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Coefficients bounds for a family of bi-univalent
functions defined by Horadam polynomials

BASEM A. FRASIN', YERRAGUNTA SAILAJAZ, SONDEKOLA R. SWAMY?,
AND ABBAS K. WaNas?

ABSTRACT. In the present paper, we determine upper bounds for the
first two Taylor-Maclaurin coefficients |az2| and |as| for a certain family
of holomorphic and bi-univalent functions defined by using the Horadam
polynomials. Also, we solve Fekete—Szegs problem of functions belonging
to this family. Further, we point out several special cases of our results.

1. Introduction

Denote by A the collection of holomorphic functions in the open unit disk
U={z¢€C:|z| <1} that have the form

f(z)=2z+ Z anz". (1)
n=2

Further, assume that S stands for the sub-collection of the set A contain-
ing functions in U satisfying (1) which are univalent in U.

According to the Koebe One-Quarter Theorem [7] every function f € S
has an inverse f~! defined by f~'(f(2)) = z (z € U) and f(f }(w)) = w
(ol < ro(f),ro(f) = 1), where

glw) = fHw) = w — agw? + (Qa% — a3) w3 — (5a§ — bagas + aq) w4
(2)

A function f € A is said to be bi-univalent in U if both f and f~! are
univalent in U. Let ¥ stand for the class of bi-univalent functions in U
given by (1). In fact, Srivastava et al. [20] have actually revived the study
of holomorphic and bi-univalent functions in recent years, it was followed
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by such works as those by Bulut [6], Adegani and et al. [2], Giiney et al.
[9], Srivastava and Wanas [21] and others (see, for example [8, 19, 22]). We

notice that the class ¥ is not empty. For example, the functions z, 1%,
—log(1 — z) and 3log 12 are members of ¥. Until now, the coefficient

estimate problem for each of the following Taylor-Maclaurin coefficients |ay,|
(n=3,4,---) for functions f € ¥ is still an open problem.

With a view to recalling the principle of subordination between holomor-
phic functions, let the functions f and g be holomorphic in U. We say that
the function f is subordinate to g, if there exists a Schwarz function w holo-
morphic in U with w(0) = 0 and |w(z)| < 1 (z € U) such that f(z) = g(w(z)).
This subordination is denoted by f < g or f(z) < g(2) (z € U). It is well
known that (see [17]), if the function g is univalent in U, then f < g if and
only if f(0) = ¢g(0) and f(U) C g(U).

Recently, Hércum and Koger [13] considered the Horadam polynomials
hy (), which are given by the following recurrence relation (see also Horadam
and Mahon [12]):

hn(r) = prin—1(r) + qghn—2(r) (r e Ry,n e N\ {1,2};N={1,2,3,---}),
(3)
with hi(r) = a and ha(r) = br, for some real constants a,b,p and gq. The
characteristic equation of repetition relation (3) is t* — prt — ¢ = 0. This

pr++/p?r2+4q r—v/p2r2+4q

equation has two real roots x = 3 and y = 2 5

Remark 1. By selecting the particular values of a, b, p and ¢, the Ho-
radam polynomial h,(r) reduces to several polynomials. Some of them are
illustrated below.

(1) Taking a = b = p = ¢ = 1, we obtain the Fibonacci polynomials
Fo(r).

(2) Taking a = 2 and b = p = ¢ = 1, we attain the Lucas polynomials
L,(r).

(3) Taking a = ¢ =1 and b = p = 2, we have the Pell polynomials P, (r).

(4) Taking a =b=p =2 and q = 1, we get the Pell-Lucas polynomials
Qn(r).

(5) Taking a = b =1, p = 2 and ¢ = —1, we obtain the Chebyshev
polynomials T,,(r) of the first kind.

(6) Taking a = 1, b = p = 2 and ¢ = —1, we have the Chebyshev
polynomials U, (r) of the second kind.

These polynomials, the families of orthogonal polynomials and other spe-
cial polynomials as well as their generalizations are potentially important in
a variety of disciplines in many sciences, especially in mathematics, statis-
tics and physics. For more information associated with these polynomials
see [11, 12, 14].
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The generating function of the Horadam polynomials h,(r) (see [13]) is
given by
a+ (b—ap)rz
1—prz—qz2’

I(r,z) = Z B ()21 = (4)
n=1

In fact, Srivastava et al. [18] have already applied the Horadam polyno-
mials in a similar context involving analytic and bi-univalent functions. It
was followed by such works as those by Abirami et al. [1], Al-Hawary et al.
[10], Wanas and Yalgin [23].

2. Main Results
We begin this section by defining the family Fx (v, A, d,r) as follows.

Definition 1. For 0 <y <1,0< A <1,0<§ <1 andr € R, a function
f € ¥ is said to be in the family Fx (v, A, §, ) if it satisfies the subordinations

<Zf,(z)>V [(1 KRG (1 + Zf”(z)ﬂA <H(r,2) +1—a

f(2) f(2) f'(2)
and
() 05 2o 5 <o

where a is real constant and the function g = f~! is given by (2).

Remark 2. Tt should be remarked that the family Fx(vy, A, d,7) is a gen-
eralization of well-known families considered earlier. These families are:

(1) for v = 0 and A = 1, the family Fx (v, A, d,r) reduces to the family
My (6, r) which was introduced by Magesh et al. [16];

(2) for A = 0 and v = 1, the family Fx(v, A, d,7) reduces to the family
S5, (r) which was studied by Srivastava et al. [18];

(3) for v = 0 and A = 6 = 1, the family Fx(v, A, d,7) reduces to the
family ICx(r) which was considered by Magesh et al. [16];

(4)fory =0, A\ =a=1,b=p=2,q = —1and r — t, the
family Fx (v, A, d,7) reduces to the family Hx(6,t) which was given
by Altinkaya and Yalgin [3];

(5) for A\=0,y=a=1,b=p=2,¢q=—1and r — t, the family
Fx (v, A, 0,7) reduces to the family Sy (¢) which was introduced by
Altinkaya and Yalgin [4];

(6) fory =0, A=a=1b=p=2qg=—-1,r — tand II(¢t,2) =

«
(%) , 0 < a < 1, the family Fx(v,A,d,r) reduces to the
family My («, ) which was investigated by Liu and Wang [15];
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(7Y for A\ =0,y=a=1,b=p=2,qg=—-1,r — tand II(¢,2) =
«
(m) , 0 < a < 1, the family Fx(v,A,d,7) reduces to the
family S5 (o) which was studied by Brannan and Taha [5].

Theorem 1. For 0 <~y <1,0<\A<1,0<d<landreR,let fe A
be in the family Fx (v, A, 0,7). Then

las] < |br| /2 |br|
VIV +1) + T (A, 6,7)) b — 2pP2(\, 8,7)] br2 — 2qa®2(), 6, 7))|
and
|br| b2r?
|3L‘ﬂ7+A@5+))+2¢%L&7V
where

TNGY) = AG+ 120+ 1) + (A= 1)@E+1)], :
B(NG. ) =+ AG+1). (5)

Proof. Let f € Fx(v,\,0,r). Then there are two holomorphic functions
u,v : U — U given by

u(z) =wz +uz® +uz?® +--- (2 €U) (6)
and

v(w) = viw + vaw? +vsw® + -+ (w € V), (7)
with ©(0) =v(0) =0, |u(z)| < 1, |[v(w)| < 1, z,w € U such that

(Zf/ >[ Zf/ M( z£/;i§)>]A=H(T7U(z))+1a

and

(5] [o-orit+s (5] =

Or, equivalently

(F5) [n-0F o (3]
=1+ hi(r) + ha(r)u(z) + ha(r)u®(z) +--- (8)

and

wd @)\, wg(w) wg"(w)\ ]
() [a-ote+o ()
=14 hi(r) + ho(r)v(w) + ha(r)v*(w) +--- . (9)
Combining (6), (7), (8) and (9) yields
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2 (2)\” zf! 21" (z A
( ff(«(z))> [““” J{<(>) ”( ;’(«(Z)))]
=1+ ho(r)urz + [ho(r)us + ha(r)ui] 2% + - (10)

and
wg'(w))”’ [ wg'(w) ( wg"(w)ﬂ ’
1-96 +o(1+
() [0 o)
=1+ ha(r)viw + [ha(r)vs + hg(r)vﬂ w? +--- . (11)
It is quite well-known that if |u(z)| < 1 and |v(w)| < 1, z,w € U, then
luil <1 and |v;| <1forallieN. (12)

Comparing the corresponding coefficients in (10) and (11), after simplifying,
we have

(’Y + )\(5 + 1)) ay = hg(?")ul, (13)
2(y+ A(25+ 1)) a

+ % Yy =D 4+AXE+D) 2y + A =1 +1)) —=2(v+ (35 +1))] a3

= ha(r)uz + hy(r)uf, (14)
— (Y + A0+ 1)) ag = ha(r)u (15)
and
2 (7 4+ A28 +1)) (202 — as)
B = D) HAGH1) 27+ (=D +1)) = 27+ M35 + 1) a3
= ho(r)vy + hs(r)vi. (16)
It follows from (13) and (15) that
uy = —v1 (17)
and
2(y+ A6 +1))% a3 = h3(r)(uf +oi). (18)
If we add (14) to (16), we find that
Y+ 1) +AE+1) 2+ 1)+ (A= 1)(6+1))] a3
= ha(r)(us + v2) + ha(r)(uf + v7). (19)

Substituting the value of u? +v? from (18) in the right hand side of (19), we
deduce that

h3(r) (uz + v2)
ha(r) (v(y + 1) + T(X,8,7)) — 2hs(r)22(X, 6,7)

a3 = (20)
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where Y (A, d,7v) and ®(A, d,~) are given by (5).
Further computations using (3), (12) and (20) give

0] < |br| \/2 |br]
17 V66D + T390 b — 29921, 0,7) br? — 2qa®”(X,3,7)]
Next, if we subtract (16) from (14), we can easily see that
4 (7 + X260 +1)) (a3 — a3) = ha(r)(uz — v2) + ha(r)(uf — 7). (21)

In view of (17) and (18), we get from (21)

ha(r)(uz —v2)  h3(r)(uf +07)
4(y+ M25+1)) 202(\,4,7)
Thus applying (3), we obtain

az =

las| < |br| N b2r?
BI= 2+ A@5 1) T 282(N,5,4)
This completes the proof of Theorem 1. ([l

In the next theorem, we discuss the “Fekete—Szego problem” for the family
fE(V: >‘7 55 T)'

Theorem 2. For 0 < v <

1,
f € A be in the family Fx (v, A, 6 )

( |br|
PICEBYGRESIE

S IA

<A<1L,0<é6<1andr,pu € R, let
Then

(D +Y(A5:7)b—2p®2(X,6,7)]br? —2qa®*(A,5,7)|
46272 (v+A(26+1)) ’

for lu—1 < 1o

2
a3z — paz| <
2[br|*|p—1]
[[(v(v4+1)+T(X,6,7))b—2pP2(A,0,7)]br2 —2qa®2(\,0,7) |

|[(v(v+1)+T(A,8,7))b—2p®2 (X, 8,7)|br? —2qa®? (N, 5 7)|
46272 (v+A(264+1))

[for In=1>

Proof. Tt follows from (20) and (21) that

ha(r)(ug — v2)
(v + )\(25 1)

N h3(r) (uz 4 v2) (1 —
h3(r) (v (’Y+1)+T(/\ 5,7))

1)
— 2h3(r)
:h2<7~>[<¢(u,7~)+ 407+ A( 26+1 )“2+< 4(7+A226+1)>>”2}’

where

Y(p,r) =

ha(r)(ug — v2)

+(1-pa =y A(y + \20+ 1))

2
az—pay =

2hs(r)®2(\, 4,7)

h3(r) (1 — p)
h3(r) (y(y + 1) + T(X,6,7)) — 2h3(r)®2(X, 6,7)
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According to (3), we find that

br
m> 0< [oh(p,r)| < m§
‘a3 —uag\ <
20br [ ), )| > e

After some computations, we have proved the statement of Theorem 2. [
Putting 4 = 1 in Theorem 2, we obtain the following result:

Corollary 1. For0 <~ <1,0<A<1,0<d<landreR,let fe A
be in the family Fx(v, A, 6,r). Then
|br|
Y+ AN20+ 1))

Remark 3. Our theorems give the known results for special families which
are described in (1) —(5) of Remark 2.

‘ag—a%}gﬂ
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