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On generalized fractional integral inequalities of
Ostrowski type

HUSEYIN YILDIRIM AND SEDA KILING YILDIRIM

ABSTRACT. We obtain new generalizations of Ostrowski inequality by
using generalized Riemann-Liouville fractional integrals. Some special
cases are also discussed.

1. Introduction

Let f : [a,b] — R be a function continuous on [a,b] and differentiable in
(a,b). If |f'(x)| < M for all z € (a,b), then (see [14])

M (b—z)*+ (z —a)’
b—a 2

[f(z) = M(f;a,0)] < (1)

b
for all z € [a,b], where M(f;a,b) = = [ f(z)dx.

a
The inequality (1) is well known in the literature as Ostrowski inequality.
Over the years, numerous studies have focused on generalizing this inequal-
ity, see, for example, [2—4, 6, 12, 14, 21] and the references cited therein.
Griiss [5] proved the inequality

[M(fg;a,b) = M(f;a,b)M(g;a,b)| < i(Ml —m) (My —mz), (2)

where f and g are two integrable function on [a, b] satisfying the conditions
my < f(z) < My and my < g(z) < M, for all z € [a,b]. The constant 1 is
the best possible.
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Korkine’s identity [11] states that if f and ¢ are two integrable function
on [a, b], then

M(fg;a, b) M(f;a,b)M(g;a,b)

2(b—a) / / ) (g(t) — g(s)) dsdt. (3)

Many researches have studied various types of integral inequalities for
Riemann-Liouville integrals (see [7-9, 15, 18, 19, 20, 22| and references
therein).

Definition 1 (see [17]). Let f € L'[a,b]. The Riemann-Liouville frac-
tional integrals J&, f (x) and Ji*. f (x) of order a > 0 are defined, respectively,
by

a+f F(a) f f (t)dt, x> a,
and

Jef (@) = ris [ — 2 (1) dt, @ <,
Here T' () is Gamma function and JY, f(z) = Jl?,f( ) = f(x).

Hu [7] obtains the following generalizations for (1) by using (2), (3), and
Riemann-Liouville fractional integrals.

Theorem 1 (see [7]). Let f be differentiable function on [a,b] and let
|f'(x)] < M for any x € [a.b]. Then the fractional inequality
(I'—Cl)a + (b—l’)a )Ot+1 + (b—ﬂf)a+l
I'a+1) I'(a+2)

Fle) — 0 (@) — J% f (b)) < T

(4)
holds for any x € [a,b] and a > 0.

Theorem 2 (see [7]). Let f : [a,b] — R be a differentiable mapping and
let f' € L?[a,b]. If f' is bounded on [a,b] with m < f'(x) < M, then we have
af(:C) + f(a’) a—1 o «

Mo+ D) &Y~ ool @

af()+f() a- & o
Ty O e S ®)
<\/ (x —a)*K; + (b —2)*K> (5)
“\2a+1 a+1) ')
(x —a)*+ (b—x)*
S\/2a+1 a+1) o7 (a) (M —m)

for all x € [a,b] and o > 0. Here

K2 = M(f a,0) - M2(fa,2), K2=M(f :2,0) — M*(f';,b).
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Now we will give definitions of generalized fractional integrals.

Definition 2 (see [9]). The space Ly y[a,b] is defined as

1
b D
Lyplasb] f=||f|rp,k=(/ If(t)!pt’“dt> <ol 1<p<oo k0.

For k = 0, the space L, ;[a, b] reduces to the classical space LPa, b].

Definition 3 (see [1, 9, 11]). Let h(z) be an increasing positive monotone
function on [a, b] such that h'(z) is continuous on (a,b). The space X7 (a,b)
(1 < p < o0) is defined as the set of those real-valued Lebesque measurable
functions f on [a,b] for which

I = ([ P h’(t)dt)’l’ <.

In particular, if we take h(z) = ,:_:11 (k > 0), then the space X} (a,b)
coincides with the space L, x[a, b]. For h(x) = z, the space X} (a,b) coincides

with the classical space LP[a, b].

Definition 4 (see [1, 9, 11, 23]). Let f € X7 (a,b). The left and right
generalized fractional integrals of function f of order @ > 0 are defined,
respectively, by

I8 (@) = wy [ (h (@) = h (@) W () f (t) dt, x> a, (6)

and
T f @) = g Sy (@) =R (@) T W (@) f (@) dt, b>a (7)
Here T' (o) is Gamma function and J2+7hf (z) = Jlg]*,hf (z) = f(x).

Remark 1. Letting h(z) = z in (6) and (7), we obtain the equalities in
Definition 1.

In this paper we will generalize expressions (1), (3), (4), and (5) by using
generalized Riemann—Liouville fractional integrals.

2. Main results

Theorem 3. If f,g € X} (a,b), then we have, for o > 0, the identity

@ F(a + ) o

a+,h[f (b) g(b)] - W at h[f (b)] ot h[g(b)]

= . (8)
_2w®)iul“n® ) (9(t) = g(s))
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Proof. By (f(t) = f(s)) (9(t) — g(s)) = f(t)g(t) — f(£)g(s) — f(s)g(t) +
f(s)g(s) we have

/ / — g(s)) (h(b) — h(s)**

x (h(b) — h(t))*~ 1h’( )W (s)dsdt

:2{/;(}1(5 — h(s) O‘_lh’sds/bft (t) (h(b) —ht))a_lh'(t)dt}

b
—2[/ g(s) (h(b) — h(s))* " h'(s) ds/f alh’()d}
2@k (“”ar<a>Ja+ Al (B g(0)) — 202(0) 5% [ (DG alo 0]
This completes the proof. O

Remark 2. Taking a = 1 in (8), we obtain the identity
Mh(fg a b) Mh(faa b Mh(gaa b)

/a /a — ()W () (s)dsdt, 9)

where Mh(f a,b) f f(t)

Remark 3. For h(z ) =z in (9), we obtain the Korkine’s identity (3).

Theorem 4. Let f be a differentiable function on [a,b] and let |f'(x)] < M
for any x € [a,b]. Then we have, for a > 0, the generalized fractional
inequality

ID(fi 0] < g MI(h() = @)™+ (h(0) = h @), (10
where
D(fa.0) = gy (h(a) = @) + (1(0) = h(w) ) @)
- gl @)= g2l o) - [ [H8) s e 12O

Proof. Using integration by parts for fractional integrals in Definition 5,
we have

S 0) = gy (O = k)" £+ a2 15 0]+ 2 [
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These equalities show that
T (@) = IS (b) = D(f; a,b).

T,

Therefore, using (6) and (7), by |f'(z)| < M , x € [a,b], we have

1 * a1/ b ayp/
ID(f50.0)] < gy M [/a (h(t)—h(a)) h(t)dt+/x (h(b)—h(1) h(t)dt}
< g™ (@) = 1)+ ((6) = (@)].
which completes the proof. ]

Remark 4. If we take h(z) = x in (10), then we obtain the inequality (4)
in Theorem 1.

Remark 5. If h(x) = 0 and o = 1, then the inequality (10) reduces to
Ostrowski inequality (1).

Theorem 5. Let f : [a,b] — R be a differentiable mapping. If f' €
XP(a,b) is bounded on [a,b] with m < f'(xz) < M, then

|B1(f;a7 b) +BQ(f;a’ b)|

1 1 1 N .
< \/2a +1 - (o + 1)2 T (a) (h(x)—h(a))® K14 (h(b)—h(z))" K2 1)

§¢ ! L1 (h@)=h@)"+ (O =ha@)”

20+1 (a+1)2T () 2
for all x € [a,b] and o > 0, where

Ba(fi0.8) = s (hle) = b)) @) = 5 [ £ (0
_ L « a a+1 f(a)
i a2 (5]
b
Balf0.0) = g5 () = h @) @) + g5 [ @0 @

—hwﬁﬁmw(ﬁwuwﬂ+ﬁﬂﬂﬁgb7

K? = My(f 1a,2) = MA(f sa,2). K3 = Ma(f 52.b) — MA(fs,b).
Proof. From(6) and (7) we have
1 * a g/ ! _ ‘a
T L RO @) HOF 0= Bi(fiab),
~1
T (@) (h (0)

b
_h(fU))/m (h(b) —h(t)*R(t)f (t)dt = Ba(f;a,b).
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Then

Bi(f;a,b) + Ba(f;a,b)=

I (@) (h(fb“)—h(a))/a (A (t)= h(a))™ W' (&) f (1) dt
1 a—1 r / /
T et @ @) / £ (&) W (t)dt
b
I (a) (h(b)—h(m))/z (h(b) =h@®)* KW (@) f (t)dt

1 a—1 b ! /
T O - [ o
and by the identity (9) we get

Bi(f;a,b) + Ba(f;a,b)

"2 (@) (h a//

—(h(s ) h(a))a ()W () (t)dsdt  (12)
" / /
—(h (b) - h(t)) ()1 (s)H' (t)dsdt.

Using the Cauchy—Schwarz inequality for double integrals in (12), we ob-
tain that

(h(s) = h(a))*)[f" (1)

I ()H (s )’h’(t)lh( VR (8) 2dsdt‘
§</)/[m“)}”@fUﬂﬁthWM$m%mwOé "
</ / "(s)h'(t )dsdt>.

[V

Since
/ / (h () — B (a))*T2R (s)/ () dsdt
. 1 1
>hw»””ga+1 )
and

| [0 o-5 eriormasa
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2

— 9 (h(z) — h(a))? [thf’ ca,x) — M2 s,

by (13) we have

1 r prx . .
2T () (h(x) —h(a))/a / [(h (&) =P (@)* = (h(s)
—h (a))*)[f (t) = f (S)]h’(s)h’(t)dsdt’

< (h(z) —h(a))a\/ 11 : [Mh(fIQ;a, £)— M(Fa.)

N

I'(a) 2a+1 (a+1)
(14)
Similarly we find that
e / / — (h (V)
~h <t>> I <t> W()H (1) dsdt)
(h(b) = h (@) [ 1 1 N
) \/2a+1_(a+1)2 [Mh(f @) = Mi(fi2.0)|
(15)

Using (12), (14), and (15), we obtain the first inequality of (11). Moreover,
if m < f'(x) < M on [a,b], then by Griiss inequality we get

1 /|2 / 1
< - —(My(fsa,2)% < = (M —m)?
0 — h(fL’) _ h(a) f X%(&w) ( h(f ,G,x)) — 2( m) ’
1 /|2 / 1
< — (Mp(f'52,0))? < =(M —m)?
0 TR (T vy~ M52 0) < 5 —m)
which proves the last inequality of (11). O

Remark 6. If we set h(x) = z in (11), then we obtain the inequality (5)
in Theorem 2.

Corollary 1. Under the assumptions of Theorem 5 with o = 1 the fol-
lowing inequality holds:

w3 [ rowioa [ st
_ m [J; alf @)+ 755, [;{((Z))H [J;+’h O+ o [f{((l;))H

<

‘ -

(h(b) = h(a))(M —m).

B

4
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Remark 7. If we set h(x) = x and a = 1 in (16), then we obtain the
inequality (2.31) of [23].

3. Concluding remarks

In this study, we presented Ostrowski type generalized inequalities via
generalized fractional integrals. It is also shown that the results proved here
are a strong generalization of some already published results.

1]

2]

[7]

8]

[9]

(10]

(11]
(12]
(13]
(14]
(15]

(16]

(17]

(18]

References

A. Akkurt, M. Esra Yildirim, and H.Yildirim, On some integral inequalities for (k, h)-
Riemann-Lioville fractional integral, New Trends Math. Sci. 4(2) (2016), 138-146.
M. Alomari and M. Darus, Some Ostrowski type inequalities for convex functions with
applications, RGMIA 13(1) (2010), Article 3, 13 pp.

S. Belarbi and Z. Dahmani, On some new fractional integral inequalities, J. Inequal.
Pure Appl. Math. 10(3) (2009), Article 86, 5 pp.

7. Dahmani, L. Tabharit, and S. Taf, Some fractional integral inequalities, Nonlinear.
Sci. Lett. A 1(2) (2010), 155-160.

S. S. Dragomir, On the Ostrowski’s integral inequality for mappings with bounded
variation and applications, Math. Inequal. Appl. 1(2) (2001), 59-66.

G. Criiss, Uber das Mazimum des absoluten Betrages von ﬁfff(x)g(ﬂc)d:c —
Gz Jo F(@)da [} g(x)dw, Math. Z. 39 (1935), 215-226.

Y. Hu, Ostrowski inequality for fractional integrals and related fractional inequalities,
TJMM 5 (2013), 85-89.

H. Kalsoom, M. Idrees, A. Kashuri, M. Uzair Awan, and Y.-M. Chu, Some new
(p1p2, q1q2)-estimates of Ostrowski-type integral inequalities via n-polynomials s-type
convezity, AIMS Math. 5(6) (2020), 7122-7144.

U. N. Katugampola, New approach to a generalized fractional integral, Appl. Math.
Comput. 218(3) (2011), 860-865.

M. A. Khan, S. Begum, Y. Khurshid, and Y.-M. Chu, Ostrowski type inequalities
involving conformable fractional integrals, J. Inequal. Appl. 2018, Paper No. 70,
14 pp.

A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and Applications of Frac-
tional Diferential Equations, Elsevier B.V., Amsterdam, 2006.

A. N. Korkine, Sur une therome de M. Tchebychef, C.R. Acad. Sci. Paris 96 (1883),
316-327.

7. Liu, Some companions of an Ostrowski type inequality and application, J. Inequal.
Pure Appl. Math. 10(2) (2009), Article 52, 12 pp.

A. M. Ostrowski, Uber die Absolutabweichung einer differentiebaren Function von
threm integral Mittelwert, Comment. Math. Helv. 10 (1938), 226-227.

B. G. Pachpatte, On a new Ostrowski type inequality in two independent variables,
Tamkang J. Math. 32(1) (2001), 45-49.

S. Rashid, M. A. Noor, K. I. Noor, and Y.-M. Chu, Ostrowski type inequalities in the
sense of generalized K-fractional integral operator for exponentially convexr functions,
AIMS Math. 5(3) (2020), 2629-2645.

S. G. Samko, A. A. Kilbas, and O. I. Marichev, Fractional Integrals and Derivatives,
Theory and Applications, Gordon and Breach, Yverdon, 1993.

M. Z. Sarikaya, On the Ostrowski type integral inequality, Acta Math. Univ. Comenian,
79(1) (2010), 129-134.



GENERALIZED FRACTIONAL INEQUALITIES OF OSTROWSKI TYPE 151

[19] M. Z. Sarikaya, Ostrowski type inequalities involving the right Caputo fractional
derivatives belong to Ly, Facta Univ. Ser. Math. Inform. 27(2) (2012), 191-197.

[20] M. Z. Sarikaya and H. Filiz, Note on the Ostrowski type inequalities for fractional
integrals, Vietnam J, Math. 42(2) (2014), 187-190.

[21] M. Z. Sarikaya and H. Ogunmez, On new inequalities via Riemann-Liouville fractional
integration, arXiv:1005.1167v1 [math.CA] 7 May 2010.

[22] N. Ujevic, Sharp inequalities of Simpson type and Ostrowski type, Comput. Math.
Appl. 48 (2004), 145-151.

[23] H. Yildirim and Z. Kirtay, Ostrowski inequality for generalized fractional integral and
related inequalities, Malaya J. Mat. 2(3) (2014), 322-329.

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE AND ARTS, UNIVERSITY OF
KAHRAMANMARAS SUTGU IMAM,46000, KAHRAMANMARAS, TURKEY

E-mail address:  hyildir@ksu.edu.tr

E-mail address: sedakilincmath@gmail.com



