare favorably with the results of Roostai and Haghpanahi
[26].
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Figure 2. Natural frequency (ω) versus nonlocal parameter (η).

Figure 3. Natural frequency (ω) versus location of crack (a).
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Figure 4. Natural frequency (ω) versus location of step (a).

Figure 5. Natural frequency (ω) versus nonlocal parameter (η).
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Figure 6. Natural frequency (ω) versus step height ratio (γ).

Figure 7. Natural frequency (ω) versus crack depth ratio (s).
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Figure 8. Natural frequency (ω) versus axial load (n).

In Figure 3, the natural frequency versus step location is presented for
different crack sizes. The upper pair of curves corresponds to a nanostrip
without cracks; the lower one to the case where the crack has presented half
of the thickness. It can be seen from Figure 3 that the location strongly
affects the natural frequency.

In Figure 4 the natural frequency versus step location is presented for
nanosheets with different step size. In this figure, the natural frequency is
depicted in the cases of step height ratios γ = 0.75, γ = 1 and γ = 1.25,
respectively. In calculations the nonlocal parameter η is taken equal to 0.5.
It can be seen from Figure 4 that the natural frequency increases when a
(step location) increases if step height ratio γ = 0.75 (the thickness in the
left-hand part of the nanobeam is greater than that in the right-hand part
of the nanostrip). However, if the step height ratio γ = 1.25, then the
natural frequency decreases when a (step location) increases. This tendency
is the same for the theories accounting for the rotatory inertia and for these
neglecting this effect (Figure 4).

In Figure 5 the natural frequency versus the nonlocal parameter is pre-
sented for different values of the ratio of thicknesses. It can be seen from
Figure 5 that the natural frequency decreases with the increase of nonlo-
cal parameter. The results presented in Figure 5 pertain to the nanostrips
with the step located at a = 0.5l in the cases where step height ratios
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γ = 0.75, γ = 1 and γ = 1.25, respectively. The results of the current ap-
proach are compared with those of the nonlocal theory neglecting the effect
of rotational inertia. It can be seen from Figure 5 that the rotatory inertia
has perceivable influence on the natural frequency of stepped nanostrips.
However, if the nonlocal parameter η tends to the value 2, then both ap-
proaches lead to a common value. Figure 5 admits to draw the conclusion
that in the case of greater admissible values of the nonlocal parameter η the
influence of the effect of rotatory inertia is less remarkable.

The natural frequency versus the height ratio is displayed in Figure 6
for different values of a nonlocal parameter. It can be seen from Figure
6 that the natural frequency increases with the increase of the step ratio.
The natural frequency versus the ratio of thicknesses γ (step height ratio)
is portrayed in Figure 6 for fixed values of nonlocal parameter η = 0.25 and
η = 0.5, respectively. It can be seen from Figure 6 that both theories (with
and without the effect of rotatory inertia) lead to similar results, if step
height ratio γ < 0.2. The discrepancy of the results increases, if the ratio of
thicknesses increases.

The influence of the crack on the natural frequency of stepped nanostrips
is portrayed in Figure 7 for the case where step location a = 0.5l and height
(right side) h1 = 0.5h0. The horizontal axis in Figure 7 shows the non-
dimensional crack length s = c/h0. Figure 7 reveals the matter that for
larger values of the crack length different approaches lead to the same result.
It can be seen from Figure 7 that if the crack length c > 0.4h0 the results
obtained by theories accounting for and neglecting, respectively, the rotatory
inertia practically coincide.

Figure 8 describes the natural frequency versus axial load for different
values of the nonlocal parameter. It can be seen from Figure 8 that the nat-
ural frequency increases with the increases of axial load. Here step position
a = 0.5l and height (right side) h1 = 0.5h0. It can be seen from Figure 8 that
the natural frequency increases together with the axial load of nanostrips,
as might be expected. Note that this effect takes place on the macro level,
as well.

7. Conclusion

A method for determination of natural frequencies of stepped nanostrips
with defects has been developed. In the current paper the equations of vi-
bration of nanostrips accounting for the rotatory inertia of the cross-sections
are used. Calculations carried out showed that the crack-like defects essen-
tially affect the natural frequencies of nanostrips. The results of calculations
showed that the lowest values of eigenfrequencies correspond to nanostrips
having the deepest cracks. The comparison of the results of current work
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with these of earlier works revealed the matter that the theories incorporat-
ing the rotatory inertia and these ignoring this effect lead to similar results
in the case of nanostrips with large cracks.
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form nanocantilevers using the Eringen nonlocal elasticity theory, Comput. Struct.
94(9) (2012), 2990–3001.

[5] M. Aydogdu, A general nonlocal beam theory: its application to nanobeam bending,
buckling and vibration, Physica E: Low-Dimensional Systems and Nanostructures 41(9)
(2009), 1651–1655.

[6] S. M. Bagdatli, Non-linear vibration of nanobeams with various boundary conditions
based on nonlocal elasticity theory, Composites Part B 80 (2015), 43–52.

[7] N. Challamel and C. M. Wang, The small length scale effect for a non-local cantilever
beam: A paradox solved, Nanotechnology 19 (2008), 345703.

[8] A. Dimarogonas, Vibration of cracked structures: A state of the art review, Eng. Frac-
ture Mech. 55(5) (1996), 831–857.

[9] A. Dimarogonas, S. Paipetis, and T. Chondros, Analytical Methods in Rotor Dynamics,
Springer, Dordrecht, 2013.

[10] A. C. Eringen, Nonlocal Continuum Field Theories, Springer-Verlag, New York, 2002.
[11] A. C. Eringen and D. G. B. Edelen, On nonlocal elasticity, Internat. J. Engrg. Sci.

10(3) (1972), 233–248.
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