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Tauberian theorems for weighted mean statistical
summability of double sequences of fuzzy numbers

HEMEN DUTTA AND JYOTISHMAAN GOGOI

ABsTRACT. We discuss Tauberian conditions under which the statistical
convergence of double sequences of fuzzy numbers follows from the sta-
tistical convergence of their weighted means. We also prove some other
results which are necessary to establish the main results.

1. Introduction

Since the introduction by Zadeh [27], the concept of fuzzy set theory and its
applications have attracted the attention of many researchers from various
branches of mathematics. Dubois and Prade |8] introduced the notion of
fuzzy numbers and defined the basic operations of addition, subtraction,
multiplication and division. Goetschel and Voxman gave a less restrictive
definition of fuzzy numbers in [13]. Matloka [15] introduced the concepts
of bounded and convergent sequences of fuzzy numbers and studied their
properties.

In 1935, Zygmund [28| defined a new type of convergence known as al-
most convergence that formed the foundation of the concept of statistical
convergence which was formally introduced by Fast [11] and reintroduced by
Schoenberg [23] and also, independently by Buck [4]. Later this idea was
associated with summability theory. Nuray and Savas [18] extended the con-
cept of statistical convergence to sequences of fuzzy numbers and showed
that a sequence of fuzzy numbers is statistically convergent if and only if it
is statistically Cauchy.

Recently there has been an increasing interest in summability methods
of sequences of fuzzy numbers. In [24|, Subrahmanyam defined the Cesaro
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summability method for sequences of fuzzy numbers and proved fuzzy ana-
logues of some classical Tauberian theorems. For a detailed study and some
results related to convergence of sequences of fuzzy numbers and Tauberian
conditions, we refer to the papers [1, 3, 5, 9, 10, 14, 19, 26].

We now give some preliminary definitions and notations which are required
in the later part of the paper.

Definition 1.1 (see [8, 13]). A fuzzy number is a fuzzy set on the real axis,
i.e., a mapping u : R — [0, 1] which satisfies the following four conditions:

(1) w is normal, i.e., there exists an o € R such that u(xg) =1,
(ii) w is fuzzy convex, ie., u[Az + (1 — AN)y] > min{u(x),v(y)} for all
x,y € R and for all X € [0, 1],
(iii) w is upper semi-continuous,
(iv) the set [u]p = {x € R(z) > 0} is compact, where {x € R(z) > 0} de-
notes the closure of the set {x € R(z) > 0} in the usual topology of
R.

The set of all fuzzy numbers on R is denoted by E' and called the space
of fuzzy numbers. The a-level set [u], of u € E! is defined by

_J{teR:u(t) >a} if0<a<l,
[ulo = {teR:u(t)>a} ifa=0.

The set [u], is a closed, bounded, and non-empty interval for each a €
[0,1], it is defined by [u]o = [u™ (a),ut(a)]. The set R can be embedded in
E', since each r € R may be regarded as the fuzzy number

_ 1 ift=nr,
T(t) = .
0 ift#r.
Definition 1.2 (see [2, §]). Let u,v,w € E! and k € R. The addition,
scalar multiplication, and product in E' are defined as follows:

utv=wE W = U+ vl (ae]0,1]),
klulo (a€0,1]),
w =w < [wlg = [u]afv]la (@ €]0,1]).
Definition 1.3 (see [7]). Let W be the set of all closed bounded intervals
A =[Aq, Ag]. TIf we define, for A and B = [By, Bs] from W, the relation
d(A, B) = max {|A; — B1],|As — Ba|},
then (W, d) is a complete metric space. Bede [2] defined on E! the Hausdorff
metric

ku=w < [w]y

D(u,v) = sup d([u]a, [v]a)-
a€(0,1]

Lemma 1.4 (see [2|). Let z,y,z,u € E' and k € R. Then
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)

i) D(kx,ky) = |k| D(z,y);

) D(x +y,z+y) = D(x,2);

(iv) D(z+y,z+u) < D(x,2) + D(y, u).

Matloka [15] introduced bounded and convergent sequences of fuzzy num-
bers and studied their properties. In [20], Pringsheim gave a notion of con-
vergence of double sequences. Savas [21] extended this notion of Pringsheim’s
convergence to double sequences of fuzzy numbers.

Definition 1.5 (see [15, 21]). A double sequence x = (x ;) of fuzzy num-
bers is a function 2 : N x N — E!. The fuzzy number x 1, denotes the value
of the function at a point (j,k) € N x N and is called the (j, k)-th term of
the double sequence z. By oW we denote the set of all double sequences of
fuzzy numbers.

Definition 1.6 (see [21]). Consider the sequence (zj;) € W, If for
every € > 0 there exists ng = no(e) € Nand L € E' such that D(zjj, L) <€
for all j,k > ng, then we say that the sequence (z;;) converges in the sense
of Pringsheim to the limit L and write P-lim; xj;, = L.

Definition 1.7 (see [22]). A sequence x = (zj;) € W is said to be
statistically convergent to L € E' if, for every ¢ > 0, do(K (m,n,¢)) = 0,
where K(m,n,e) = {(j4,k) : j <m,k <n:D(z;,, L) > €}. In this case we
write sty — limx,, = L.

Precisely, sta — limx;, = L if

P—E{E%Kj, k);j <m,k<n:D(xj,L)>¢ =0.

2. Main results and discussions

Let p := (p;);2o and ¢ := (g;)7Z, be sequences of non-negative numbers

such that pg, go > 0,
m
Pm::me—M)oasm—M)o,
j=0

and
n

Qn::an—M)oasn—M)o.
k=0

The weighted mean t,,, of z = (zj;) € JWE is defined as

m n
1
tmn 1= mzzpj%xjka m,n > 0.
=0k=0
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Definition 2.1. If ¢,,, converges to L as min(m,n) — oo, then we say
that the sequence x = (zj;) € 2sW is (NQ,p, q)¥-summable to L.

Definition 2.2. A sequence x = (z;5) € W is called (NQ,p, q)F-
statistically summable to L if sto-limt,,, = L.

Definition 2.3. Let K C NxN and € > 0. We define the double weighted
e-dengsity of K by

5N2 (K, €)= }}LIE Plen ‘KPan (e)l,
provided the limit exists, where
Kp,Q.(€) == {(j,k);j < P,k < Qu: pjarD(wjk, L) > €},

liminfp; > 0, liminfg; > 0. A sequence x = (z;;) € sW7 is said to be
weighted statistically (or SNQF -statistically) convergent to L if, for every
€>0, 05, (K,€) =0.

Theorem 2.4. Let piqiD(zj,, L) < M for all j,k € N. If a sequence
z = (zj) € WT is SW2F—stati5tically convergent to L, then it is (Nz,p, q)F-
statistically summable to L.

Proof. We have

m n

j=0k=0
m n
< pgr 2D Pt L)
j=0k=0
m n m n
=rma 2. puDEmD)+gla DY paD(u L)
J=0k=0 j=0k=0
GRIEK P (€ K Py (6)
m n
< (S}l}g%%ﬂ%m@) Kpngu (Ol + gz DD €
Js =0 k=0

(]7k)¢KPan (6)

< oo MIKp,.q,(€)| + €= 0+ € as m,n — oco.

This implies that t¢,,, — L. ]

Remark 2.5. If weset p; =1, ¢4 =1 (j, k=0,1,2,...) in Theorem 2.4
then we get Theorem 4.1 of [19].

It follows from Theorem 2.6 of [6] and Example 4.2 of [19] that the converse
implication of Theorem 2.4 does not hold in general. We find some conditions
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under which the converse also holds. We give two-sided Tauberian conditions,
each of which is necessary and sufficient for statistical convergence to be
followed from statistical summability by weighted means.

Definition 2.6. We define the sums
Am
>

An
R 1
Tmn “= P = Prm) @y —Qn) Z pigkTik (A >1)
j=m+1 k=n+1

and
m

N

T

n
= A Oe O D iz (0<A<T)
J=Am+1 k=X, +1

for sufficiently large non-negative integers m,n. Here A\, denotes the integer
part [An] of the product An.

Fridy and Orhan [12] introduced the idea of statistical limit inferior and
statistical limit superior of a sequence of real numbers. Moricz and Orhan
[16] proved the following lemma.

Lemma 2.7 (see [16]). If {R.,} is a non-decreasing sequence of positive
numbers, then the conditions

st-lim inf }2’” > 1 for every A > 1 (1)
m—o0 m
and
st-lim inf }?m > 1 for every 0 < A <1 (2)

m—00 Am

are equivalent.

o0

Lemma 2.8. Letp = (pj)j:0 and q¢ = (qi)7 be sequences of non-negative

numbers such that py, qo > 0. If a sequence © = (Tympn) € 2sWF s (N2,p, q)F-
statistically summable to L, then, for X\ > 0,

sto-limty, \, = L, sta-limty, , =L, and sty-limt,,,, = L.

Proof. We only show sta-limty,,», = L, the proofs of other cases are
similar. For A = 1, it is trivial.
Suppose A > 1. For all M, N > 1 and € > 0,

{m <M,n <N :D(ty,a,, L) > e} S{m < Apyn < Ay D(ty,0,. L) > €},
whence we find
v {m < M,n < N : D(t\, . L) > €}

< ,\;\4}/\\N [{m < Aaryn < AN 2 D(tmn, L) > €} — 0 as min(M, N) — oo.

The last step follows from the fact that x is (Nz, p, q)F-statistically summable
to L.
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For 0 < A <1, the sequence ();)32; is non-decreasing. If integers j and
s are such that m = A\j = X\jy1 = -+ = Ajps—1 < \j4s, then
m<AN<AJH+L) << AF+s—1) <m+1<Aj+s).
This implies that
m4+ANs—1)<Aj+As—1)=AXJj+s—1)=m+1

and so s < 1+ A71. Here the pairs (j,k) with \; = m and A\ = n occur at
most (1+A71)2 times. Moreover, we have Ay/N < 2X for N > max{\~! —
2,0}. Consequently,

< M|{m<)\M n<)\N:D(tmn7L) ZEH

(1A~ 1)2(2))2

<
— AMAN

{m < Aar,n < Ay : D(tmn, L) > €} — 0
as min(M, N) — oo. This step completes the proof. U

Lemma 2.9. Let the sequences p and q be the same as in Lemma 2.8.
(1) If A > 1, A > m, and A\, > n, then

P mQ n
D(7-Tr>ln’ tmn) S (PAm _Fi;n)(é\An _Qn) (D(t)\m)\n’ t>\mn) + D(tmn7 tm}vn))

(3)
P
- ﬁD(tkmna mn) + Q QA"Q D(tm)\n7tmn)-
(2) If0< A <1, Ay <m, and \, < n, then
P
D(Tyinstmn) < B350y (D s trn) + Dlbmns tina, ) "
P
+ P, Am D(t)\mnutmn) + On— QA" D(tm)\nytmn)-

Proof. (1) Let A > 1, A\, > m, and A\, > n. By definition of 7, and
relations (ii), (iv) of Lemma 1.4 we have

>\7YL )\TL

> _ 1
D (Tamstmn) =D | rp@na 2o D PilkTimstmn
j=m+1 k=n+1

Am An

— 1 ‘ '
=D (Pan—Pm)(@rn, —Qn) Z Z Pk jk
j=m+1 k=n+1

DS mzz)

j=0 k=n+1 j=m+1k=0  j=0k=0

tmn+(PAm—Pm)1(QAn—Qn) Z Z +'Z/ Z"’QZZ DiqkTjk



TAUBERIAN THEOREMS FOR STATISTICAL SUMMABILITY 181

Am  An

1
(P>‘7"_Pm)(Q>\7L_Q7l) ijqu]k
Jj=0 k=0

=D

m
1
+ (P)\m_Pm)(Q/\n_Qn) Z pJQkxjk’

b+ (Pam, *PM)(Q/\n —Qn) Z Zp]qujk
7=0 k=0

Am 1

1
+(P)\m_Pm)(Q)\n_Qn) : Piqk i

_ Prm @an PpnQn
=D ((me—mean—Qn)“mAn T B Po) (@ Q) s

P)\m Qn PmQAn
bmn & By P Q@) P T B =P ) (@ — @) tm%n)

=D ((me —?ﬁ%fn—cm%kn 2B (e (e
T 2y D & (g s bmn + =Gy P
TPyt & (PP e @3%%)

=D <(me PG e T PP By o T Py b

Qxp, Py, Qx,
P igytmias trn + PGy (e + tman)

Prim @xn PnQn
< Trar=an P (ux tn) + D ((me—Pm)(QAn—Qn)tm"
Py, Qrn Pm Qn
T BBy A T 1@, —@y tmae (85, 2y tmn + (@5, =gy tmn T

Pam Qxrn Py Qn
b + (PG o (Pt + gy tn + n)

— PAm QAn P)\m Q)\n
= PP = P tures Dunn) + D ((PAW—PM@M—QMW

+ (me_pm)t)\mn + @x,—Qn) tm)\na
P @an P Qi
(P)\m*Pm)(QAann)tm)\n + (P)\n*Pn)tmn + (an*Qn)tmn>
P
S (P)\mflgnzn)?Q/\:ann) (D(t)\m)\rﬂt)\mn) + D(tm'r“tm)\n))

+ WD (Eamns tmn) + (QQ#)D (> tmn) -
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(2) Let 0 < XA < 1, Ay, < m and A, < n. By definition of 75, and relations
(ii), (iv) of Lemma 1.4 we have

D (T;”” tmn) . (Pm— PAm Qn Q)\n Z Z qukx]k’ tmn
J=Am+1k=X,+1

m

n
_ 1 . .
=D\ oo Z Z PjqkTjk
J=Am+1 k=X,+1

+(Pm PAm)(Qn Qxy,) Z Z Z Z+QZZ Dj kT jk,

J=0 k=An+1 j=Am-+1k=0 =0 k=0

Am An

bmn + = PAm)(Qn o) Z Z Z Z”ZZ PjakTjk

7=0 k=An+1 j=Am+1k=0  j=0 k=0

>\7YL >\7L

_ 1 P
=D\ ®Emo@. o Z ijqu]k
§=0 k=0

n
1 . .
T B P ) (@G Z Zpﬂq’vi”ﬂf’
7=0 k=0

m  An

1
trn + B =P (@) Z ijq’ijk
7=0 k=0

Am N

L . .
* (Pr— P ) (@n—Qx,,) Z ijqk:rjk
7=0 k=0

_ Prim @ PrQn
=D ((mePAmen—QM)%An T B ) (@nGy) s

trn & (PP Gy P + P )qféz’i—QAn)thn>
=D ((Pm—zil"j%ﬁ—czxmhmn + PP g
i+ PG P + B @ g e
Byt + GBiytmia)
< TPy D (e tan) + D (orp B =gy tonn:

P Qry, Py Qrn
bmn + =P S @n @) e T BBy, A (W%)tmn)

— P>\m QAn P)vm Q)\n
= TP (Erndas Eann) + D <<Pm—PAm)(Qn—QAn)tmn
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Q}xn PA"LQ)\’H/
+(pm,p/\m) mn T (QH,Q/\n)tmn +tmn7 tmn + (Prm—Ph,, ) (Qn—0Qx,,) m)\n

Py, %
+ mtmm + (Q@n—Qx,) bmnn >

< T an=any P o ban) + =m0 =g D (nns tma,)

P
+ (Pm:\i?’)\)D (tmn7 t)\mn) + (Qn— Q/\n )D (tmny tm)\n) .

Lemma is proved. O

Theorem 2.10. Let p = (p;);2y and ¢ = (qr)7~, be sequences of non-
negative numbers such that po, qo > 0. Suppose that both sequences (Py,)
and (Qn) satisfy either (1) or (2). If a sequence x = (Tmp) € 2WE i
(NQ,p, q)" -statistically summable to L, then, for A\ > 1, sto- lim 7., =L,

m,n—r o0
i.e.,
st 5 —P@n, e Y - (5)
j=m+1k=n+1
and, for 0 <\ <1, sta- lim 75, =L, i.e.,
mn—>
St2_m17¥£oo (Prm—Px,, )( Qn Qxy) Z Z qukx]k_ (6)

J=Am A1 k=An+1
Proof. Suppose A > 1. If P\, > P, and @), > @y, then
D(7;,.,L) = D(7,,,, + tmn, tmn + L) < D(77,, tmn) + D(tmn, L),
and using (3), we get

P mQ n
D(7ip, L) < (P/\mflg\m)(cé\kann)D(t)\m)\n7t/\mn)
=P = D s tmnn) = 5 2 D(Eans tnn)

— 5: 285Dt tn) + D(tmn, L).
By (1) we obtain

-1
st- hmsupppimpm = {st— liminf( Ii’" )}

m—00 m—0o0

1 -1
:{1—<st hmsupp’">} :{1—15} < 00.
m—oo st—lilrgigofp—;”

Similarly we have

st-limsup & Q*”Q < 0.

m—00

Thus, for any € > 0, we conclude that
{mSM,ngN:D( >e}

mn7
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. PmQ n
g {m = M’” g N ’ (P/\m_ﬁm)(é\/\n_Qn)D(tAmAn’tAmn) 2 %

. P "LQ n
Uim < Min <N 5252y Dt tn,,) 2 5}

P,
Ao D(t)\mna 75mn) > %}

= R S

Qxan

J{m < M,n<N:D(tym, L) > &)}

——

Finally, using Lemma 2.8 and the fact that © = (z,) is (NQ,p, q, 1, 1)F-
statistically summable to L, we get (5).

FO0O< A<, P\, <Pn, Qr, > Qn, then, using the inequality (4) and
proceeding in a similar manner as above, we obtain (6).

O

Theorem 2.11. Let the sequences p, q, and (Py), (Qn) be the same
as in Theorem 2.10. If a double sequence of fuzzy numbers © = (Tmn) 18

(N2,p, q)¥ -statistically summable to L, then x is statistically convergent to
L, ie.,
sto-lim z,,, = L, (7)
if and only if one of the following statements hold for every e > 0:
e s fim < Mo <
A An (8)

1
D\ @ ey 2o D PitkTikTmn | Z €| =0
j=m+1 k=n-+1

or

inf limsup - {m < M.,n < N :
0<A<1 M,N%OI; MN H - T

m

n

1 _

D (Pri—Px,, )(@n—Qx,,) Z Z PjdkTjk Tmn | 2 € 0| = 0.
j:>\'m+1 k=An+1

(9)

Proof. Let x = () be a double sequence of fuzzy numbers which is
(N2, p, q)F-statistically summable to L.

Necessity. Suppose that x is statistically convergent to L. Then, using
relations (5) and (7), we get (8). Similarly, (9) follows from (6) and (7).

Sufficiency. Suppose that one of the conditions (8) and (9) holds. To
prove sto- lim x,, = L, it is enough to prove that

m,n— 00

sto-Um D (T, tin) = 0. (10)



TAUBERIAN THEOREMS FOR STATISTICAL SUMMABILITY 185

First, we suppose that (8) holds. Since in the case A > 1
D (tmn7xmn> <D (tmnﬂ'im) +D (T;nv xmn)

P mQ n P mQ n
S (P/\m_F/):rL)(é\/\n_Qn) D (t)\mAn ’ tAmTL) + (P)\m_P)’\"L)(Cé\)\n_Qn) D (tmn’ tm)\n)

P
+ (PAm/\ian)D (t>\m7’w tmn) + (ij%n@n)D (tm)\na tmn)
Am An
1
+ D (P)\m_Pm)(Q)\n_Qn) Z Z qu'kx]k"’ Lmn )
j=m+1k=n+1

for any € > 0 we have

{mS MvnSN:D(tmna-rmn) ZE}

. Pam @an
c{m < Mn < N: By D (thhs fan) >

[S2(1e)

j
j

utlen

. P mQ n
Y {m sMn<N: (P)\m_P)\m)(CSAn_Qn)D (tmns tmr, ) =

P

U {m <M <N 5 g 255Dt n) > g}
A A

Uim<M,n<N:D (PAmme)l(QMan) Z ijqwjk7$mn
j=m+1k=n+1

v

By (8), for any given 6 > 0, there exists A > 1 such that
limsup iy |[{m < M,n < N :
M,N—oc0
Am A

1
D| p—rnm—an 2. 2. PidkTikTmn | 2§ o] < 0.
j=m+1 k=n-+1

From Lemma 2.8 it follows that

. 1 . Py Qxp el|_
b{?vsilg T {m <M,n<N: (P)\m_Pm)(Q)\n_Qn)D (Eamdns tagmn) = 5}‘— 0,
. 1 . Py Qg el| _
MR TN {m < Mon < N iy D (bmntoun,) > £} =0

lim sup ﬁ {m <M,n<N: (&fjijpm)D(tAmn,tmn) > %H =0,

M,N—oc0

; 1 N VI el =
i}r,rzlvsilgm {mSM’"SN' @@y D (s tnn) 2 5}‘ =0

Thus we have

M’lgfrgoosupﬁ |[{m < M,n < N : D (Tmn, tmn) > €}| <90.
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Since § is arbitrary, we can say that, for every e > 0,

Ml]{flgooﬁ‘{mg M;”SN:D(xmn7tmn) > 6}‘ =0,

i.e., (10) is true.

Secondly, if (9) is satisfied, then (10) may be proved in a similar way,
considering the case 0 < A < 1 with P, — Py, and @, — @), instead of
Py, — Pp, and @), — Qn, respectively. O
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