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A unified theory for irresolute functions

Bishwambhar Roy

Abstract. In this paper, a new class called (µ, λ)θ -irresolute functions
has been defined with the notion of generalized topology. We obtain
some characterizations of such functions and some relations between
similar types of functions are established. Some basic properties of
such functions are also discussed. Such functions unify different types of
weakly irresolute functions by T. Noiri.

1. Introduction

In 1943, Fomin [8] introduced the concept of θ-continuous functions. After
that, different mathematicians continued the study of θ-continuous functions
(see [7, 11, 12]). The notion of θ-irresolute functions was studied in [5, 6, 9].
The concept of θ-preirresolute functions [13], weakly β-irresolute functions
[14] and other similar types of functions have also been introduced and stud-
ied by different mathematicians. Our aim in this paper is to unify several
properties and characterizations of the above mentioned functions or other
similar types of functions by the notion of generalized topology [1] introduced
by Császár.

After its introduction during the last ten years or so, the area of gener-
alized topology is rapidly growing. Császár has published a series of papers
introducing and studying generalized topology, generalized neighbourhood
systems and generalized continuity, and has shown that the fundamental
definitions and the major part of many statements and constructions in set
topology can be formulated by replacing topology with the help of general-
ized topology.

We now recall some notions defined in [1]. Let X be a non-empty set
and expX be the power set of X. We call a class µ ⊆ expX a generalized
topology [1], (briefly, GT) if ∅ ∈ µ and any union of elements of µ belongs to
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µ. A set X, with a GT µ on it is said to be a generalized topological space
(briefly, GTS) and is denoted by (X,µ). For a GTS (X,µ), the elements
of µ are called µ-open sets, and the complements of µ-open sets are called
µ-closed sets. For A ⊆ X, we denote by cµ(A) the intersection of all µ-
closed sets containing A, i.e., the smallest µ-closed set containing A; and by
iµ(A) the union of all µ-open sets contained in A, i.e., the largest µ-open
set contained in A (see [2, 4]). A GTS (X,µ) is said to be a µ-space [15] if
X ∈ µ.

It is easy to observe that iµ and cµ are idempotent and monotonic opera-
tors, where γ : expX → expX is said to be idempotent iff for each A ⊆ X,
γ(γ(A)) = γ(A), and monotonic iff γ(A) ⊆ γ(B) whenever A ⊆ B ⊆ X. It
is also well known from [4, 2] that if µ is a GT on X and A ⊆ X, x ∈ X,
then x ∈ cµ(A) iff x ∈M ∈ µ⇒ M ∩A 6= ∅ and that cµ(X \A) = X \ iµ(A).

2. (µ, λ)
θ
-irresolute and related functions

Definition 1. [18] Let A be a subset of a GTS (X,µ). Then
(i) the µ

θ
-closure of the set A denoted by c

µ(θ)
(A) is defined as c

µ(θ)
(A) =

{x ∈ X : cµ(V ) ∩A 6= ∅ for every µ-open set V containing x},
(ii) the µ

θ
-interior of A denoted by i

µ(θ)
(A) is defined as i

µ(θ)
(A) = {x ∈ X :

there exists a µ-open set G containing x such that x ∈ G ⊆ cµ(G) ⊆ A},
(iii) if A = c

µ(θ)
(A), then A is called µ(θ)-closed. The complement of a

µ(θ)-closed set is called a µ(θ)-open set.

Definition 2. A function f : (X,µ) → (Y, λ) is said to be (µ, λ)
θ
-

irresolute at x ∈ X if for each λ-open set V containing f(x), there exists
a µ-open set U containing x such that f(cµ(U)) ⊆ c

λ
(V ). The function

f : (X,µ)→ (Y, λ) is said to be (µ, λ)
θ
-irresolute if it is (µ, λ)

θ
-irresolute at

each point of X.

Theorem 1. A function f : (X,µ)→ (Y, λ) is (µ, λ)
θ
-irresolute at x ∈ X

if and only if for each λ-open set V containing f(x), x ∈ i
µ(θ)

(f−1(c
λ
(V ))).

Proof. First let f be (µ, λ)
θ
-irresolute at x ∈ X and V be a λ-open set

containing f(x). Then there exists a µ-open set U containing x such that
f(cµ(U)) ⊆ c

λ
(V ). Thus, we have x ∈ U ⊆ cµ(U) ⊆ f−1(c

λ
(V )), and hence,

x ∈ i
µ(θ)

(f−1(c
λ
(V ))).

Conversely, let V ∈ λ be such that x ∈ i
µ(θ)

(f−1(c
λ
(V ))) and f(x) ∈ V .

Then there exists a µ-open set U such that x ∈ U ⊆ cµ(U) ⊆ f−1(c
λ
(V )),

and hence f(cµ(U)) ⊆ c
λ
(V ). Thus f is (µ, λ)

θ
-irresolute at x. �

Theorem 2. A function f : (X,µ) → (Y, λ) is (µ, λ)
θ
-irresolute if and

only if for every λ-open set V of Y , f−1(V ) ⊆ i
µ(θ)

(f−1(c
λ
(V ))).
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Proof. First let V be any λ-open set of Y and x ∈ f−1(V ). Then f(x) ∈
V . Now by (µ, λ)

θ
-irresoluteness of f , x ∈ i

µ(θ)
(f−1(c

λ
(V ))), and hence

f−1(V ) ⊆ i
µ(θ)

(f−1(c
λ
(V ))).

Conversely, let x ∈ X and V be any λ-open set of Y containing f(x).
Then by hypothesis, x ∈ f−1(V ) ⊆ i

µ(θ)
(f−1(c

λ
(V ))). Thus by Theorem 1,

f is (µ, λ)
θ
-irresolute at x. �

Theorem 3. For a function f : (X,µ)→ (Y, λ), the following are equiv-
alent:
(i) f is (µ, λ)

θ
-irresolute;

(ii) for every subset A of X, f(c
µ(θ)

(A)) ⊆ c
λ(θ)

(f(A));

(iii) for every subset B of Y , c
µ(θ)

(f−1(B)) ⊆ f−1(c
λ(θ)

(B)).

Proof. (i) ⇒ (ii): Let A be any subset of X. Suppose that x ∈ c
µ(θ)

(A)

and V be any λ-open set containing f(x). Then there exists a µ-open set U
containing x such that f(cµ(U)) ⊆ c

λ
(V ) (as f is (µ, λ)

θ
-irresolute). Then

obviously, cµ(U)∩A 6= ∅. Thus ∅ 6= f(cµ(U))∩f(A) ⊆ c
λ
(V )∩f(A). Hence

c
λ
(V ) ∩ f(A) 6= ∅, which implies that f(x) ∈ c

λ(θ)
(f(A)).

(ii)⇒(iii): LetB be any subset of Y. Then by hypothesis, f(c
µ(θ)

(f−1(B)))

⊆ c
λ(θ)

(f(f−1(B))) ⊆ c
λ(θ)

(B). Thus c
µ(θ)

(f−1(B)) ⊆ f−1(c
λ(θ)

(B)).

(iii) ⇒ (i) : Let x ∈ X and V be any λ-open set containing f(x). We
first note that f(x) 6∈ c

λ(θ)
(Y \ c

λ
(V )) (as c

λ
(V ) ∩ (Y \ c

λ
(V )) = ∅). Hence

x 6∈ f−1(c
λ(θ)

(Y \ c
λ
(V ))). Thus by hypothesis, x 6∈ c

µ(θ)
(f−1(Y \ c

λ
(V ))).

Consequently, there exists a µ-open set U containing x such that cµ(U) ∩
(f−1(Y \ c

λ
(V ))) = ∅. Hence f(cµ(U))∩ (Y \ c

λ
(V )) = ∅. Thus f(cµ(U)) ⊆

c
λ
(V ) showing f to be (µ, λ)

θ
-irresolute. �

Theorem 4. A function f : (X,µ) → (Y, λ) is (µ, λ)
θ
-irresolute if and

only if for every λ-open set V of Y , c
µ(θ)

(f−1(V )) ⊆ f−1(c
λ(θ)

(V )).

Proof. One part of the theorem is obvious from (i)⇒ (iii) of Theorem 3.
The other part is similar to the proof of Theorem 3 (iii)⇒ (i). �

Definition 3. A GTS (X,µ) is said to be µ-regular [17] if for each µ-
closed set F of X not containing x, there exist disjoint µ-open sets U and
V such that x ∈ U and F ⊆ V .

Theorem 5. [17] A GTS (X,µ) is µ-regular if and only if for each x ∈ X
and each U ∈ µ containing x there exists V ∈ µ containing x such that
x ∈ V ⊆ cµ(V ) ⊆ U .

Definition 4. A function f : (X,µ)→ (Y, λ) is said to be
(a) (µ, λ)-continuous [1] if for each x ∈ X and each V ∈ λ containing f(x),
there exists U ∈ µ containing x such that f(U) ⊆ V ;
(b) weakly (µ, λ)-continuous [10] if for each x ∈ X and each V ∈ λ containing
f(x), there exists U ∈ µ containing x such that f(U) ⊆ c

λ
(V ).
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Remark 1. It follows from Definitions 2 and 4 that (µ, λ) continuous ⇒
(µ, λ)

θ
-irresolute ⇒ weakly (µ, λ)-continuous. But none of the implications

is reversible as shown by the examples below.

Example 1. (a) Let X = {a, b, c}, µ = λ = {∅, {a}, {a, b}, {a, c}, X}.
Consider the function f : (X,µ)→ (X,λ) defined by f(a) = b, f(b) = c and
f(c) = a. It can be checked easily that f is a (µ, λ)

θ
-irresolute function but

not a (µ, λ)-continuous function.
(b) Let X be the set of real numbers, µ = {A : 1 ∈ A}∪{∅}, Y = {a, b, c}

and λ = {∅, {a}, {b}, {a, b}, Y }. Consider the mapping f : (X,µ) → (Y, σ)
defined by f(x) = a if x > 1, by f(x) = b if x < 1 and f(x) = c if x = 1. It
can be verified easily that f(x) is weakly (µ, λ)-continuous but not (µ, λ)

θ
-

irresolute.

Theorem 6. Let f : (X,µ) → (Y, λ) be a function such that (Y, λ) is
λ-regular. Then the following are equivalent:
(i) f is (µ, λ)-continuous;
(ii) f is (µ, λ)

θ
-irresolute;

(iii) f is weakly (µ, λ)-continuous.

Proof. (i) ⇒ (ii): Let V be any λ-open set containing f(x). Then
f−1(c

λ
(V )) = cµ(f−1(c

λ
(V ))) (as f−1(c

λ
(V )) is a µ-closed set by (i)). Hence

f−1(V ) is µ-open. Put U = f−1(V ), then x ∈ U ⊆ f−1(c
λ
(V ))

= cµ(f−1(c
λ
(V ))). This shows that cµ(U) ⊆ cµ(f−1(c

λ
(V ))) = f−1(c

λ
(V )).

Thus, f is (µ, λ)
θ
-irresolute.

(ii)⇒ (iii): This is obvious.
(iii) ⇒ (i): Let x ∈ X and V be any λ-open set in Y containing f(x).

Since (Y, λ) is λ-regular, there exists a λ-open set W such that f(x) ∈W ⊆
c
λ
(W ) ⊆ V . Since f is weakly (µ, λ)-continuous, there exists a µ-open set U

containing x such that f(U) ⊆ c
λ
(W ) ⊆ V . Hence f is (µ, λ)-continuous. �

Theorem 7. For a µ-regular space (X,µ), f : (X,µ)→ (Y, λ) is (µ, λ)
θ
-

irresolute if and only if f is weakly (µ, λ)-continuous.

Proof. Suppose that f is weakly (µ, λ)-continuous. Let x ∈ X and V be
a λ-open set containing f(x). Then there exists a µ-open set G containing
x such that f(G) ⊆ c

λ
(V ). Since (X,µ) is µ-regular, there exists a µ-open

set U such that x ∈ U ⊆ cµ(U) ⊆ G. Therefore, we have f(cµ(U)) ⊆ c
λ
(V ).

Thus, f is (µ, λ)
θ
-irresolute.

The converse is obvious. �

3. Properties of (µ, λ)
θ
-irresolute functions

Definition 5. A GTS (X,µ) is said to be µ-Urysohn [18] if for any pair
of distinct points x, y ∈ X, there exist two µ-open sets U and V such that
x ∈ U , y ∈ V and cµ(U) ∩ cµ(V ) = ∅.
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Theorem 8. If for any two distinct points x1, x2 ∈ X and for a λ-
Urysohn space (Y, λ), there exists a function f : (X,µ)→ (Y, λ) such that
(i) f(x1) 6= f(x2),
(ii) f is (µ, λ)

θ
-irresolute at x1 and x2,

then (X,µ) is also µ-Urysohn.

Proof. Let x1 and x2 be two distinct points of X. By hypothesis there
exists a function f : (X,µ)→ (Y, λ) satisfying the above two conditions. Let
yi = f(xi), for i = 1, 2. Then y1 6= y2 . Then there exist λ-open sets V1 and
V2 containing y1 and y2 respectively such that c

λ
(V1) ∩ c

λ
(V2) = ∅. Again,

there exist µ-open sets U1 and U2 containing x1 and x2 respectively such
that f(cµ(U1)) ⊆ c

λ
(V1) and f(cµ(U2)) ⊆ c

λ
(V2). Then cµ(U1)∩cµ(U2) = ∅.

Thus, (X,µ) is µ-Urysohn. �

Corollary 1. If f : (X,µ) → (Y, λ) is a (µ, λ)
θ
-irresolute injection and

(Y, λ) is λ-Urysohn, then (X,µ) is also µ-Urysohn.

Definition 6. A function f : (X,µ) → (Y, λ) is said to have strongly
µ
θ
-closed graph if for each (x, y) ∈ X × Y \ G(f), there exist a µ-open set

U containing x and a λ-open set V of Y containing y such that [cµ(U) ×
c
λ
(V )] ∩G(f) = ∅.

Lemma 1. A function f : (X,µ) → (Y, λ) has strongly µ
θ
-closed graph

if and only if for each (x, y) ∈ X × Y \G(f), there exist a µ-open set U in
X containing x and a λ-open set V of Y containing y such that f(cµ(U)) ∩
c
λ
(V ) = ∅.

Proof. Easy. �

Theorem 9. If f : (X,µ) → (Y, λ) is a (µ, λ)
θ
-irresolute function and

(Y, λ) is λ-Urysohn, then G(f) is strongly µ
θ
-closed.

Proof. Suppose that (x, y) ∈ X × Y \ G(f). Then y 6= f(x). Since Y is
λ-Urysohn, there exist λ-open sets V and W in Y containing y and f(x)
respectively such that c

λ
(V ) ∩ c

λ
(W ) = ∅. Since f is (µ, λ)

θ
-irresolute,

there exists a µ-open set containing x such that f(cµ(U)) ⊆ c
λ
(W ). Thus,

f(cµ(U)) ∩ c
λ
(V ) = ∅, and hence by Lemma 1, G(f) is strongly µ

θ
-closed.

�

Theorem 10. If f : (X,µ) → (Y, λ) is an injective (µ, λ)
θ
-irresolute

function with a strongly µ
θ
-closed graph, then (X,µ) is µ-Urysohn.

Proof. Let x and y be two distinct points of X. Then, since f is injective,
f(x) 6= f(y). Hence (x, f(y)) ∈ X × Y \ G(f). Since G(f) is strongly µ

θ
-

closed, by Lemma 1, there exist a µ-open set U of X containing x and a
λ-open set V of Y containing f(y) such that f(cµ(U)) ∩ c

λ
(V ) = ∅. Since

f is (µ, λ)
θ
-irresolute, there exists a µ-open set G containing y such that
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f(cµ(G)) ⊆ c
λ
(V ). Therefore, f(cµ(U)) ∩ f(cµ(G)) = ∅. Thus, cµ(U) ∩

cµ(G) = ∅. Hence (X,µ) is µ-Urysohn. �

Definition 7. A subset A of a GTS (X,µ) is said to be weakly µ-compact
relative to X [19] if for any cover {Uα : α ∈ Λ} of A by µ-open sets of X,
there exists a finite subset Λ0 of Λ such that A ⊆ ∪{cµ(Uα) : α ∈ Λ0}. If
A = X, then (X,µ) is said to be weakly µ-compact.

Theorem 11. If f : (X,µ) → (Y, λ) is a (µ, λ)
θ
-irresolute function and

K is weakly µ-compact relative to (X,µ), then f(K) is weakly λ-compact
relative to (Y, λ).

Proof. Let K be a µ-closed set relative to X. Let {Vα : α ∈ Λ} be
any cover of f(K) by λ-open sets of (Y, λ). For each x ∈ K, there exists
α(x) ∈ Λ such that f(x) ∈ V

α(x)
. Since f is (µ, λ)

θ
-irresolute, there exists a

µ-open set U(x) containing x such that f(cµ(U(x))) ⊆ c
λ
(V

α(x)
). Then the

family {U(x) : x ∈ K} is a cover of K by µ-open sets of X. Since K is
weakly µ-compact relative to (X,µ), there exists a finite number of points,
say, x1 , x2 , ..., xn in K such that K ⊆ ∪{cµ(U(x

k
)) : x

k
∈ K, 1 ≤ k ≤ n}.

Therefore, we obtain f(K) ⊆ ∪{f(cµ(U(x
k
))) : x

k
∈ K, 1 ≤ k ≤ n} ⊆

∪{c
λ
(V

α(x)
) : x

k
∈ K, 1 ≤ k ≤ n}. Thus, f(K) is λ-closed relative to

(Y, λ). �

Corollary 2. If f : (X,µ)→ (Y, λ) is a (µ, λ)
θ
-irresolute surjection and

(X,µ) is weakly µ-compact, then (Y, λ) is weakly λ-compact.

Definition 8. Let (X,µ) be a GTS. The µ(θ)-frontier of A denoted by
Fr

µ(θ)
(A) is defined as Fr

µ(θ)
(A) = c

µ(θ)
(A) ∩ c

µ(θ)
(X \A).

Theorem 12. The set of all points x ∈ X at which a function f :
(X,µ) → (Y, λ) is not (µ, λ)

θ
-irresolute is identical with the union of the

µ(θ)-frontiers of the inverse images of the λ-closures of λ-open sets contain-
ing f(x).

Proof. Suppose that f is not (µ, λ)
θ
-irresolute at x ∈ X. Then there exists

a λ-open set V of Y containing f(x) such that f(cµ(U)) is not contained in

c
λ
(V ), for every µ-open set U containing x. Then cµ(U)∩(X\f−1(c

λ
(V ))) 6=

∅, for every µ-open set U containing x, and hence x ∈ c
µ(θ)

(X \f−1(c
λ
(V ))).

On the other hand, we have x ∈ f−1(V ) ⊆ c
µ(θ)

(f−1(c
λ
(V ))), and hence

x ∈ Fr
µ(θ)

(f−1(c
λ
(V ))).

Conversely, suppose that f is (µ, λ)
θ
-irresolute at x ∈ X and let V be any

λ-open set containing f(x). Then by Theorem 2, we have x ∈ f−1(V ) ⊆
i
µ(θ)

(f−1(c
λ
(V ))). Thus, x 6∈ Fr

µ(θ)
(f−1(c

λ
(V ))) for every λ-open set V

containing f(x). �
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