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Intersection curve of two parametric surfaces in
Euclidean n-space

MUSTAFA DULDUL AND B. MERIH OZCETIN

ABSTRACT. The aim of this paper is to study the differential geometric
properties of the intersection curve of two parametric surfaces in Eu-
clidean n-space. For this aim, we first present the mth order derivative
formula of a curve lying on a parametric surface. Then, we obtain cur-
vatures and Frenet vectors of the transversal intersection curve of two
parametric surfaces in Euclidean n-space. We also provide computer
code produced in MATLAB to simplify determining the coefficients rel-
ative to Frenet frame of higher order derivatives of a curve.

1. Introduction

Recently, the surface-surface intersection problem has attracted much at-
tention due to its importance in computer aided geometric design. This
attention is due to the fact that determining the intersection curve, i.e. its
parametric representation, of two surfaces is not easy in most cases. How-
ever, even if the intersection curve cannot be represented parametrically, it
has been shown in recent studies that the differential geometric properties of
the intersection curve can be still computed. If the tangent planes of two in-
tersecting surfaces overlap at an intersection point, the intersection is called
a tangential intersection, otherwise it is called a transversal intersection in
Euclidean 3-space E3. The majority of the recent studies focus on transver-
sal intersection rather than tangential intersection. The reason for this is
the easy computation (vector product of normal vectors of two surfaces) of
the tangential direction in transversal intersection.

Differential geometry of intersection curves of two parametric surfaces in
Euclidean 3-space has been studied by some authors using different methods
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[10, 21]. These studies have been extended to E* for the intersection of three
parametric hypersurfaces [6, 9, 10, 14] and to E° for the intersection of
four parametric hypersurfaces [15]. Since surfaces can also be defined by
their implicit equations, differential geometry of the intersection curve of
two implicit surfaces has been studied in E3 by [2, 12, 20, 21] and of three
implicit hypersurfaces has been studied in E* by [3, 4, 7, 14, 19]. There also
exist some studies for the intersection curves of different type surfaces in E3
[10, 18, 21] and in E* [1, 8, 10, 14]. On the other hand, by using the wedge
product of two vectors in (n + 1)-dimensions, Goldman [12] derived a closed
formula for the first curvature of the transversal intersection of n-implicit
hypersurfaces in (n 4 1)-dimensions. Aléssio [5] derived the second and the
third curvatures of intersection curves of (n — 1)-implicit hypersurfaces in
E™ by generalizing the method of Goldman. Recently, the intersection curve
of (n — 1) transversally intersecting hypersurfaces has been studied in E™ by
[17].

If we take into account all of these recent studies, it is seen that all in-
tersection problems have been considered for the intersection of (n — 1)-
hypersurfaces in E™. However, to the best of our knowledge, differential
geometry of the intersection curve of two surfaces has not been studied in
higher dimensions. Since the normal space of a surface is (n—2)-dimensional
and the vector product is defined for (n — 1)-vectors in n-space, computing
the tangential direction even for the transversal intersection of two surfaces
in E" is not as evident as in E3.

The purpose of this paper is to consider the intersection problem of two
parametric surfaces in E™ n > 4, and study the differential geometry of
their intersection curve. First we obtain the mth order derivative formula
for a curve lying on a parametric surface. We also generate orthogonal bases
for the normal spaces of the intersecting surfaces. By using the mth order
derivative formula and orthogonal bases of normal spaces of the intersecting
surfaces, we present a method which enables us to compute all curvatures and
Frenet vectors of the intersection curve of two parametric surfaces in E*. We
also provide a computer code produced in MATLAB to simplify determining
the coefficients relative to the Frenet frame of higher order derivatives of a
curve.

This paper is organized as follows. Section 2 includes the definition of the
vector product of (n — 1)-vectors in R", Frenet formulas and derivatives up
to order 4 of a curve lying on a surface in E™. We present the mth order
derivative formula of a curve lying on a parametric surface in Section 3.
Section 4 involves a method which enables us to compute all curvatures and
Frenet vectors of the intersection curve of two parametric surfaces in E”. We
provide two examples as an application of the method in Section 5.
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2. Preliminaries

Definition 1. Let {ej,eq,...,e,} denote the standard basis in R™. The
n n

vector product of the vectors a; = ) ajje;, ag = > agjej,..., a1 =
Jj=1 Jj=1
n
> an—1,je; is defined by (see [16])
Jj=1
el e2 PR en
a1 a2+ Gln
H=a; xas X - - xXa,_1=| %1 a2 a2n
an—-1,1 an—-12 *** Qn—1n

The product H in R" is a vector perpendicular simultaneously to all the
a; (1 <i<n—1) and its norm is given by the formula (see [16])

[H| = [law]] - [[az]] . .. [Jan-1]] - K,
where
1/2
1 COS (¥12 cre COS O p—1
COS (9 1 COS Q02 p—1
COSQp—1,1 COSQp_12 - 1
a;, a;
with cos a;j = <Z’7J>
[ail[ - [[ay]]

Let § C E™ be a regular surface given by X (ul, u2) and « be a unit-speed
curve with the arc-length s lying on §. If we denote the Frenet frame of
a by {Vi(s),Va(s),..., Vu(s)}, then the Frenet formulas are given by (see
[11])

Vi(s) = ki(s)Va(s),
Vi(s) = —ki—1(s)Viz1(s) + ki(s)Viga(s), 2<i<n-—1,
Vi(s) = —kn-1(5) Vi—1(s),
where ki(s), k2(s), ..., kn—1(s) are the curvatures of a(s)
formulas, we can write the derivatives of the curve « as
o = V17
o = k1 Vo,
o = —k%Vl + kng + k1ko V3,

a® = 3k K\ Vi + (=k} + K — k1k3) Vo + (2K, ko + kikb) Vi + k1koks Va,

. Using the Frenet

o — LIV L IVa ot (Vs + bbbV
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In addition, since the curve a(s) lies on the surface S, we can write a(s) =
X (u1(s),ua(s)). Then we have

2
a(s) = Z X v, (2.1)
11=1
ZX“ Z1+ Z X“ZZ i1 127 (22)
11=1 21,12 1

/// ZX“u;/I’_|_3 Z XZ”Q i 12"1' Z XWQZSu“uzzuB, (2.3)

11=1 11,i2=1 11,82,t3=1

a(4( ) = Z Xnu( )+4 Z Xuzzum i, T3 Z Xuzzu

i1 i1 Wiy i1 zg
7,1— i1,i2=1 i1,i2=1 (2 4)
+6 ) Z Xll’LQZd i1 7,2 13 + . Z X11121514u21u12u13u14’
11,12,43=1 11,12,13,14=1
L _0%°X
where X; _8u’ X”—aujaui,....

3. Higher order derivatives of a curve lying on a parametric
surface

We will need higher order derivatives of a curve lying on a surface. For
that reason, we start by presenting the following theorem which enables to
calculate higher order derivatives of a surface curve in [E”.

Theorem 1. Let S C E", n > 4, be a regular surface given by its para-
metric equation X(ul, ’LL2) and « be a unit-speed curve with arc-length s lying
on S given by a(s) = X (u1(s),ua(s)). Then, the mth order deriwative of a
1s obtained by

M

a(m) = Cl

1= 11,02=1 i1i2r1

1 LmJ 2 1 (m—r1) (r )
Lk “ +mzl < D AL
3] ) .
+ (CS > Xi1i2i3uz(:nrl1)U(r2)u(nr2+l)>

. .o . 12 13
r1,r2=1 i1,02,43=1 Vi1i2, i35y
L5 2 1
(m—r1—2) ( 2)
o Ci 2 T Xiniaiaia Uy, Ui,
r1,r2,m3=1 i1,82,i3,i4=1 Mi192, 13, 0dry

% UZ(TS)U(Tl —ra—r3+2)
3 g
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\.%J 2 1
+ Z Cm—l Z Xi1i2...im,1

- | 102,01 =1 Fiving im o1,

(m—r1—(m-=3)) u(rl—rz—...—'rmg—l-(m—?))))

X uil e 7f'fm—l
2 1
+Cm Z lel'LZ lmullulQ e ’Uém, m 2 2’
01,82, im=1 TV
(3.1)
where

C3 - (m 7“1 1)( 13_ )(;1 ;;i%)’r o342
Co = () ) (IR,
C =M% (1), (each C;p includes € combinations)

the factors C;, 1 < i < m, are determined by
m r1+i—2 rI—Tro—..—Ti_o+i1—2\ (r1—ro—...—1;_1+i—2
(m—r1—(i—2))( ' T ) e ( e i1 ? )(ri—rz—...—ri,1+i—2)’

the terms b of each (‘;) represents the exponent of u;; in which the terms

(t1)  (t2)  (t3)  (ta)  (t5) (tm)

Wi ug ™ are written in the order such that t >
to > t3 > ... > tm, and if t; < 0, 1 < i < m, the related sum term
is canceled (see appendiz A for explanation). The coefficients ki, , kili?n’

_, are calculated as shown in Table 1, where

the integer q in each q! represents the number of repeated exponents.

ki112r1i3r2i4r3:' ) ki1i2r1~~-i7n71,‘7n

kily kilizrl AR kill’2n~~-im—1rm72
T T ]
ugl)ugl)u,g )ul( )u( )...ugfn’”) 2!
uz(lln)ugl)ug )“z( )u( )"-“fgfnm) 219/
MCOMGYMU )u( )u( 5) o, (tm) 3!
i1 12 13 14 15 T T m ’
a0y 512!
U !

TABLE 1. Determination of k;, , kiligrl, kili2r1i3r2i4r37' .. ,k:ili%l,

CA— .
m 1T'm—2

Proof. Let us prove it by induction.
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Step I: Let us show that it is true for m = 2. In this case, r1 = 1. Then, we
may write

2N o~ 1 2N 1\ < 1
1 — 7X /./ X
« (S) <2> z:l k:il 'Llull + <1) (1) . z; kiligl Z1'L2U’Zlul2

%1 i1,t2=1

1
leu + XQU X11u uh +2— X12u' u-
k1 ) /f111 i k12, e

1
+2—X21u’2u'1 + 27X22’LL/2’U,,2.
ka1, ko,

From Table 1 given above, we have k1 = ko = 1, k11, = k12, = ko1, = ka2, =
2, which yields

1 " " !/ !/ ! ! ! !
a’(s) = Xiu] + Xoug + Xijujuy + Xiouqugy + Xojusuy + Xosusuy

2
1
= § :X'Lluzl + E Xll'LQ i1 7,2

i1=1 11,02=1

as given in (2.2). Thus, the statement holds for m = 2.
Step I1I: We assume that the formula (3.1) is true for m.

Step III: Let us show that the formula is true for m + 1. By taking the
derivative of both sides of o), we obtain

2 1 2 1
1 (m) u! m+1)
almtl) = ¢ > 7XZ112 i U5 Z —Xi, E
. £ k 1 2 k 1
i1,00=1 Miy 1=1
2] 2 g
(m—r1) (r1),
+ Z Co Z ki Xi1i2i3ui1 Ujy Uiy
ri=1 11,82,83=1 M122,
2 2 1
(m—r1+1) (7‘1) (m—r1) (T1+1)
) Z ki Xlllzuzl +' E L. . Xilizuil Uy,
i1,00=1 1192y, i1,i9=1 11929
N 2] C i L o menm) (), (et )
3 ko . . i1d2i314 Uy, Ujy Uiy Uiy
r1,r2=1 11,02,i3,i4=1 Mi112y 135
1 (m—r1),( -
1) (r2) (ri—r2+1)
+ Z ki i Xi1i2i3ui1 uig ui3
i1,%2,i3=1 111271 137y
2 1
(m—r1—1) (ro+1) (ri—ra2+1)
+ Z Xi1i2i3 i1 sy ui3

11,22,23=1 kilinl i37.2

2 1 —r1— r ri—r
+ Z 7Xi1i2i3uz(1n ' 1)U( 2)u( 1 2+2)]

L= ki - . 12 13
11,82,83=1 M12251 131g
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2 1
’o /
+Cm Z 7|Xi1i2---im+1ui1ui2"'uim+1
01,6200 yimp1=1 T2
2 1
"o, /
+m > —'Xili%,imuiluiz...uim
i1,y im=1 TV
or
21
1) (m+1)
(D =1y X
=11
1
2 1
(m), s
+C1 > kTXilizuil Uy,
i1,i2=1 V1
L5 2 1
(m—r1+1) (7"1) (m—r1) (ri+1)
+ Z C2 Z k . Xi1i2 ull +u’i1 uiz
ri=1 ’i17i2:1 7/1227‘1
2] > 4
(m—=r1), (r1),
+ CIDY TXiliZi:suil Uy, “zg
ri=1 11,82,13=1 11729
2] > )
(m—r1), (r2) (ri—ra+1)
+ > (G X ﬁXilizis [“il Ujy " Uiy
ri,ro=1 41,82,i3=1 112271 137y
(m—r1—1) (ro+1) (ri—ra2+1)
—i—uil U, U,
2] 2 1
(m—r1—=1) (r2) (ri—r2+2)
+ Z Cs Z [ Xi1i2i3uz’1 Uiy Uy
r1,r2=1 i1,i2,i3=1 212271 %3 7g

3

2
1
2: /AN /
+Cm 7m|Xi1i2---im+1uiluig"'uim+1 .

11,82,y tm+1=1

m+1

If we consider the values of r;, r; € [1,[%]], the sums in 1,2, 3,...,m+1
given above can be expressed as a single sum as follows:

201
. m-+1 m+1)
1: (mil) Z_ k.i ’
LmTHJ 2 1 1
2. 3 (mff_lrl) D Xm'gu(l 1+1) 521)

ri=1 i1,i0=1 i1i2r1
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LLJI 2 1
1 1 - —ro+1
39: 3 (Tznjm) (m;r ) Z —— szz‘;;ugn m)ugz)ugl r2+1) )
ri,re=1 i1,02,i3=1 V1192, 135,
m—41\ /m\ (m—1 1 2 1 ro /
+1: ). X0 i AT T
m ( 1 ) (1 ) ( 1 ) (1) i17i27._§n+1:1 (m + 1)' leQ-.-'Lm-‘rlu’Llulz Tm+1
Then, the sum 1+ 2+ 8+ ... + m+1 gives us the result. O

4. Transversal intersection curve of two parametric surfaces
in E"
Let &1 and &2 be regular intersecting surfaces given by their parametric
equations

X (u1,u2) = <f1(u1,U2),fz(ul,u2)7---7fn(u1,uz)>
and
Y (wy, wy) = (gl(whwz),gz(wbwz),---,gn(wl,wz))

in E™ n > 4, respectively. Then, the tangent spaces of S and S are spanned
by {Xu,, Xu,} and {Yy,, Y, }, respectively. Let a(s) be their intersection
curve with arc-length parameter s.

Let us consider the set

W = {Xu17XUQ7Y’LU17Yw2} .

For the tangent vector fields in W we have the following cases at an inter-
section point a(s).

Case 1. If W is linearly independent, then «(s) is an isolated point of
such intersection.

Case 2. If W has only two linearly independent vectors at an intersection
point, then the tangent spaces of S and Sy overlap at that point. This kind
of intersection is called a tangential intersection. We exclude such intersec-
tions.

Case 3. If W has three linearly independent vectors at an intersection
point, then the tangent spaces of §; and Sy differ at that point. This kind
of intersection is called a transversal intersection. We focus on such inter-
sections.

Let us consider the case 3 and denote the Frenet frame of a by {Vi,
V...,V } at the intersection point P = X (u1(0), u2(0)) = Y (w1(0), w2(0)).
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4.1. Tangent vector (a’). We need bases of the normal spaces of S and
S to obtain the tangent vector V. To obtain a basis of the normal space
of 81, we choose n — 3 vectors from the standart basis {e1,eq,...,e,} of R"
to be linearly independent with {X,,, Xy, }. Without loss of generality, we
assume that {X,,, X,,,e1,e2,...,e,_3} is linearly independent at P. Let us
define

NF¥ = X, x Xy, xep Xxey X ... X e,_3,

N¥ = X, XXy, x N¥ xep x ... xe,_q,
X X X

NS = Xy, X Xy, x NT' x N3 xe; X ... X e,_s, (4.1)
X X X X

N, o = Xy XXy, X N' Xx Ny x ... x N7J_s.

It is clear from the above equations that {N7*, N2, ..., NX ,} constitutes an
orthogonal basis for the normal space of §; at P. Similarly, assuming that
{Yu,,Yw,,€1,€2,...,e,_3} is linearly independent at P and defining

NY = Yy, X Yy, X €1 X ez X ... X e,_3,
N = Y, x Yy, xNY xep x ... x e,_4,
y Y Y
N3 = Yy, XYy, X NY X N3 xe; x...Xe,_s, (4.2)
NY , = Yy, x Yy x Ny xNY x ... xNY_,

yields the orthogonal basis {N1, N3 ..., NY .} for the normal space of Sy
at P. Let

N = (N NF . ONX NV NY,ONY

and d be the dimension of the subspace spanned by N. It is clear that the
value of d can be n — 2,n — 1 or n. These values of d correspond to the
following intersection types:

a) If d = n, then the intersection point P is an isolated point.

b) If d = n — 2, then the normal spaces of the surfaces S; and Sy overlap
at P, i.e. we have a tangential intersection.

c) If d =n — 1, then we have a transversal intersection at P.

Since we consider the transversal intersection, let us assume that d = n—1
and {NF, N2 ... . NX , NY} ¢ € {1,2,..,n — 2} is linearly independent at

n—2
P. Since V; L NJX, 1<j<n—2and V; L Nz/, the tangent vector of the
intersection curve can be obtained by

_ N x N2 x ... x NX_, x NY
[N x N&x .o x NX, x NY |

Thus, if we take the dot product of both sides of

Vi = Xy, u) + Xy, usy

Vi

(4.3)
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with X,,,, Xy, and of
Vi= lew'l + Ywaé

with Yy,,, Yau,, the coefficients v}, u} and w/,w) can be found by

G<V17Xu1> _F<V17Xu2> u/ o E<V17Xu2> _F<V17Xul>
EG — F2 o EG — F2

uh =

and

9<V1an1>*f<V1an2> €<V17Yw2>*f<V1,Yw1>
N eg — f? ’ N eg — f? ’
where E, F,G and e, f,g are the first fundamental form coefficients of S
and So, respectively.

!
wll Wq

4.2. Second derivative (o). Since o is orthogonal to V1, we may write
o = MNTF + aNF + . 4 A, oNX o, + ), N} (4.4)

We must determine the coefficients A;, 1 < ¢ < n — 1. If we take the dot
product of both sides of (4.4) with N7, N, ..., NX , N} respectively, we

n—2
obtain the system of linear equations depending on A\;, 1 <i<n —1, as

(NN O+ (NJ NN, = (o ,NT)

(N', N9 + (N} N A1 = (o, N3°)

(No—o No_o)An2 + (N7 N o)A = (o, NG )
(N, N+ (NS N DA+ 4+ (NY NP YAy = (o, NY).

For the coefficient determinant

(N{',N{') 0 0 (N}, N7)
0 (N3, Ng°) - 0 (N}, N3°)
det A = : : :
0 0 <N§727 N§72> <N}/7N£2>
(NFNY) (N3 NT) - (NG, NG (NG NG

of this system, by using Definition 1 we have
2
det A = ||[NT* x N5 x -+ x Ny x Ny [|” #0.
Using the Cramer’s method, the solution of this system is then obtained as

n—2
(@' N YAy + D> (0, NFYAj b, 1<i<n—1, (4.5)
j=1

1
Ai = det A
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where Aj; denotes the (j,i) cofactor of the matrix A. Besides, if we use
(2.2), we have

2
<0//,NX>: Z <Xz1227NX>u11 Wiy
”712 . (4.6)
< " NY> = 2 < 11127N%/>w;1w§2.
11,i2=1

Since the right sides of the equations in (4.6) are known, substitution of
(4.6) into (4 5) yields )\1, which allows us to compute o’ by using (4.4).
Hence, uf,u} and w{,w) can be obtained by using (2.2). Also, using the
Gram-Schmidt orthogonalization method, we find

E;
B2

E2 = 04” — <O¢”, V1>V1, V2 = (4.7)

Then, since o’ = k1 Vs, the first curvature of the intersection curve is ob-
tained by k1 = (o, Vs).

4.3. Third derivative (). For the third derivative of the intersection
curve, we may write
"= —kiVi+ k[ Vo + ki1ka Vs
= B2V + i NF 4 NS + 4 i oNX S+, NY (4.8)

Similarly, by taking the dot product of both sides of (4.8) with N3¥, N&
NX N}/, respectively, we obtain a system of linear equations depending

onnm?’which has the solution
-2
pi = detA <a”’,NZ>A(n_1)i+2<a’”,NJX>Aﬂ 1<i<n—1. (4.9)
j=
If we use (2.3), we have
" N¥)=3 i Xiyig, N2Vl uf, + Z Xiyigia, N7 Ui, ujy iy, (4.10)
1 i1,dg,i3=1
o Ng =3 Z leQ,NE w21w22+ Z Yiiigiz, N wilwgzwgg. (4.11)

i1,i2=1 i1,i2,i3=1
Since the right sides of the equations in (4.10) and (4.11) are known, substi-
tutions of (4.10) and (4.11) into (4.9) yield u;, 1 <i < n — 1, which enables
us to compute o via (4.8). Hence, v}, v} and w}’,w)" can be found by

using (2.3). Using the Gram-Schmidt orthogonalization method, we obtain
E3
IEs|

Es=a" — (o, V1)V1 = (", V3)Vy, V3= (4.12)
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Then, if k1 # 0, the second curvature of the intersection curve can be ob-

tained by

nn
, 'V
by = L9 V) (4.13)
k1
We also have

K = (o V).

4.4. Fourth derivative (a®). Similarly to the second and third deriva-
tives, we may write

aW = 3k k| Vi + (k3 + kY — k1k3) Vo + (2K ko + kikb) Vi + kikoks Vi,

= 3k k) V1 + N 4+ NS + 49 oNY 1, NY (4.14)
where
1 n—2
i = (W NP YAy + > (aW NFYAG; b (4.15)
det A =
1<i<n-1, and < ,Ni(> and <a(4),NZ> can be obtained by using
(2.4). Then, we find
E;=a® — (a®W, V)V] — (a@, V) Vs — (o), V3) V3,
E,4 (4.16)
V= .
[ Ex
If k3 # 0, then the third curvature of the intersetion curve is obtained by
{ “4) v )
ar, Vg
k3 = ~———+. 4.1
K k1 ko (4.17)

Also, we obtain k{ and &, by using <a(4),V2> and <a(4),V3>, respectively.
4.5. Higher order derivatives (o™ m > 5). Similarly, for the mth or-
der derivative of the intersection curve, we can write
al™ = d; Vi 4+ doVo + oo+ dyy1 Vi1 + kikoks.. km—1Vin,
=di V1 +6NT + ENY + 4+ & aNY , + &, 1NY . (4.18)

We need to determine &,1 < i < n — 1, and only the coefficient d; to find
al™)_ For &, we have

n—2
1
T det A ]z; J

(4.19)

where <a(m), NJX> and <a(m), N}) can be obtained by using (3.1).
On the other hand, as seen in (4.14), for m > 4 the coefficients di,
ds,...,d,;,—1 consist of not only the curvatures k; but also the derivatives
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of these curvatures. However, the curvatures and their derivatives which are

included in d; can be obtained by using the previously found Frenet vectors

and actual derivatives. For example, d; includes k), k7, k% and k), for (%) in

which all are known except k7’. But, £}’ can be obtained by using <a(5), V).

We should note that computing the coefficients di, do, ..., d;,,—1 manually is

difficult and time-consuming for higher order derivatives. To overcome this

difficulty, we also provide a code (see appendix B) in MATLAB R2018a

which produces all d; for the desired m. Thus, we can find o™, m > 5, by

using (4.18). If we again use (3.1), we can find ugm), ugm), wgm), wgm). Also,
using the Gram-Schmidt orthogonalization method, we obtain

m—1 E
En =a™ =Y (a™ Vi)V, V= ﬁ 5<m<n—1. (4.20)
i=1 m
Finally, the last Frenet vector V,, can be obtained by V,, = Vi x V3 x
- X V1. Hence, if we assume k; # 0,7 > 3, the mth curvature of the
intersection curve is obtained from
<a(m)7 Vm>

km = Tfgd L 5<m<n-—1 (4.21)

Remark 1. We assume that the curvatures of the intersection curve do not

vanish at the intersection point. If any curvature vanishes at an intersection

point, we can follow the algorithm given by [21] to obtain the Frenet vectors.

5. Examples
5.1. Example in E*. Let us consider the intersection of the Whitney
sphere S1 given by the parametrization
1

X - -
o) = g vy

<u1(1 + u% —I—u%),ul(u% —i—u% —1),

us(1 + uf + 1), ua(uf + 1 — 1)),
and the surface Sy given by the parametrization
Y (wi, w2) = (w1, wa, wiw, w})
in E%. These surfaces are projected perspectively [13] from the point (0, 0,0, 2)
into the hyperplane x4 = 0 and their projections are displayed in Figure 1.
Let us find the Frenet vectors and curvatures of their intersection curve «

at the intersection point P = X(l, O) = Y(l, 0) = (1,0,0,0). The tangent
vectors of these surfaces at P are

Xul = (0,1,0,0), XUQ = (anvlvo)v
Y, = (1,0,0,0), Y, = (0,1,0,0).
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T
The point P

FIGURE 1. Projections of the intersecting surfaces &1 and Ss.

It is easy to see that we have a transversal intersection at P since { Xy, X,,
Y., } is linearly independent. Then, since {X,,,, Xy,, €1} is linearly indepen-
dent, by using (4.1) we obtain the basis vectors of the normal space of S;
as

X
N :Xu1 X Xu2 X €1 = —e€y,
Ny = X, X Xy, X N = —ey.

Similarly, since {Yu,, Yu,, €4} is linearly independent at P, by using (4.2),
we obtain the basis vectors of the normal space of Sy as

NY:le XYw2 X eq4 =e3
NY =Y, x Yy, x NY = —ey.

Hence, {N{(,Ng,N%/} is linearly independent, i.e. d = 3. Thus, by using
(4.3) we find the tangent vector of the intersection curve at P as

N x N&¥ x NY
V1: Al)(x g(x %/ :<07_17070>7
INT" x Ng° x Ny ||
which yields v} = —1, uy =0, wj =0, wy = —1.
For the second order derivatives of the given surfaces at P we have
Xu1u1 - ( - 37 _17 07 0)7 Yw1w1 - (07 07 07 0)7
Xu1u2 = (ana_lvl)a lewz = (0303070)a
Xugus = (—1,1,0,0), Yisuws = (0,0,2,0).

Since we may write

o = AlN{( + )\QNé( + )\3N¥,
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by using (4.5) and (4.6) we obtain Ay = 0, A2 = 3, A3 = 2. Thus, we
have o’ = (—3,0,2,0) and v] = 1, u§ = 2, w] = =3, w§ = 0 at P.
Also, we obtain the second Frenet vector of the intersection curve as Vo =
3 2
———,0,——,0 ), and the first curvature as k1 = /13 at P.
( V13 VI3 ) '

For the third order derivatives of the given surfaces at P we have

Xuyuru, = (9,-9,0,0), Yirwiw: = (0,0,0,0),
Xuyugu, = (0,0, -1, -3), Yirwsw; = (0,0,0,0),
Xurugus = (—1,-3,0,0), Yirwaws = (0,0,2,0),
Xugugus = (0,0, -3,3), Yiswaws = (0,0,0,6).

If we use (4.8), we may write
o = —k{Vi+ Ny + paNy + Ny,
where pi1 = 6, g = pi3 = 0. Thus, we have o = (0,13,0,—6) and u}’ =1,

uf = —6, wy" = 0, w) = 13 at P. The third Frenet vector is found as

6
V3 =(0,0,0,—1), and the second curvature is obtained as ko = —— at P.

V13

If we continue in a similar manner, we find

2 3 47
5.2. Example in E°. Let S; and Sy be the surfaces given by
X(ul,u2) = (u%,u%u‘;’,ul,u%),
Y(wl,wg) = (wl,wg,wg,wg,w%),

respectively. Let us find the Frenet vectors and curvatures of their intersec-
tion curve « at the intersection point P = X(O, 0) = Y(O, 0) = (0, 0,0,0, O).
The tangent vector fields of these surfaces are

Xy = (0,0,3uf,1,4u}), Xy, = (2u2,1,0,0,0),
Yu, = (1,0,0,0,2w1),  Yu, = (0,1,3w3,1,0).

Then, since {X,,, Xu,,€1,es3} is linearly independent at P, by using (4.1)
we obtain the basis vectors of the normal space of &7 as

NX:Xulqu2><e1><e3:e5,
Ny = Xy, X Xy, X N¥ x e = e3,
N = Xy, X Xup x NT x N&¥ = —ey.

Similarly, since {Y,,, Yu,, €2, es} is linearly independent at P, by using (4.2)
we obtain the basis vectors of the normal space of Sy as

NY:Yw1XYw2X62X83:e5,
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NY =V, xV,, x N x ey =eg,
NY =V, xV,, x NV x NY = —e) +ey.

In this case, {N:X,N2‘, N5, NY'} is linearly independent, i.e. d = 4 at P.
Thus, by using (4.3) we find the tangent vector of the intersection curve at
P as
_ N{“ x N x N§' x NY :<0i0i0>

NNy Ny Ny e

1 1
which yields v} = —, v} = —, w} =0, wh = —.
y 1 2 2 V2 1 2 V2

For the nonzero second order derivatives of the given surfaces at P we

have Xy, = 2e1, Yy, w, = 2€5. Since we may write
o = MNT¥ 4+ XN + )\3N§( + )‘4N:};>

by using (4.5) and (4.6) we obtain A\; = A2 = Ay = 0, A3 = 1. Thus, we have
o/ = N{ = e and o = uf = wl§ =0, w =1 at P. Also, we obtain the
second Frenet vector as Vo = (1,0,0,0,0), and the first curvature as k1 = 1
at P.

For the nonzero third order derivatives of the given surfaces at P we have
Xujuru, = 6€3, Yiuwow, = 6€3. If we use (4.8), we may write

Q" = —V, + MIN{( + NQNg( + ,ugN? -+ ,Uz4N§/7

Vi

where (g = ps = pgs =0, pug = —%. Thus, we have

1 3 1 1
_ﬁ,ﬁ,—ﬁ,()) and u,{/:ug/:wg/:—ﬁ7w/1”:0

at P. The third Frenet vector is found as V3 = (0,0, 1,0,0), and the second

3v2

curvature is obtained as ky = —— at P.

al// — (O

If we continue in a similar manner, we find

V, = (0,0,0,0,1), V5= (0, ks = 2v2, ky=0.

1 1
_77077)0)7
V2 V2

6. Conclusion

Differential geometric properties of the intersection curve of two paramet-
ric surfaces are studied in Euclidean n-space. We first present the mth order
derivative formula of a curve lying on a parametric surface, and then, we
obtain curvatures and Frenet vectors of the transversal intersection curve
of two parametric surfaces in Euclidean n-space. We also provide a com-
puter code produced in MATLAB to simplify determining the coefficients
according to the Frenet frame of higher order derivatives of a curve.
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Appendix A

Let us find the fifth order derivative of a by using (3.1). In this case, since

m = b, we may write

2

) 2 () (5-r1),, ()
o —C1 Z k zlu + Z C2 Z 7X1112u 12
i1=1 Riq ri=1 i1,42=1 Mirio,
2 2 1
5—r1—1 - 1
+ > (G X I Xi1i2i3uz('1 " )UgQ)Ugl rety
r1,r2=1 i1,i2,i3=1 i1i2r1i3r2
2 2 1
5—r1—2
D ORI N
r1,m2,r3=1 11,2,i3,04=1 Mi192, 131y l4rg
% u§r3)u(r1—rz—r3+2)
3 g
2 1
+Cs > §X¢1i2i314z’5u W, Wiy Uy, U
11,12,13,84,i5=1 <*
(A1)
If we consider the definitions of C;,;1 < i < 5, we get
2 1 2 1
5 (5) N
a® ( ) Z k— + (4) > o Xiyiyuy, Uy,
1=1 i1,02=1 M1221
5 2 1 X " 1
+(3), Z ki irig Uiy Ui,
i1,02=1 "t1122
5 2 2 1 i ! /7
+(3) (1) . Z b Xi112i3ui1ui2ui3
11,82,03=1 11121131
5\ /2 2 1 X neon (())
+(3) (2) . Z koo iliQiSU’iluizui;g
11,82,03=1 11121139
5 3 2 1 X 17 ! 1
+(2) (1) . Z b inigiz Uy Uiy Ui
11,82,03=1 V11122131
5 3 2 1 X 17 " !
+(2) (2) ) Z b irigiz Uyy Uyy Uiy
11,12,83=1 M11122232
2 2 1
5—r1—2
+ > Cs ? Xz‘1z’2igi4u§1 " )UZQ)X
r1,r2,r3=1 11,12,13,14=1 i1i2r1i3r2i4r3
« U(TS) (T1*T2 r3+2)
i3 14
5y (4 (3) (2 2 1
Y A Y A
+() (G ) E) > gXilizimis“huiz“z‘guuuis
11,12,13,04,i5=1 ©*

(A.2)
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However, since the orders of derivatives in the sums

2 1 2 1
7 (0) "o "
k' L i1i2i3ui1ui2ui3 a‘nd Z k L 74'1'L'27;3ui1uizuig
Lo 111211 Lo 111 1
i1,dg,43=1 " 112132 i1,ig,i3=1 " 1"22"31

do not satisfy the conditions in Theorem 1, these sum terms must be can-
celed, i.e. we have

2 1 2
(6() _ ) B CO I
@ - Z k. X”uil +5, Z jy XZ”?uil U
11=1 M1y 11,02=1 11121
2 ]- " 1 2 ]- 1" ! ’
+1O Z T XiliQUiluiz +20 Z Li- Xi1i2i3ui1ui2ui3
i1,i0=1 Ni1122 11,82,03=1 11121231
2 1
12 " !
+30 X ﬁXiliQiiiuiluizuig
11,12,13=1 11122139
2 2 1
5—r1—2 T
> |G X Kivigiaistly gy X
+ r1,r2,r3=1 i1,02,i3,ia=1 Mi192, 93r, 04 7g
% u(T3)u(T1—T2—T3+2)
i3 i4
I
2 1
A A
+120 2 gXilizigiusuilUz‘zuiguz‘4“i5-
11,12,13,04,i5=1 ©*

(A.3)
Similarly, the orders of the derivatives in the underlined sum I are given
below:

Orders in the sum I
t1 to | t3 t4
Cases |ri |ro |73 ||D—1r1 —2|r9 |73 |11 —19 —13+ 2

i 1711 2 111 1
ii 1|12 2 1] 2 0
iii 1121 2 211 0
iv 1122 2 212 -1
v 2111 1 1|1 2
vi 2112 1 112 1
vii 2121 1 211 1
viii 21212 1 212 0

It is clear here that only the orders in Case i satisfy the condition of Theorem



INTERSECTION CURVE OF TWO PARAMETRIC SURFACES IN n-SPACE 277

1. Therefore, for the sum I we only have

2
5 3 2 1 1 I/ / /
<2> <1> <1> <1> Z WXili2i3i4uilui2ui3ui4. (A.4)

11,12,13,14=1

If we substitute (A.4) into (A.3), since k;; = 1!, kijip, = 11, Kijsy, = 11,
ki1121i31 = 2!, kilizzisz = 2! and kili21i31i41 = 3! according to Table 1, we
obtain
2 2 2
Oé<5) = E Xllu(5)+5 Z Xi1i2u(4)u;2+10 Z Xi1i2u/‘llu/-/

) i L i1 - i1 Vg
11=1 i1,02=1 i1,i2=1

2 2
N A R/
+10 ) Z X74112743ui1ui2ui3 + 15 ) Z X7417'213ui1ui2ui3
11,i2,83=1 11,42,i3=1

2
2 A B
+10. . E X11’223Z4ui1ui2ui3ui4
11,12,13,54=1
2

/ / / / !/
+ Z X21121374415 uil uiguigui4ui5'

Appendix B

n=input(’enter the size of the space: n=");

Syms s

T1{:} = sprintfc(’k%d(s)’,1:n-1);

syms(T1{:})

AL=[T1{:}];

Bl=str2sym(Al);

T2{:} = sprintfc("V%d(s)’,1:n);

syms(T2{:})

A2=[T2(:}];

B2=str2sym(A2);

C(1)=k1(s)*V2(s);

for i=2:n-1
C(i)=-B1(i-1)*B2(i-1)+ B1(i)*B2(i+1);

end

C(n)=-B1(n-1)*B2(n-1);

D=diff(B2,s);

E=k1(s)*V2(s);

F(1)=V1(s);

F(2)=k1(s)*V2(s);

alpha(1)=V1(s);

alpha(2)=k1(s)*V2(s);

F(3)=diff(E,s);

alpha(3)=subs(F(3),D(2),C(2));
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for i=4:n
alpha(i)=diff(alpha(i-1),s);
G(1)=subs(alpha(i),D(1),C(1));
for j=2:n
G(j)=subs(G(j-1).D(}).C(}));
end
alpha(i)=G(n);
end
for i=1:n

fprintf(’alpha(%d)="%s\n’,i,alpha(i))

end
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