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On the bicomplex Gaussian Fibonacci and
Gaussian Lucas numbers

BAHAR KULOGLU AND ENGIN OZKAN

ABSTRACT. We give the bicomplex Gaussian Fibonacci and the bicom-
plex Gaussian Lucas numbers and establish the generating functions and
Binet’s formulas related to these numbers. Also, we present the summa-
tion formula, matrix representation and Honsberger identity and their
relationship between these numbers. Finally, we show the relationships
among the bicomplex Gaussian Fibonacci, the bicomplex Gaussian Lu-
cas, Gaussian Fibonacci, Gaussian Lucas and Fibonacci numbers.

1. Introduction

Number sequences and their many generalizations have been the subject of
study by scientists [10, 11, 12]. Some generalizations of number sequences are
also formed with bicomplex numbers introduced by Segre in 1892 [15, 2, 7, 8].
The bicomplex numbers are defined by four bases elements 1,14, j,7j where
i, 7,17 satisfy the following properties:

i? =—1, j> = —1 and ij = ji.
A bicomplex number can be expressed in the following form:
a = ag + iay + jag +ijag = (ap + ia1) + j(ag + iag).

For more details about the bicomplex numbers one can see in [1, 3, 6, 14, 16].
The bicomplex Fibonacci and Lucas numbers are introduced as:

BFn:Fn+Fn+1i+Fn+2j+Fn+3ija

BLy = Ly + Ln—l—li + Ln+2j + Ln+3iju
where F,, and L, are the n-th Fibonacci and the n-th Lucas number,
respectively, ¢ and j are imaginary units [6].
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Gaussian Fibonacci and Gaussian Lucas numbers and their polynomials
are widely studied by many researchers [4, 5, 9, 13]. These numbers are
defined by the following recurrences [4]:

GFn:GFn71+GFn72, n =2,
with GF():’i 5 GF1 :1, and
GLp=GLp 1+ GLn2, n>2,

with GLy =2—1, GL1 = 14 2i. The n-th term of Gaussian Fibonacci and
Gaussian Lucas numbers is given, respectively, by

B al — l@n .anfl _ anl
GFn= =g i (1)
GLn — " +/Bn _}_i(anfl _i_anfl)’ (2)
1+v5 5: 1-v5
2 2

where a =
Now, we bring some important identities related to Gaussian Fibonacci
and Gaussian Lucas numbers [4]:
(a) GLy = GFuy1 +GFyq, n 2 1,
(b) GF2,, + G2 = Fon(1 4+ 20,
(C) GF,GL, = FQn_l(l + 22),
(d) GFn+1GFp+1 + GFnGFp = Fn+p(1 + Qi),
(e) GL?: —5GF2 = (—1)"4(2 — i),
f) Z?:o GF; = GFpq0 — 1,
(g) Z?:l Gngfl = GFQn — 1, n Z 1,
(h) 27]'1:0 GFQj = GF2n+1 —1.
After all this, we can introduce the bicomplex Gaussian Fibonacci and bi-
complex Gaussian Lucas numbers.

2. The bicomplex Gaussian Fibonacci numbers

The n-th bicomplex Gaussian Fibonacci number is defined for n > 0 by
BGF, =GF, +iGF,+1 + jGFpi2 +1jGF 43, (3)
where G F), is the n-th Gaussian Fibonacci number, ¢ and j are imaginary
units (i2 = —1, j2 = —1, (ij)* =1).
Here we can get the following relation:
BGF, = BGF,_1 + BGF, 2, (4)

where BGFy = 2i+ 3ij and BGFy =i + 4ij.
Let BGF, and BGF, be two bicomplex Gaussian Fibonacci numbers.
Then the sum, difference and product of them are defined by

BGF, + BGF, = (GF,+GF.)+i(GFpi1 +GFop1)
+J (GFn+2 + GFT+2) + /L](GFTL+3 + GFT+3),
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BGF, x BGF,
— (GF,GF, — GFpy1GFpy1 — GFpyaGFyio + GFri3GFrys)
+i (GF,GF, 1+ GF 1 GF, — GFy9oGFr 3 — GF 3GF,40)
+7 (GFnGFr+2 — GFh1GFrys + GFLoGF, — GFn+3GFT+1)
+ij (GFGFr3+ GFp1GFryo + GFo9GF 1 + GF, 1 3GF,) .

We now give some properties related to the bicomplex Gaussian Fibonacci
numbers.

Theorem 1. We have the following relations:
BGF,?> + BGFn1? = (1+420)[2BGFan — Fan — Fonga — Fonga + Fonss
—2(iF2n+5 + jFonta — i Fonys)]s

BGF,11? — BGF,—1> = (1+2i)[2BGFan_1 — Fop—1 — Fany1 — Fonts
+Foni5 — 2(iFan44 + jFonts — ijFany2)],

BGF, — i BGFy41+ jBGF, 9 —ijBGF,.3
= GFn + 2] (GFn+2 + GFn+4) + GFn+2 - GFn+4 - GFn+6,

BGF, — i BGFyi1 — jBGFyis—ijBGFyi3= GF, + GFpi
+ GFpys — GFpig+ 2iGFy 5 + 2jGFpys — 2ijGFpys.
Proof. Using equality (3), we obtain
BGF,? + BGFn1* = (GF,* + GFuy1?) — (GFo1® + GFoy2?)
— (GFny2® + GFoy3®) + (GFnus® + GFoys?)
420 (GF,GFpi1 + GFpy1GFpin + jGF,GFpis + jGFui1GFpys)
+2i (jGFpi1GFpio+iGFpy9GFy3—GFp2GFyys—GFyy3GFyi4)
+2§(~GFyi1GFpys — GFoy2GFnia + GFyGFpis + GFi1GFEyys).
Using identity (d) in Section 1, we have
BGF,? + BGFy 1% =1+ 2i (Fon — Fonto — Fonta + Fonye)
+ (14 24) 20 (Fopy1+27 Fonaz— Fonys) +(1 4 21) 25 (Fanto— Fonya)
=1+ 2i (Fon — Font2 — Fonya + Fanye)
+ (14 24) (2 (iF2ns1 + jFong2 + i Fony3))
—2(iFonts5 + jFonya — 1jFony3).

From the definition of bicomplex Fibonacci numbers, we obtain the first
relation

BGF,? + BGFn1® = (1+ 20)[2BGFay — Fan, — Fonto — Fanya + Fangs
— 2(iFop45 + jFonta — ijFonys)].
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For the second relation we have
BGFy1* — BGF,-1* = (GFpi1® — GFo—1?)
— (GFu2® = GF,?) = (GFos3® — GFuih?) + (GFopd® — GFyp?)
+ 2i(GF,41GF, 42 — GF,_1GF, — (GF,13GF, 14 — GF,11GF,12))
+ 2§ (GFh41GFhy3 — GE,_1GF,y1 — (GFhyoGFyiq — GE,GF49))
+ 2ij (GF41GF4q — GF,_1GF 12+ (GF12GF, 3 — GF,GF,11)) .
Using identity (d) in Section 1, we get
BGF, 112 — BGF, 1*> = (1 + 2i) (Fon—1—Foni1—Fony3+Fonys)
+2 (1 + 2i) (iF2n — iFonya + jFon1 — jFona3 + 05 Fongs + i Fong2)
= 2(1+20) (iFon + jFoni1 + ijFonto — iFopia — jFonts + ijFonio) -
From the definition of bicomplex Fibonacci numbers we obtain
BGFy1® — BGF,1* = (1+ 20)[2BGFan—1 — Fan—1 — Fans1 — Fanys
+ Fonts — 2(iFonta + jFonis — i Fony2)]-
Other relations can be proved similarly.

0

The generating function for the bicomplex Gaussian Fibonacci numbers
is given in the following theorem.

Theorem 2. Let GGf (t) be a generating function for the bicomplex
Gaussian Fibonacci numbers. Then we have
204 3ij + t(if — i)

GGf (t) s

Proof. We get

GGf(t)=>_ BGF,t" = BGFy+ BGFit' + -+ BGF,t" + ...

n=0
tGGf (t) = BGFyt+ BGFt* +---+ BGE "™ + ...
and
2GGf (t) = BGFyt® + BGF + -+ BGF "2 + ..
So, we obtain
GG (1) (1 -t —1?) = BGFy + {BGFy — BGFy).

From initial conditions for bicomplex Gaussian Fibonacci numbers, we have

GGf (t) (1 —t —t%) = 2i + 3ij + t(ij — 1),

which gives the result.
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Theorem 3. Binet’s formula of bicomplex Gaussian Fibonacci numbers
s given by
Oénfla _ anllg
a—f3 ’
where & =1+ a2+ ja? +jot , B=1+ B2+ jB% + jB%.

BGF, =1

Proof. Using equalities (1) and (3), we get
BGF, = GF, +iGFy11 + jGFy 0+ 1jGFyq3

(an_ﬁn +ian—1 _ﬂn—l) iy (an—H _Bn—i-l +ian_5n)

a—p3 a—p3 a—p3 a—p3
an+2 _ an+2 an—i—l _ pan+l
+7 b +1 b
a—p3 a—p
N an+3 _ ﬁn—o—S -an+2 _ Bn+2
+1) < a_ 3 +1 e )
_ i (14 +je’ +jat) it (L + 8% 4B + 5B
B a—f a—f ‘
Here, taking 1 +a? +ja? +ja* =a , 1+ 82 +jB%+jp* = E, we obtain the
desired result. O

Theorem 4. Let m and n be two positive integers. The Honsberger iden-
tity for the bicomplex Gaussian Fibonacci numbers is given by

BGF,, x BGF, + BGFp 1 x BGF,11
= (14 20)(2BGFmin — Fropn — Fmini2 — Frvpnsd + Frinie
= 2(tFmin+5 + Fminta — 1 Fmini3)).

Proof. Using equality (3), we obtain
BGF,, x BGF, + BGFy 1 x BGF,11
= GFpGFy + GFpi1GFoit — (GFps1GFost + GFoioGFEyyo)

— (GFs9GF o+ G 3GFy3) + GFry3GFnis + GFmsaGFyia

4 i (GEnGFpi1 + GFms1GFois + GFoi 1 GEy + GFpyoGEni1)
i (GFm2GFni3 + GEn3GFata) — (GFni3GEnyo + GEpiaGFays))
5 (GFnGFpys + GFry1GFpis + GFmsoGFy + Gy 3GFpy)
J(GFnt1GFoi3 + GFnpoGEuia) — (GEnisGFy1 + GEpnpaGEpi2))

+ 1§ (GEmGFpis + GFri1GFpys + GFrp1GFpis + GFrmyoGFy )

+ 1§ (GFmi2GFn1 + GFny3GFuy0) + (GFpi3GF, + GFpiaGFyi))
Using identity (d) in Section 1, we get

BGFy, x BGE, + BGFyy1 x BGFy

_l’_
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= (14 2i) (Fntn—Fmint2—FmtntatFrinie)
+2 (1 + 2i) i (Frntn+1—Fman+s)
+2 (1 + 22)3 (Fm+n+2_Fm+n+4) + 4ij(1 + 2i)(Fm—&-n-i-i%)

= (14 2i) (Fmtn—Fmtnt2—FmintatFminto
+iFm+n+1 =+ Z'Fm—l-n—l-l
—2iFnints + jEFmint2 + 7 Fmint2 — 2§ Fminta + 15 Fminys
+iij+n+3 + 2iij+n+3)

= (14 2i)(2BGFp4n — Fitn — Fintn+2 — Finta + Fintnté
_Q(iFm+n+5 + ij+n+4 - ijFM+n+3)‘

Theorem 5. For n > 0, we have the following formulas:
(a) ZZZO BGF, = BGF, 2 — 4ij — 1,
(b) ZZ:O BGFyy11 = BGFopqo — 2i — 3ij,
(¢) Xopo BGFop = BGIopy1 +1i—ij.

Proof. Using equality (3), we get

> GF,+iY GFp1 + jY GFpa+ijy» GFps
p=0 p=0 p=0 p=0

= (GFo+---+GFy)

+ (GF1+---+GFyq1)

+ j(GF2+"‘+GFn+2)

+ ij(GF3+ -+ GFpy3).

Using identity (f) in Section 1 and equality (3), we obtain

n
Y BGF, = GFpnys+iGFyy3+ jGFnis+ijGFpy5—1
p=0

—i— (iIGFo + jGF1 +ijGF2) — j
—jGFy—ij —ijGFo —ijGF,
= BGF,yo—1—i— (+j+ij(1+1))
—j—ij —ij —i%f —ij
— BGFpis — 4ij —i.
This proves (a). Proofs of (b) and (c¢) are done similarly using identities

(g) and (h) in Section 1.
]
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3. Bicomplex Gaussian Lucas numbers

The n-th bicomplex Gaussian Lucas number is defined for n > 0 by
BGL, = GF, +iGLyy1 + jGLyy2 +1jGLpgs, (5)
where G L, is the n-th Gaussian Lucas number and ¢ and j are imaginary
units. Here we can get the following relation:
BGL, = BGL,_1 + BGL,_9, (6)

where BGLy = 5ij and BGLy, = 5i + 10ij.
The first three theorems below can be proved similarly to bicomplex
Gaussian Fibonacci numbers.

Theorem 6. Let GGI (t) be a generating function for the bicomplex Gauss-
tan Lucas numbers. Then we have
~ 5ij +t(10ij + 5i)
o 1—t—t2

Theorem 7. Binet’s formula of the bicomplex Gaussian Lucas number is
given by

GGI(t)

BGL, = i(a" 'a+ ")
where @ = 1 4+ a® + ja? + ja* | E: 1+ B2 +46%+ jBt.

Theorem 8. For n > 0, we have the following formula:

n
> BGL, = BGF,5 — 5i — 9ij.
p=0
The following theorems show the relationships between the bicomplex

Gaussian Fibonacci, the bicomplex Gaussian Lucas, Gaussian Fibonacci,
Gaussian Lucas and Fibonacci numbers.

Theorem 9. For n > 0, we have the following formula:
BGF, x BGL,, = (1 + 2i) [Fop—1 — Font1 — Fonts + Fopts)
+ i (GF,GLyt1 + GF,11GLy, — GFy9GLy 3 — GF13GLyy2)
+j (GF,GLpy2 — GF41GLpy3 + GFoy2oGLy, — GFyy 3G Ly )
+ij (GF,GLyy3+ GFyy1GLpyo + GFioGLy 1 + GELy3GLy,) .
Proof. We have
BGF, x BGL,
= (GF, +iGFpt11 + jGFuy90 + 1jGF 4 3)
X (GLy, +iGLp1 + jGLyy2 + ijGLy 4 3)
=GF,GL, — GF,11GLyy1 — GF i 0GLy19 + GFy3G Lyt
+i(GF,GLpt1 + GFuy1GLy, — GFi9GLyy3 — GFy 3G Lp2)
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+j (GF,GLyy2 — GF11GLy 3+ GF, 1 oGL, — GF, 3G Ly 41)
+ij (GF,GLypy3 + GFy1GLyvo + GFioGLyt1 + GEy3GLy) .
Using identity (c) in Section 1, we get the result. O
Theorem 10. [t holds, BGF,.1 + BGF,_ 1 = BGL,, n>1.
Proof. Using identity (a) in Section 1 and equality (3), we obtain
BGF,+1 + BGF,1
= GFy1+iGF 0+ jGFh i34+ 1jGFyiq + GFyh_y
+iGF, + jGF 11 +ijGFy 49
= GFu1+GF, 1+ i(GFh2+GF,) 4+ j (GFhy3+ GF,41)
+ij(GFhya + GEyy9)
= GL,+iGLy+ jGLyy2+ijGLp+3 = BGL,,.

Theorem 11. For n > 0, we have
BGL? — 5BGF? = 2(iGL,GLyy1 — 5iGF,GFpy1 + jGL,G Ly 1o
— 5jGF,GFEpyo 4 ijGLyGLy 3 — 5ijGF,GE, 3
+1jG L1 GLpyo — 5ijGFpy1GFpys
—JGLn1G Ly 3 +5jGFu1GFry3 — G L1 2G Ly ys
+5jGFp2GE,.3).
Proof. We have
BGL? —5BGF? = (GLy, + iGLpy1 + jGLnyo +ijGLpys)?
— 5(GF, + iGFpy1 + jGFpyo +ijGFpy3)?
= GL% - 5GFr2L - (GL721+1 - 5GF5+1)
— (GL? , —5GF2,,) + GL2 4 —5GF2 4
+ 2(iGLyGLypy1 — 5i1GE,GFpy1 + jGL,GLy o
— 5jGF,GFyyg 4 ijGLyGLyy3 — 5ijGF,GF, 3
+9jG Ly GLypyo — 51jGFny1GFyy0 — jGLp 1G Ly s
+5jGFy 1GFpy3 — jGLy9GLyy3 + 5jGFny0GFyy3).
Using (e) in Section 1, we get
BGL? —5BGF2 = (—1)"4 (2 — i) — (—1)"14(2 — 4)
— (=)™ (2 =) + (—1)" P4 (2 —4)
+2(iGL,GLypy 1 — 5iGF,GFpy1 + jGL,G Ly o
— 5jGF,GFpyo 4 ijGLyGLyy3
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— 5ijGFnGFn+3 + ijGLn+1GLn+2 — 5ijGFn+1GFn+2
—JGLy1G L3+ 5)GFy1GFuy3 — jGLp 1 2oG Ly g3
+ SjGFn+2GFn+3)a

which reduces to the result of theorem. OJ

4. Matrices related to bicomplex Gaussian Fibonacci and
Lucas numbers

We define the following square matrices:
_( BGF3 BGF, ([ BGL3 BGLs
Acr = ( BGF, BGF, ) and Aoz = ( BGL, BGL, ) '

The matrices Aqgr and Agr can be called bicomplex Gaussian Fibonacci
numbers matrix and bicomplex Gaussian Lucas numbers matrix, respec-
tively.

Theorem 12. For n > 0, we have the following matrix identity:
4 1 1\" [ BGF,.3 BGF
“F\10) ~\ BGF,4» BGF..1 )’
1 1. . . .
where < 1 0 > 1s the Fibonacci Q-matrix.

Proof. Let us prove the theorem by induction on n. If n = 0, then the
result is clear. Now, we assume it is true for n = k, that is

A 1 1\* [ BGFu;3 BGF,,
GF\'1 0 ) ~\ BGFy,s BGF.1 |-

If we use equality (5), then by induction hypothesis we get

BGF BGF 11
kil Ey k+3 k+2
AgrA = (Agrd") = < BGFyy2 BGFp4 > ( 1.0 >

_ BGFy,3+ BGFyy9 BGFy3 _ BGFyy4 BGFj3
BGFk+2 + BGFk+1 BGFk+2 BGFk+3 BGF]C+2 '

Theorem 13. For n > 0 we have the following matriz identity:

4 1 1\" [ BGL,.3 BGLy
GL\'1 0 ) ~\ BGL,y2s BGLy,y )°
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Proof. Let us prove the theorem by induction on n. If n = 0 then the
result is clear. Now, we assume it is true for n = k, that is

(11 ¥ ([ BGLiys BGLjyis
GL\'1 0 ) T\ BGLpys BGLypy1 )

If we use equality (6) then by induction hypothesis, we get

BGL BGL 11
k+1 _ ky — k3 b2
AgrA = (AgLA )= ( BGLgy2 BGLpt ) ( 1.0 )

. BGLii3+ BGLiyo BGLg 3 . BGLi,y BGLgys
o BGLiio+ BGLiy1 BGLgo o BGLi, 3 BGLpys /-
O

5. Conclusion

In this paper, we defined the bicomplex Gaussian Fibonacci and the bicom-
plex Gaussian Lucas numbers. Some properties, including the Binet formula,
generating function, summation formula, relationships between these num-
bers and Honsberger identities, matrix representation, were given.
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