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K-type slant helices on spacelike and timelike
surfaces

Santosh Kumar and Buddhadev Pal

Abstract. We have derived a necessary and sufficient condition for a
non-null normal spacelike curve lying in a spacelike or a timelike surface
M ⊂ E3

1 , so that the curve becomes a K-type spacelike slant helix with
K ∈ {1, 2, 3}. We have used Darboux frame to define necessary and
sufficient conditions. An example is given for a 1-type spacelike slant
helix having a spacelike normal and a timelike binormal.

1. Introduction

A curve γ in Euclidean space whose tangent vector makes a constant angle
with some fixed direction is known as a general helix. The necessary and
sufficient condition, the ratio of non zero curvature and torsion of general
helix is constant. The condition was first defined by M. A. Lancret in 1802
and the first proof for the condition was given by B. de Saint Venant in 1845.
A new version of proof by using Killing vector field for the condition was
given in [5]. Izumiya and Takeuchi [6] have introduced the concept of a slant
helix in Euclidean space. They have defined a slant helix as a curve whose
principal normal makes a constant angle with some fixed direction. A unit
speed curve γ is a slant helix if and only if the function

K(s) =

(
κ2

(κ2 + τ2)
3
2

(
τ

κ

)′)
(s), κ(s) 6= 0,

is constant. The curve of constant precession is a slant helix and the spherical
image of the tangent indicatrix (binormal indicatrix) for slant helix γ is a
spherical helix [8]. Position vector for a slant helix on E3 was calculated
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in [1], and the authors have proposed a condition that a unit speed curve γ
is a slant helix if and only if

τ(s) = ±
mk(s)

∫
κ(s)ds√

1−m2(
∫
κ(s)ds)2

,

where m = n√
1−n2

and n = cosφ (φ is the angle between a fixed line and the

normal of the curve).

In 2011 Ali and Rafael [3] defined a slant helix in Minkowski space.
A unit speed curve γ in E3

1 is said to be a slant helix if there exists a
constant fixed direction U , whose inner product with principal normal is
constant, i.e, 〈N,U〉 is constant, where N is a principal normal for curve
γ. A curve in Minkowski space may be spacelike, timeline, or lightlike ac-
cording to this causal character of the curve. Thus, we get a condition for
a curve to be a slant helix in the Minkowski space. A unit speed timelike
curve in Minkowski space is a slant helix if and only if one of the following
two functions is constant:

G(s) =

(
κ2

(τ2−κ2)
3
2

(
τ
κ

)′)
(s), H(s) =

(
κ2

(κ2−τ2)
3
2

(
τ
κ

)′)
(s), τ2 − κ2 6= 0.

Condition for a unit speed spacelike curve with spacelike normal to become
a slant helix is the same as the condition defined for a timelike curve. But,
if the normal of a spacelike curve is timelike, then the curve is a slant helix
if and only if the function K(s) is constant. Whereas every spacelike curve
with lightlike normal is a slant helix. Position vector for a timelike slant helix
in Minkowski space was studied in [4]. The concept of a K-type slant helix
in E4

1 was introduced in [2] and a K-type slant helix was defined in [2], using
the Frenet frame, while we did the calculation for K-type spacelike slant
helix by using Darboux frame. The relation between the Darboux frame
and Frenet frame was defined in [7, 13]. Darboux helix (curve of constant
precession) is an advanced version of a slant helix. A curve γ whose Darboux
vector (D) makes a constant angle with a fixed direction vector (V ) is called
a Darboux helix. Darboux helix in Euclidean space E3 has been studied by
Ziplar et al. [15]. To learn more about Darboux helix in Minkowski space
we refer the reader to [10, 15, 11].

Getting motivation from the above papers we have organized our paper
as follows. We define K-type spacelike slant helices on the spacelike and
timelike surfaces by using the Darboux frame. Then we define the conditions
for 1-type, 2-type and 3-type spacelike slant helices and derive the relation
between them. Also, we give an example of a 1-type spacelike slant helix on
a spacelike surface which is neither 2-type nor 3-type spacelike slant helix. In
the last section, we find the first axis for the Darboux helix using a Darboux
frame which is orthogonal to the Darboux vector.



K-TYPE SLANT HELICES ON SPACELIKE AND TIMELIKE SURFACES 203

2. Preliminaries

Minkowski 3-dimensional space E3
1 is a real vector space R3 equipped with

the metric

〈x, y〉 = −x1y1 + x2y2 + x3y3,

where x = (x1, x2, x3) and y = (y1, y2, y3) ∈ R3. Let γ : [a, b]−→M ⊂ E3
1 be

a curve parametrised by the arc length parameter s. Then the curve γ is
said to be spacelike if 〈γ′(s), γ′(s)〉 = 1, timelike if 〈γ′(s), γ′(s)〉 = −1, and
lightlike if 〈γ′(s), γ′(s)〉 = 0.

Definition 1. A surface M in E3
1 is said to be spacelike if unit surface

normal is a timelike vector and the surface M is called a timelike surface if
unit surface normal is a spacelike vector.

Let {T,N,B} be the moving Frenet frame along a spacelike curve γ
parametrized by the arc length parameter s lying in Minkowski space E3

1 ,
where T,N,B are the tangent, the principal normal, and the binormal vector
field along γ, respectively. Then the following cases can be studied according
to the principal normal of curves (see [14]).

Case 1. If 〈γ′′(s), γ′′(s)〉6= 0, then Frenet formulae for γ are∣∣∣∣∣∣
T ′

N ′

B′

∣∣∣∣∣∣ =

∣∣∣∣∣∣
0 κ(s) 0

−εκ(s) 0 τ(s)
0 τ(s) 0

∣∣∣∣∣∣
∣∣∣∣∣∣
T
N
B

∣∣∣∣∣∣ , (1)

where 〈N,N〉 = ε = ±1, 〈B,B〉 = −ε, 〈T, T 〉 = 1, 〈T,N〉 = 〈T,B〉 =
〈N,B〉 = 0, and T ×N = εB, N ×B = T, B × T = εN .

Case 2. If 〈γ′′(s), γ′′(s)〉 = 0, then Frenet formulae are given by∣∣∣∣∣∣
T ′

N ′

B′

∣∣∣∣∣∣ =

∣∣∣∣∣∣
0 κ(s) 0
0 τ(s) 0

−κ(s) 0 −τ(s)

∣∣∣∣∣∣
∣∣∣∣∣∣
T
N
B

∣∣∣∣∣∣ ,
where 〈N,N〉 = 〈B,B〉 = 〈T,B〉 = 〈T,N〉 = 0, 〈T, T 〉 = 1, 〈N,B〉 = 1,
and T ×N = N, N ×B = T, B × T = B.

Darboux Frame. We know that the tangent vector field γ′(s) along a
curve γ lying on a surface M is also the tangent vector field to the given
surface M along a curve γ(s). If Z is the unit surface normal at a point
γ(s) on the surface M , then we can construct a vector Y = ± T × Z. These
three vectors T , Y , and Z give rise to another moving frame along a curve
on the surface M known as the Darboux frame.

Spacelike surface. The relation between Darboux frame and Frenet
frame for a spacelike curve with a spacelike normal lying on a spacelike
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surface is given as ∣∣∣∣∣∣
T
Y
Z

∣∣∣∣∣∣ =

∣∣∣∣∣∣
1 0 0
0 cosh(θ) sinh(θ)
0 sinh(θ) cosh(θ)

∣∣∣∣∣∣
∣∣∣∣∣∣
T
N
B

∣∣∣∣∣∣ , (2)

where 〈T, T 〉 = 1, 〈Z,Z〉 = −1, 〈Y, Y 〉 = 1. After using equations (1) and
(2) we can write that ∣∣∣∣∣∣

T ′

Y ′

Z ′

∣∣∣∣∣∣ =

∣∣∣∣∣∣
0 κg κn
−κg 0 τg
κn τg 0

∣∣∣∣∣∣
∣∣∣∣∣∣
T
Y
Z

∣∣∣∣∣∣ , (3)

where 〈T, T 〉=〈Y, Y 〉= 1, 〈Z,Z〉= −1, T ×Z=Y, Z×Y =T , Y × T = −Z,
and κg = κcosh θ, κn = κsinh θ, τg = τ + dθ

ds .

The relation between Darboux frame and Frenet frame for a spacelike
curve with a timelike normal lying on a spacelike surface is given by∣∣∣∣∣∣

T
Y
Z

∣∣∣∣∣∣ =

∣∣∣∣∣∣
1 0 0
0 sinh(θ) cosh(θ)
0 cosh(θ) sinh(θ)

∣∣∣∣∣∣
∣∣∣∣∣∣
T
N
B

∣∣∣∣∣∣ , (4)

where 〈T, T 〉 = 1, 〈Z,Z〉 = −1, 〈Y, Y 〉 = 1. After using equations (1) and
(4) we can write ∣∣∣∣∣∣

T ′

Y ′

Z ′

∣∣∣∣∣∣ =

∣∣∣∣∣∣
0 κn κg
−κn 0 τg
κg τg 0

∣∣∣∣∣∣
∣∣∣∣∣∣
T
Y
Z

∣∣∣∣∣∣ , (5)

where 〈T, T 〉=〈Y, Y 〉=1, 〈Z,Z〉= −1, T × Z=Y, Z × Y =T , Y × T = −Z,
and κg = κcosh θ, κn = κsinh θ, τg = τ + dθ

ds .

Timelike surface. The relation between Darboux frame and Frenet
frame for a spacelike curve with a spacelike normal lying on a timelike sur-
face is given by (4), where 〈T, T 〉 = 1, 〈Z,Z〉 = 1, 〈Y, Y 〉 = −1. After using
equations (1) and (4) we obtain in this case that∣∣∣∣∣∣

T ′

Y ′

Z ′

∣∣∣∣∣∣ =

∣∣∣∣∣∣
0 κn κg
κn 0 τg
−κg τg 0

∣∣∣∣∣∣
∣∣∣∣∣∣
T
Y
Z

∣∣∣∣∣∣ , (6)

where 〈T, T 〉=〈Z,Z〉=1, 〈Y, Y 〉=−1, T × Z=−Y, Z × Y =T , Y × T =Z,
and κg = κcosh θ, κn = κsinh θ, τg = τ + dθ

ds .
The relation between Darboux frame and Frenet frame for a spacelike

curve with a timelike normal lying on a timelike surface is given by∣∣∣∣∣∣
T
Y
Z

∣∣∣∣∣∣ =

∣∣∣∣∣∣
1 0 0
0 cosh(θ) sinh(θ)
0 sinh(θ) cosh(θ)

∣∣∣∣∣∣
∣∣∣∣∣∣
T
N
B

∣∣∣∣∣∣ , (7)
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where 〈T, T 〉 = 1, 〈Z,Z〉 = 1, 〈Y, Y 〉 = −1. After using equations (1) and
(7) we can write that ∣∣∣∣∣∣

T ′

Y ′

Z ′

∣∣∣∣∣∣ =

∣∣∣∣∣∣
0 κg κn
κg 0 τg
−κn τg 0

∣∣∣∣∣∣
∣∣∣∣∣∣
T
Y
Z

∣∣∣∣∣∣ , (8)

where 〈T, T 〉=〈Z,Z〉=1, 〈Y, Y 〉=−1, T × Z=−Y, Z × Y =T , Y × T =Z,
and κg = κcosh θ, κn = −κsinh θ, τg = τ + dθ

ds .

In the following let the vectors Vk, K∈{1, 2, 3}, be given as V1=T, V2=Y ,
V3 = Z, and let a fixed direction vector U define the axis for the helix.

Definition 2. A spacelike curve γ(s) on a spacelike or a timelike surface
is said to be a K-type spacelike slant helix if there exists a non-zero fixed
direction vector U such that 〈VK , U〉 = C, where C is a real constant and
K ∈ {1, 2, 3}. But if the normal for a K-type spacelike slant helix is zero,
then it is also known as a K-type pseudo null slant helix.

Note 1. The Darboux frame vector field VK cannot be constant because
if it is constant, then the relation 〈Vk, U〉 = C is always satisfied, and there
is nothing left to calculate.

3. A 1-type spacelike slant helix with a spacelike or a
timelike normal on a spacelike or a timelike surface

Theorem 1. A spacelike curve γ having a spacelike principal normal on
a spacelike surface M ⊂ E3

1 with an axis U not orthogonal to T is a 1-type
spacelike slant helix if and only if it satisfies the condition

κge
−
∫ κgτg

κn
ds
∫
κge

∫ κgτg
κn

dsds− κne
−
∫ κnτg

κg
ds
∫
κne

∫ κnτg
κg

ds
ds = 0, (9)

where κn 6= 0, κg 6= 0, and τg 6= 0.

Proof. Let γ be a 1-type spacelike slant helix with a spacelike normal on a
spacelike surface M . Then by Definition 2 there exists a constant direction
vector U such that

〈V1, U〉 = 〈T,U〉 = C, C ∈ R.

Since the axis is not orthogonal to T , we have C 6= 0. Now with respect to
Darboux frame {T, Y, Z} the fixed direction vector U can be expanded as

U = CT + fY + gZ, (10)

where C is a constant and f , g are functions of the parameter s. Differen-
tiating equation (10), using equation (3), and comparing both sides of the
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equations, we get 
−κgf + κng = 0,

f ′ + Cκg + τgg = 0,

g′ + Cκn + τgf = 0.

(11)

Thus from 2nd and 3rd part of equation (11), we obtain the following set of
solutions of equations:{

f = −Ce−
∫ κgτg

κn
ds∫ κge∫ κgτg

κn
dsds,

g = −Ce−
∫ κnτg

κg
ds∫

κne
∫ κnτg

κg
ds
ds.

(12)

Substituting equation (12) into the first part of the equation (11), we get
(9), where κn 6= 0, κg 6= 0 and τg 6= 0.

Conversely, assume that γ is a spacelike curve with a spacelike normal
lying on a spacelike surface M . Let there exists a vector U defined by

U=CT−Ce−
∫ κgτg

κn
ds

(∫
κge

∫ κgτg
κn

dsds

)
Y−Ce−

∫ κnτg
κg

ds
(∫

κne
∫ κnτg

κg
ds
ds

)
Z

(13)
and satisfying condition (9), where κn 6= 0, κg 6= 0, τg 6= 0, and C ∈ R.
Now, differentiating the vector U and using the given condition, we obtain
U ′ = 0. Hence U is a fixed direction vector such that, 〈T,U〉 = C. Thus γ
is a 1-type spacelike slant helix with an axis U , not orthogonal to T . �

Corollary 1. If γ is a 1-type spacelike slant helix with a spacelike normal
on a spacelike surface, then the axis for γ is given by (13) with κn 6= 0,
κg 6= 0, τg 6= 0, and C ∈ R.

Proof. Substitution of f and g from equation (12) into equation (10) yields
the equation (13). �

Corollary 2. A 1-type spacelike slant helix with a spacelike normal whose
axis is not orthogonal to T curvatures κg, κn, τg is neither 2-type nor 3-type
spacelike slant helix with a spacelike normal.

Proof. From equations (13) and (2) we obtain the following set of equa-
tions: 

〈T,U〉 = C,

〈Y,U〉 = −Ce−
∫ κgτg

κn
ds∫ κge∫ κgτg

κn
dsds,

〈Z,U〉 = Ce
−
∫ κnτg

κg
ds∫

κne
∫ κnτg

κg
ds
ds.

Since κn 6= 0, κg 6= 0, and τg 6= 0, from these equations we conclude that
both 〈Y,U〉 and 〈Z,U〉 are not constant. Thus from Definition 2 we can
conclude that a 1-type spacelike slant helix with an axis U not orthogonal
to T is neither 2-type nor 3-type spacelike slant helix with an axis U . �



K-TYPE SLANT HELICES ON SPACELIKE AND TIMELIKE SURFACES 207

Theorem 2. If γ is a spacelike curve with a spacelike normal on a space-
like surface M ⊂ E3

1 , then γ is a 1-type spacelike slant helix whose axis is
orthogonal to T if and only if it satisfies the relation

−C1κge
−
∫ κgτg

κn
ds + C2κne

−
∫ κnτg

κg
ds

= 0, (14)

where κn 6= 0, κg 6= 0, τg 6= 0, and C1, C2 ∈ R.

Proof. Let γ be a 1-type spacelike slant helix with a spacelike normal on a
spacelike surface M . Since the axis U of γ is orthogonal to T , by Definition
2 we have

〈V1, U〉 = 〈T,U〉 = 0.

Now with respect to Darboux frame {T, Y, Z} the fixed direction vector U
can be expanded as

U = fY + gZ, (15)

where f , g are functions of the parameter s. Differentiating equation (15),
using equation (3), and comparing both sides of the equations, we get the
system of equations 

−κgf + κng = 0,

f ′ + τgg = 0,

g′ + τgf = 0.

(16)

Thus from 2nd and 3rd part of equations (16) we have{
f = C1e

−
∫ κgτg

κn
ds,

g = C2e
−
∫ κnτg

κg
ds
.

(17)

Substituting equation (17) into the first part of equation (16), we get (14).

Conversely, assume that γ is a spacelike curve with a spacelike normal
lying on a spacelike surface M . Assume there exists a vector

U = C1e
−
∫ κgτg

κn
dsY + C2e

−
∫ κnτg

κg
ds
Z,

where C1, C2 ∈ R, and vector U satisfies the condition

−C1κge
−
∫ κgτg

κn
ds + C2κne

−
∫ κnτg

κg
ds

= 0,

where κn 6= 0, κg 6= 0, τg 6= 0. Now, differentiating vector U and using the
above condition, we obtain U ′ = 0. Hence U is a fixed direction vector such
that 〈T,U〉 = 0. Thus γ is a 1-type spacelike slant helix whose axis U is
orthogonal to T . �

Corollary 3. The axis for 1-type spacelike slant helix with a spacelike
normal, whose axis is orthogonal to T , is given by

U = −C1e
−
∫ κgτg

κn
dsY + C2e

−
∫ κnτg

κg
ds
Z. (18)

where κn 6= 0, κg 6= 0, τg 6= 0, and C1, C2 ∈ R.



208 SANTOSH KUMAR AND BUDDHADEV PAL

Proof. Substituting f , g from equation (17) into equation (15), we get the
equation (18). �

Theorem 3. If γ be a spacelike curve with a spacelike normal and zero
geodesic torsion (τg = 0) lying on a spacelike surface M ⊂ E3

1 , then γ is
a 1-type spacelike slant helix if and only if non-zero curvature functions κn
and κg satisfy the relation

κg

∫
κgds− κn

∫
κnds = 0. (19)

Proof. Let γ be a 1-type spacelike slant helix with a spacelike normal and
zero geodesic torsion (τg = 0) lying on a spacelike surface M ⊂ E3

1 . Then by
Definition 2 there exists a constant direction vector U satisfying the relation

〈V1, U〉 = 〈T,U〉 = C, C ∈ R.

Now with respect to Darboux frame {T, Y, Z} the fixed direction vector U
can be decomposed as

U = CT + fY + gZ, (20)

where C is a constant and f , g are functions of the parameter s. Now, differ-
entiating equation (20) and using equation (3), we get the set of equations

−κgf + κng = 0,

f ′ + Cκg = 0,

g′ + Cκn = 0.

(21)

Thus from 2nd and 3rd part of equation (21) we have{
f = −C

∫
κgds,

g = −C
∫
κnds.

(22)

Substituting the equations (22) into the first part of equation (21), we get
(19).

To prove the converse part, assume that γ is a spacelike curve with a
spacelike normal and τg = 0 lying on M . Let there exists a vector

U = CT − C
(∫

κgds

)
Y − C

(∫
κnds

)
Z, (23)

satisfying the condition (19). Now, differentiating the vector U and using
given equation, we get U ′ = 0. Hence U is a fixed direction vector. Thus γ
is a 1-type spacelike slant helix with τg = 0. �

Corollary 4. The axis for 1-type spacelike slant helix with a spacelike
normal and zero geodesic torsion τg = 0 is spanned by (23), where κn 6= 0,
κg 6= 0, and C ∈ R.
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Proof. Substituting f , g from the set of solutions of equations (22) into
equation (20), we get equation (23). �

Note 2. (i) If γ is a spacelike curve with a timelike principal normal on
a timelike surface, then γ is a 1-type spacelike slant helix with the axis not
orthogonal to T if and only if it satisfies the condition given in equation (9)
and the axis for curve γ is given by equation (13).

(ii) If γ is a spacelike curve with a timelike normal on a timelike surface,
then γ would be a 1-type spacelike slant helix with the axis orthogonal to
T if and only if it satisfies the condition given in equation (14) and axis for
curve γ is given by (18).

Note 3. The results for axis orthogonal to T are the same for 1-type
spacelike slant helix with a timelike normal in a timelike surface are the
same as that of 1-type spacelike slant helix with a spacelike normal on a
spacelike surface.

4. A 2-type spacelike slant helix with a spacelike or a
timelike normal on a spacelike or a timelike surface

Theorem 4. A spacelike curve γ having a spacelike principal normal on
a spacelike surface M ⊂ E3

1 with the axis U not orthogonal to T is a 2-type
spacelike slant helix if and only if it satisfies the condition

κge
∫ κgκn

τg
ds
∫
κge
−
∫ κgκn

τg
ds
ds− τge

∫ κnτg
κg

ds
∫
τge
−
∫ κnτg

κg
ds
ds = 0, (24)

where κn 6= 0, κg 6= 0, and τg 6= 0.

Proof. Let γ be a 2-type spacelike slant helix with a spacelike normal on
a spacelike surface M . By Definition 2, there exists a constant direction
vector U which satisfies the relation

〈V2, U〉 = 〈Y, U〉 = C, C ∈ R.

Since the axis is not orthogonal to Y , we have C 6= 0. Now with respect to
Darboux frame {T, Y, Z} the fixed direction vector U can be expanded as

U = fT + CY + gZ, (25)

where C is a constant and f , g are functions of the parameter s. Now,
differentiating equation (25) and using equation (3), we get

κgf + τgg = 0,

f ′ − Cκg + κng = 0,

g′ + Cτg + κnf = 0.

(26)
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Thus from the 2nd and 3rd part of equation (26) we obtain the following set
of solutions: f = Ce

∫ κgκn
τg

ds∫
κge
−
∫ κgκn

τg
ds
ds,

g = − Ce
∫ κnτg

κg
ds∫

τge
−
∫ κnτg

κg
ds
ds.

(27)

Substituting equation (27) into the first part of equation (26), we get (24).

Conversely, assume that γ is a spacelike curve with a spacelike normal
lying on a spacelike surface M . Suppose there exists a vector

U = Ce
∫ κgκn

τg
ds
∫
κge
−
∫ κgκn

τg
ds
ds T + CY − Ce

∫ κnτg
κg

ds
∫
τge
−
∫ κnτg

κg
ds
dsZ,

(28)
such that (24) holds. where κn 6= 0, κg 6= 0, and τg 6= 0. Now, differentiating
the vector U and using the given condition, we obtain U ′ = 0. Hence U is
a fixed direction vector such that 〈Y, U〉 = C. Thus γ is a 2-type spacelike
slant helix with an axis U not orthogonal to Y . �

Corollary 5. If γ is a 2-type spacelike slant helix with a spacelike normal
on a spacelike surface, then the axis for γ is given by (28), where κn 6= 0,
κg 6= 0, and τg 6= 0.

Proof. Substituting solutions f , g from (27) into equation (25), we get
(28). �

Corollary 6. A 2-type spacelike slant helix with spacelike normal whose
axis is not orthogonal to Y curvatures κg, κn, τg is neither 1-type nor 3-type
spacelike slant helix with spacelike normal.

Proof. From equation (28) and the sub-case (2) we obtain the set of equa-
tions 

〈T,U〉 = Ce
∫ κgκn

τg
ds∫

κge
−
∫ κgκn

τg
ds
ds,

〈Y, U〉 = C,

〈Z,U〉 = Ce
∫ κnτg

κg
ds∫

τge
−
∫ κnτg

κg
ds
ds.

(29)

Since κn 6= 0, κg 6= 0, and τg 6= 0, from equation (29) we conclude that 〈T,U〉,
〈Z,U〉 both are not constants. Thus from Definition 2 we conclude that a
2-type spacelike slant helix with an axis U not orthogonal to Y is neither
1-type nor 3-type spacelike slant helix with axis U . �

Theorem 5. If γ is a spacelike curve with a spacelike normal on a space-
like surface M ⊂ E3

1 , then γ is a 2-type slant helix whose axis is orthogonal
to Y if and only if it satisfies the relation

C1κge
∫ κgκn

τg ds+ C2τge
∫ κnτg

κg
ds

= 0, (30)

where κn 6= 0, κg 6= 0, τg 6= 0.
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Proof. Let γ be a 2-type spacelike slant helix with a spacelike normal on
a spacelike surface M and let the axis of γ be orthogonal to Y . Then by
Definition 2 we get

〈V2, U〉 = 〈Y, U〉 = 0.

Now with respect to Darboux frame {T, Y, Z} the fixed direction vector U
can be decomposed as

U = fT + gZ, (31)

where f , g are functions of a parameter s. Differentiating equation (31) and
using equation (3), we get the set of equations

κgf + τgg = 0,

f ′ + κng = 0,

g′ + κnf = 0.

(32)

Thus from the 2nd and 3rd part of equation (32) we havef = C1e
∫ κgκn

τg ds,

g = C2e
∫ κnτg

κg
ds
.

(33)

Substituting equation (33) in the first equation of (32), we get (30).

Conversely, suppose that γ is a spacelike curve with a spacelike normal
lying on a spacelike surface M . Let there exists a vector

U = C1e
∫ κgκn

τg dsT + C2e
∫ κnτg

κg
ds
Z, (34)

with C1, C2 ∈ R, and suppose that (30) holds, where κn 6= 0, κg 6= 0, τg 6= 0.
Now, differentiating the vector U and using the above condition, we obtain
that U ′ = 0. Hence U is a fixed direction vector such that, 〈Y, U〉 = 0. Thus
γ is a 2-type spacelike slant helix whose axis U is orthogonal to Y . �

Corollary 7. The axis for a 2-type spacelike slant helix with a spacelike
normal whose axis is orthogonal to Y is given by

U = C1e
∫ κgκn

τg
ds
T + C2e

∫ κnτg
κg

ds
, (35)

where κn 6= 0, κg 6= 0, τg 6= 0, and C1, C2 ∈ R.

Proof. Substituting f, g from the set of equations (33) into equation (31),
we get the equation (35). �

Theorem 6. If γ is a spacelike curve with a spacelike normal and zero
geodesic torsion τg lying on M ⊂ E3

1 , then γ is a 2-type spacelike slant helix
if and only if the ratio of curvature functions κn and κg is constant.
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Proof. Let γ be a 2-type spacelike slant helix with a spacelike normal and
zero geodesic torsion τg lying on a surface M . Then by Definition 2 there
exists a constant direction vector U satisfying the relation

〈V2, U〉 = 〈Y, U〉 = C, C ∈ R.
Now with respect to Darboux frame {T, Y, Z} the fixed direction vector U
can be decomposed as

U = fT + CY + gZ, (36)

where C is a constant and f , g are functions of the parameter s. Now,
differentiating equation (36) and using equation (3), we get the system of
equations 

κgf = 0,

f ′ − Cκg + κng = 0,

g′ + κnf = 0.

(37)

After solving these equations we get f = 0, g = A = constant. Therefore,

κn
κg

=
C

A
= constant.

Conversely, let γ be a spacelike curve with a spacelike normal and τg = 0
lying on M ⊂ E3

1 . Let there exist a vector U = CY +A1Z, where κn 6= 0,
κg 6= 0 and C

κg
κn

= A1 ∈ R. Now, differentiating the vector U we obtain U ′ =

0. Hence U is a fixed direction vector such that 〈U, Y 〉 = C and 〈U,Z〉 = A1.
Thus γ is a 2-type and 3-type spacelike slant helix. �

Corollary 8. The axis for a 2-type spacelike slant helix with a spacelike
normal and zero geodesic torsion τg lying on M ⊂ E3

1 , is spanned by

U = CY +A1Z, (38)

where κn 6= 0, κg 6= 0, and C
κg
κn

= A1 ∈ R.

Proof. Substituting f and g from the set of equations (37) into equation
(36), we get the equation (38). �

Note 4. If γ is a spacelike curve with a timelike normal on a timelike
surface M ⊂ E3

1 , then γ is a 2-type spacelike slant helix on a timelike surface
with the axis not orthogonal to Y if and only if it satisfies the condition

κge
−
∫ κgκn

τg
ds
∫
κge

∫ κgκn
τg

ds
ds+ τge

∫ κnτg
κg

ds
∫
τge
−
∫ κnτg

κg
ds
ds = 0,

where κn 6= 0, κg 6= 0, and τg 6= 0.

Note 5. The axis for a 2-type spacelike slant helix with a timelike normal
on a timelike surface M ⊂ E3

1 not orthogonal to Y is given by the equation

U = −Ce−
∫ κgκn

τg
ds
∫
κge

∫ κgκn
τg

ds
ds T + CY − Ce

∫ κnτg
κg

ds
∫
τge
−
∫ κnτg

κg
ds
dsZ,
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where κn 6= 0, κg 6= 0, τg 6= 0, and C ∈ R.

Note 6. If γ is a spacelike curve with a timelike normal on a timelike
surface M ⊂ E3

1 , then γ is a 2-type spacelike slant helix on a timelike surface
with the axis orthogonal to Y if and only if it satisfies the relation

C1κge
−
∫ κgκn

τg
ds

+ C2τge
∫ κnτg

κg
ds

= 0,

where κn 6= 0, κg 6= 0, τg 6= 0, and C1, C2 ∈ R.

Note 7. The axis for a 2-type spacelike slant helix with a timelike normal
on a timelike surface M ⊂ E3

1 , whose axis is orthogonal to Y , is spanned by

C1e
−
∫ κgκn

τg
ds
T + C2e

∫ κnτg
κg

ds
Z,

where κn 6= 0, κg 6= 0, τg 6= 0, and C1, C2 ∈ R.

Note 8. For κn 6= 0, κg 6= 0, and τg = 0, the result concerning a 2-type
spacelike slant helix with a timelike normal on a timelike surface is the same
as that of a 2-type spacelike slant helix with a spacelike normal on a spacelike
surface.

5. A 3-type spacelike slant helix with a spacelike or a
timelike normal on a spacelike or a timelike surface

Theorems and corollaries for a 3-type spacelike slant helix with non-null
normal can be proved in a similar way as for 1-type, 2-type spacelike slant
helices in Sections 3 and 4 and their subsections, respectively.

Theorem 7. A spacelike curve γ having a spacelike principal normal on
a spacelike surface M ⊂ E3

1 with the axis U not orthogonal to Z is a 3-type
spacelike slant helix if and only if it satisfies the condition

κne
−
∫ κgκn

τg
ds
∫
κne

∫ κgκn
τg

ds
ds+ τge

∫ κgτg
κn

ds
∫
τge
−
∫ κgτg

κn
dsds = 0,

where κn 6= 0, κg 6= 0, τg 6= 0, and C ∈ R.

Corollary 9. If γ is a 3-type spacelike slant helix with a spacelike normal
on a spacelike surface, then the axis for γ is given by

U = −Ce−
∫ κgκn

τg
ds
∫
κne

∫ κgκn
τg

ds
ds T − Ce

∫ κgτg
κn

ds
∫
τge
−
∫ κgτg

κn
dsds+ CZ.

where κn 6= 0, κg 6= 0, τg 6= 0, and C ∈ R.

Corollary 10. 3-type spacelike slant helices with spacelike normals whose
axises are not orthogonal to Z with non-zero constant curvatures κg, κn, τg
are neither 1-type nor 2-type spacelike slant helices.
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Theorem 8. If γ is a spacelike curve with a spacelike normal on a space-
like surface in E3

1 , then γ is a 3-type spacelike slant helix whose axis is
orthogonal to Z if and only if it satisfies the relation

C1κne
−
∫ κgκn

τg
ds

+ C2τge
∫ κgτg

κn
ds = 0,

where κn 6= 0, κg 6= 0, τg 6= 0, and C1, C2 ∈ R.

Corollary 11. The axis for a 3-type spacelike slant helix with a spacelike
normal whose axis is orthogonal to Z is given by

U = C1e
−
∫ κgκn

τg
ds
T + C2e

∫ κgτg
κn

dsY ,

where κn 6= 0, κg 6= 0, τg 6= 0, and C1, C2 ∈ R.

Theorem 9. If γ is a spacelike curve with a spacelike normal and zero
geodesic torsion lying on a spacelike surface M ⊂ E3

1 , then γ is a 3-type
spacelike slant helix with κg 6= 0, κn 6= 0, and τg = 0 if and only if the ratio
of κn and κg is constant.

Corollary 12. The axis for a 3-type spacelike slant helix with a spacelike
normal and zero geodesic torsion τg lying on a spacelike surface M ⊂ E3

1 is
spanned by

U = C
κn
κg

+ CZ,

where κn 6= 0, τg 6= 0, and C ∈ R.

Note 9. If γ is a spacelike curve with a timelike normal on a timelike
surface M ⊂ E3

1 , then γ is a 3-type spacelike slant helix on M with the axis
not orthogonal to Z if and only if it satisfies the condition

κne
∫ κgκn

τg
ds
∫
κne

−
∫ κgκn

τg
ds
ds− τge

∫ κgτg
κn

ds
∫
τge
−
∫ κgτg

κn
dsds = 0,

where κn 6= 0, κg 6= 0, and τg 6= 0.

Note 10. The axis for a 3-type spacelike slant helix with a timelike normal
on a timelike surface M ⊂ E3

1 not orthogonal to Z is given by the equation

U = Ce
∫ κgκn

τg
ds
∫
κne

−
∫ κgκn

τg
ds
ds T − Ce

∫ κgτg
κn

ds
∫
τge
−
∫ κgτg

κn
dsds+ CZ,

where κn 6= 0, κg 6= 0, τg 6= 0, and C ∈ R.

Note 11. If γ is a spacelike curve with a timelike normal on a timelike
surface M ⊂ E3

1 , then γ is a 3-type spacelike slant helix with the axis
orthogonal to Z if and only if

C1κge
∫ κgκn

τg
ds

+ C2τge
∫ κnτg

κg
ds

= 0,

where κn 6= 0, κg 6= 0, τg 6= 0, and C1, C2 ∈ R.
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Note 12. The axis for a 3-type spacelike slant helix with a timelike normal
on a timelike surface M ⊂ E3

1 , whose axis is orthogonal to Z, is spanned by

C1e
∫ κgκn

τg
ds
T + C2e

∫ κnτg
κg

ds
Z,

where κn 6= 0, κg 6= 0, τg 6= 0, and C ∈ R.

Note 13. For κn 6= 0, κg 6= 0, and τg = 0, the result concerning a 3-type
spacelike slant helix with a timelike normal on a timelike surface is the same
as that of a 3-type spacelike slant helix with a spacelike normal on a spacelike
surface.

6. Examples

Example 1. Let M ⊂ E3
1 , M(s, t) =

(
−a sinh s

c , −
bs
c , −a cosh s

c

)
+

t
(
− sinh s

c cosh 2bs
c2

+ b
c sinh 2bs

c2
cosh s

c ,
a
c sinh 2bs

c2
, − cosh 2bs

c2
cosh s

c +
b
c sinh 2bs

c2
sinh s

c

)
is a spacelike surface, and γ(s) =

(
− a sinh s

c , −
bs
c ,

−a cosh s
c

)
with b2−a2

C2 = 1 is a spacelike curve with a spacelike normal
lying on a surface M . From Case 1 in Section 2, Frenet frame {T,N,B}
for the curve γ is

T (s) =

(
−a
c

cosh
s

c
,−b

c
,−a

c
sinh

s

c

)
,

N(s) =
(
− sinh

s

c
, 0,− cosh

s

c

)
,

B(s) =

(
b

c
cosh

s

c
,
a

c
,
b

c
sinh

s

c

)
.

Curvature functions for the curve are κ(s) = a
c2

and τ(s) = −b
c2

. Equation
(2) provides the relation between Darboux frame and Frenet frame. Now, if
we take θ(s) = 2bs

c2
, then from (3) we get the following relations:

κg = κcosh
2bs

c2
, κn = −κsinh

2bs

c2
, τg =

b

c2
.

After substituting the values of κg, κn, and τg into condition given in The-
orem 1, we find that γ(s) is a 1-type spacelike slant helix with a spacelike
normal. The curve γ does not satisfy the condition given in Theorems 4
and 7, so γ is neither a 2-type nor a 3-type slant helix. The Darboux frame
vectors for γ(s) are obtained from equation (2) and are given by

Y =

(
− sinh

s

c
cosh

2bs

c2
+
b

c
sinh

2bs

c2
cosh

s

c
,
a

c
sinh

2bs

c2
,

− cosh
2bs

c2
cosh

s

c
+
b

c
sinh

2bs

c2
sinh

s

c

)
,
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Z =

(
− sinh

2bs

c2
sinh

s

c
+
b

c
cosh

2bs

c2
cosh

s

c
,
a

c
cosh

2bs

c2
,

− sinh
2bs

c2
cosh

s

c
+
b

c
cosh

2bs

c2
sinh

s

c

)
.

From equation (12) we obtain the values for f , g as follows:

f = −Ca
b

sinh
2bs

c2
, g = C

a

b
cosh

2bs

c2
.

From Corollary 5 the axis for γ(s) is not orthogonal to T and is given by

U = CT − Ca
b

(
sinh

2bs

c2

)
Y + C

a

b

(
cosh

2bs

c2

)
Z.

From Theorem 4 and Theorem 7 we find that the curve γ does not satisfy
the provided conditions, hence γ is neither a 2-type nor a 3-type spacelike
slant helix.

Let a = 3, b = 5, c = 4 , −π ≤ s ≤ π, and −100 ≤ t ≤ 100 in this
example. Then we get the following figures for a spacelike surface and a
1-type sacelike slant helix with a spacelike normal lying on this surface.

Figure 1. Spacelike surface M(s, t).
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Figure 2. A 1-type spacelike slant helix on M(s, t).

Example 2. Let M ⊂ E3
1 , M(s, t) =

(
− a sinh s

c , −
bs
c , −a cosh s

c

)
+

t
(
−sinh s

ccosh bs
c2

+ b
csinh bs

c2
cosh s

c ,
a
c sinh bs

c2
,− cosh bs

c2
cosh s

c+ b
c sinh bs

c2
sinh s

c

)
be a spacelike surface, and γ(s) =

(
−a sinh s

c ,−
bs
c ,−a cosh s

c

)
with b2−a2

C2 = 1
be a spacelike curve with zero geodesic torsion τg lying on a spacelike surface
M(s, t) in E3

1 . From Case 1 in Section 2, Frenet frame {T,N,B} for the curve
γ is obtained as

T (s) =

(
−a
c

cosh
s

c
, −b

c
, −a

c
sinh

s

c

)
,

N(s) =
(
− sinh

s

c
, 0, − cosh

s

c

)
,

B(s) =

(
b

c
cosh

s

c
,
a

c
,
b

c
sinh

s

c

)
.

Curvature functions for the curve is κ(s) = a
c2

and τ(s) = −b
c2

. Now, if we

take θ(s) = bs
c2

, then from 3 we get the relations

κg = κcosh
bs

c2
, κn = −κsinh

bs

c2
, τg = 0.



218 SANTOSH KUMAR AND BUDDHADEV PAL

Substitute the value of κg and κn in Theorem 3. We find that γ(s) is a
1-type spacelike slant helix with a spacelike normal and zero geodesic torsion
τg with κg 6= 0, κn 6= 0, and Darboux frame vector for γ(s) from equation
(2) is given by

Y =

(
− sinh

s

c
cosh

bs

c2
+
b

c
sinh

bs

c2
cosh

s

c
,
a

c
sinh

bs

c2
,

− cosh
bs

c2
cosh

s

c
+
b

c
sinh

bs

c2
sinh

s

c

)
,

Z =

(
− sinh

bs

c2
sinh

s

c
+
b

c
cosh

bs

c2
cosh

s

c
,
a

c
cosh

bs

c2
,

− sinh
bs

c2
cosh

s

c
+
b

c
cosh

bs

c2
sinh

s

c

)
.

From Corollary 4 the axis for γ(s) whose geodesic torsion is equal to zero is
given by

U = CT − Ca
b

(
sinh

bs

c2

)
Y + C

a

b

(
cosh

bs

c2

)
Z.

7. A method for generating the 1st axis for a K-type
spacelike Darboux helix on a spacelike and a timelike

surface

Let γ be a K-type spacelike slant helix with a non-null normal lying on a
spacelike (timelike) surface. If there exists a constant direction vector V not
collinear to U (the axis of slant helix) whose inner product with Darboux
vector (D) of curve γ is constant, then the curve γ is identified as a K-type
spacelike Darboux helix and the Darboux vector D is known as the first
axis for the curve γ. Darboux vector for a spacelike curve with a spacelike
(timelike) normal is given by [7]:

D = τgT − κnY − κgZ. (39)

For a spacelike surface,

T ′ = D ∧ T, Y ′ = D ∧ Y, Z ′ = D ∧ Z.

For a timelike surface,

T ′ = T ∧D, Y ′ = Y ∧D, Z ′ = Z ∧D.

Let γ be a K-type spacelike slant helix with a spacelike normal lying on a
spacelike surface and let V be a fixed direction vector orthogonal to Darboux
vector given by

V = fT + gY + hZ. (40)
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Differentiating the equation (40), we obtain the set of equations
f ′ − κgg + κnh = 0,

g′ + κgf + τgh = 0,

h′ + κnf + τgg = 0.

(41)

Since V is a constant direction vector orthogonal to D, we have 〈D,V 〉 = 0
and 〈D′, V 〉 = 0. Here D′ = τ ′gT −κ′nY −κ′gZ and, taking the inner product
of D and D′ with the constant direction vector U , we obtain the set of
equations {

τgf − κng + κgh = 0,

τ ′gf − κ′ng + κ′gh = 0.
(42)

After solving equations (41) and (42) we get the following values:

f = C1e
1
2

∫ τg(κ
2
n−κ

2
g)
′−2τ ′g(κ

2
n−κ

2
g)

κgκ
′
n−κ′gκn

ds

= C2

κgκ
′
n − κ′gκn

κgτ ′g − κ′gτg
e

1
2

∫ κn(κ2g−τ
2
g )
′−2κ′n(κ2g−τ

2
g )

κgτ
′
g−τgκ′g

ds

= −C3

κgκ
′
n − κ′gκn

κ′nτg − κnτ ′g
e

1
2

∫ κg(κ
2
n−τ

2
g )
′−2κ′g(κ

2
n+τ2g )

κ′nτg−τ ′gκn
ds
.

g = C2e
1
2

∫ κn(κ2g−τ
2
g )
′−2κ′n(κ2g−τ

2
2 )

κgτ
′
g−τgκ′g

ds

= C1

τ ′gκg − κ′gτg
κgκ′n − κ′gκn

e
1
2

∫ τg(κ
2
n−κ

2
g)
′−2τ ′g(κ

2
n−κ

2
g)

κgκ
′
n−κ′gκn

ds

= C3

κgτ
′
g − τgκ′g

τ ′gκn − τgκ′n
e

1
2

∫ κg(κ
2
n+τ2g )

′−2κ′g(κ
2
n+τ2g )

κ′nτg−τ ′gκn
ds
.

h = C3e
1
2

∫ κg(κ
2
n+τ2g )

′−2κ′g(κ
2
n+τ2g )

κ′nτg−τ ′gκn
ds

= C1

τgκ
′
n − κnτ ′g

κ′gκn − κgκ′n
e

1
2

∫ τg(κ
2
n−κ

2
g)
′−2τ ′g(κ

2
n−κ

2
g)

κgκ
′
n−κ′gκn

ds

= C2

τgκ
′
n − κnτ ′g

τgκ′g − κgτ ′g
e

1
2

∫ κn(κ2g−τ
2
g )
′−2κ′n(κ2g−τ

2
g )

κgτ
′
g−τgκ′g

ds
.

Thus the constant direction vector V can be written as V = fT + gY + hZ,
where V1, V2, and V3 are the above expressions. Thus from equations (39)
and (42) we have

〈D,V 〉 = 0 and V ′ = 0.
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Note 14. The conditions for a spacelike curve with a timelike normal
lying on a spacelike surface and a spacelike curve with a spacelike normal
lying on a timelike surface to become a K-type slant helix can be calculated
in the same way as we have done in the above sections using equations (5)
and (6) in place of equations (3) and (8).
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[11] U. Öztürk and E. Nešović, On pseudo null and null Cartan Darboux helices in
Minkowski 3-space, Kuwait J. Sci. 43(2) (2016), pp. 64–82.
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