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Thue’s equation as a tool to solve two different
problems

SADEK BOUROUBI AND ALI DEBBACHE

To all health care workers, front line soldiers facing the COVID-19 virus

ABSTRACT. A Thue equation is a Diophantine equation of the form
f(z,y) = r, where f is an irreducible binary form of degree at least
3, and r is a given nonzero rational number. A set S of at least three
positive integers is called a D3-set if the product of any of its three
distinct elements is a perfect cube minus one. We prove that any D?-set
is finite and, for any positive integer a, the two-tuple {a, 2a} is extendible
to a D3-set 3-tuple, but not to a 4-tuple. Using the well-known Thue
equation 2z — y® = 1, we show that the only cubic-triangular number
is 1.

1. Introduction

Let S = {x1,...,zm} be a set of m positive integers, m > 2. The
set S is called a Diophantine m-tuple if the product of any two distinct
elements increased by one is a perfect square, ie., z;2; +1 = u?j, where
ui; € N={1,2,3,...}, 1 <i < j < m. Diophantus of Alexandria was the
first to look for such sets. He found a set of four positive rational numbers
{1—16, %, 1?7, 11—%5 with the above property. However, Fermat was the first
to give {1,3,8,120} as an example of a Diophantine quadruple. For a de-
tailed history of Diophantine m-tuples and corresponding results, we refer
the reader to Dujella’s webpage [3]. Throughout the following the notion of
a D3-set is essential.
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Definition 1. A set S of at least three positive integers is called a D3?-set
if the product of any of its three distinct elements is a perfect cube minus
one.

Definition 2. A D?-set S is said to be extendible if there exists an integer
y & S such that S U {y} is still a D?-set.

Example 1. The set {1,2,13} is a D3-set, which is not extendible to four
terms (see Theorem 2).
2. Main results
Theorem 1. Any D3-set is finite.

Proof. Let S = {x1,29,23,...} be a Di”-set. Suppose that there exists an
integer y € S such that S U {y} is still a D3-set. Then, by setting

a = I3x2,
b= x371,
C = I9%1,

we get,
ay +1 = x3m0y + 1 = u3,
by +1=a3m1y + 1 =03,
cy+1=xor1y+1 :wg,
for some positive integers u, v and w.

Hence

(ay +1)(by + 1)(cy + 1) = (uvw)?.
We recognize here an elliptic curve, which has only finitely many solutions
(see [1]). O

Proposition 1. Any set {x,y} of two elements can be a subset of a D3 -set
of three elements.

Proof. Thanks to the identity (zy + 1)® = zy(2?y® + 32y + 3) + 1, it is
clear that the triple {x,y, z%y? + 3zy + 3} is a D3-set. O

Corollary 1. For any positive integer a, the set {a,2a,4a* + 6a® + 3} is
a D3-set.

Proof. To get the result, it is enough to substitute x by a and y by 2a in
Proposition 1. ]

Theorem 2. For any positive integer a, the set {a,2a} is not extendible
to a D3-set of four terms.
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Proof. Suppose there exist two positive integers b and ¢ such that the
quadruple {a,2a,b,c} is a D:f—set. Then the following system of equations
has a solution (u,v,w,t) € N*:

2a%b + 1 = u?,
20%c+1 =13,
(5) _ 3
abc+ 1 = w°,
2abc +1 = 3.
The system (S) yields
2w — 13 = 1. (1)

We recognize here a Thue’s equation, which has the unique positive integer
solution, (w,t) = (1,1) (see [2]), which is impossible in (S). This completes
the proof. O

3. The cubic-triangular numbers

A triangular number is a famous figurate number that can be represented
in the form of an equilateral triangle of points, where the first row contains
a single element and each subsequent row contains one more element than
the previous one (see Figure 1). Let T}, denote the n'* triangular number,
then T;, is equal to the sum of the n natural numbers from 1 to n, whose
initial values are listed as the sequence A000217 in [4]. We have

Tn:n(n+1) _(n+1 7
2 2

n
where < k‘> is a binomial coeflicient.
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FIGURE 1. The first four triangular numbers.

Definition 3. A cubic-triangular number T, is a positive integer that is
simultaneously cubic and triangular, i.e., for some positive integer v,

T, = “(“;1) — . 2)
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Theorem 3. The only cubic-triangular number is 1.

Proof. Let n be a cubic-triangular number. According to equation (2),
there exist two positive integers u and v such that 2n = u(u + 1) = 203
Since u and u + 1 are coprime, there exist two positive integers x and y such
that v = 2% and v 4+ 1 = 2y3, so in that case, we get the Thue equation
292 — 23 = 1 that has (z,y) = (1,1) as the unique positive integer solution,
or v = 223 and v+ 1 = y? which implies the equation y> — 223 = 1 which is
equivalent to 2(—z)® — (—y)® = 1, that has (z,y) = (—1,—1) as the unique
positive integer solution. Thus, v = 1 or u = —2 and then n = 1, which is
the unique cubic-triangular number. O

Remark 1. As we can see, Thue’s equation (1) is useful in two problems
mentioned above that seem to be a priori different.
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