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Diophantine equations involving the bi-periodic
Fibonacci and Lucas sequences

LYEs AIT-AMRANE, DJILALI BEHLOUL, AND AKILA DJOUMAKH

ABSTRACT. In this paper, we present new identities involving the bi-
periodic Fibonacci and Lucas sequences. Then we solve completely some
quadratic Diophantine equations involving the bi-periodic Fibonacci and
Lucas sequences.

1. Introduction

The well known Fibonacci sequence (F},), and Lucas sequence (L), are
defined, respectively, by

n > 2.

Fp=0, F=1, g Lo=2 Li=1,
Ln = Ln—l + Ln—27 o

Fn: n—1+Fn—27

These sequences and their different generalizations satisfy several properties,
e.g., [4,9, 10, 15, 17, 19]. One of the last generalizations of the sequences
(Fy)n and (Ly,)y, is given by the bi-periodic Fibonacci sequence (gy,)y, which
is defined by Edson and Yayenie [8], and the bi-periodic Lucas sequence
(In)n, which is defined by Bilgici [3].

The bi-periodic Fibonacci sequence (g ), is defined by

aQn-1 + qn—2, if n is even, n>2. (1)

=0, a=1 @¢= { bgn_1 + Gn—o2, if nis odd, -

where a and b are nonzero real numbers. It is clear that if a = b = 1, we
get the classical Fibonacci sequence. In [8], the authors extended Binet’s

Received December 21, 2021.
2020 Mathematics Subject Classification. Primary 11D09; secondary 11D45, 11B37,
11B39.
Key words and phrases. Bi-periodic Fibonacci sequence, bi-periodic Lucas sequence,
Diophantine equation, Pell’s equation.
https://doi.org/10.12697/ACUTM.2022.26.09
129



130 LYES AIT-AMRANE, DJILALI BEHLOUL, AND AKILA DJOUMAKH

formula to the bi-periodic Fibonacci sequence (g, ), as follows

B af(nJrl) a _Bn
0= < = ) n>0, 2)

where a = % and 8 = % are the roots of the quadratic equation
2% — abr —ab = 0, A = a®b* + 4ab and £(n) = n — 22|, ie, &(n) =0
when n is even and {(n) = 1 when n is odd. Then, they deduce a number of
mathematical properties. In particular, they generalize Cassini’s, Catalan’s
and d’Ocagne’s identities.

The bi-periodic Lucas sequence (l,,), is defined by

bly_1 + l,_9, if n is even,

alp_1 +lh—o, if nis odd, nz2 (3)

10:27 l1:a7 ln:{

If a =b =1, we get the classical Lucas sequence. In [3], the author obtains
some properties of the bi-periodic Lucas sequence (I,,), and gives some re-
lations between the sequences (¢, )n and (l,),. In particular, he extended
Binet’s formula as follows

ln:m(a"+5”), n > 0. (4)

The numbers « and 3 verify the following properties
o =abla+1), B*=ab(f+1), a+B=ab, af=—ab, a—f= VA.

From Binet’s formulas (2) and (4), we get

q—n = (_1)n+1qn’ n € Z, (5)
and
l_p = (=1)"1,, n € Z.

Many authors have studied properties of the bi-periodic Fibonacci and
Lucas sequences, e.g., [3, 8, 13, 20]. In this paper, we give new identities
involving the sequences (gy)n and (I,,),. Then we use these identities to
define some Diophantine equations that we solve completely. Throughout
this paper, a and b are assumed to be nonzero integers and A > 0. By a
simple induction, using (1) and (3), we can see that a | g2, and a | lg,41 for
any n € Z. Thus, we put t, = 22 and s, = lQ”T“

The study of Diophantine equations involving recurrence sequences has
interested several authors, e.g., [1, 3, 6, 7, 11, 14, 16, 18]. Our purpose is to
determine all integer solutions (x,y) of the following Diophantine equations

2 — Ay? =14,
2 — Ay? =4,

(ab)2® — <§)> y? = —4,



DIOPHANTINE EQUATIONS, BI-PERIODIC SEQUENCES 131

2% 4 abs,xy — aby® = q%nﬂ,
z® — lonzy +y* = —(ab)t2,

A A
2 _ (2 8\ 2 2
x (ab) Gni1Ty + <ab> y (ab)s;,

2 — Atpxy — Ay? = —(ab)i3,,

2 — a Ty + a —32
ab PRn+1TY b = Sn»

a? — (ab)spry — ( > Qn+1s
22— lypry + 9% = <b> t

2. Some identities for (¢,), and (l,),

Let n,m € Z. We list here the identities that are necessary in our paper,
they can be found in [3]:

On—1+ Qnt+1 = Ly, (6)
ln—l + ln—‘rl - (ab + 4)Q7L7 (7)

1\ Em+DEM+L) /N 1=E(nt1)E(m+1) b E(m)E(m)

() e ()
a a a
= 2lmtn, (8)
b E(n+1)E(m) b £(n)é(m+1)

(a) qnlm — (a) Gmln = 2(_1)an—m= (9)

p E(mE(m) E(n+1)€(m+1) /4 N 1=€(n+1)E(m+1)
) () ()
a a ab

= 2(— 1™, (10)

b\ E(nt1)E(m) b\ E(mE(m+1)
<a> inm + <a> len = QQn—i—mv (11)
b &(n) ) 1 &(n+1) 1 &(n)
2 Al = - 2 — 4(—1)". 12
(2) e-a(s) (5) @-1 (12)

We now give some new identities involving the bi-periodic Fibonacci and
Lucas sequences.
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Proposition 1. Let n,m,k € Z. Then

b\ EHR)[1—¢(n+m)]
2
("
+ (_1)1+£(n+k)[1 S(ntm)] <a> ln—an-‘erm—i—k
b\ ErRIEm) b\ EmFmL—€h)]
+ <—a> Atk = <—a) k-

Proof. According to the parity of (n + m) and (m + k), there are four
cases.

(1) If (n+m) and (n + k) are even, we have to prove
Gt = bnklntmlmek + Gty = Qe (13)

We consider the case n,m and k even. The case n,m and k odd is
done with the same method. From identity (11), we have

Gnlm + gmln = 2¢n+m, (14)
Tklm + gmle = 2qm1k-

Multiplying the first identity of (14) by ¢x and the second by ¢, and
subtracting the results, we get

dm (ank - len) =2 (Qn+ka - Qeran) .
Using identity (9), we obtain
dmn—k = 9m+k49n — dn+mAk- (15)

Multiplying the first identity of (14) by I and the second by [,,, and
subtracting the results, we get

lm (ink - len) =2 (Qn—i—mlk - Qm+kln) .
Using identity (9), we obtain

lan—k = Qn—i-mlk - Qm+kln' (16)

From (12), we have

(lanfk)Q - <CLA2> (qunfk)z = 4QT2L7’C' (17)

Replacing the left-hand sides of (15) and (16) in (17), expanding and
using identities (10) and (12), we get the result.
(2) If (n 4+ m) is even and (n + k) is odd, we have to prove

b b
- <a> q721+m + <a> lnkan—l-QOJrk + qszrk = qulg- (18)
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We consider the case n,m even and k£ odd. The case n,m odd and
k even is done with the same method. From (11), we have

{ Gnlm + qmly, = 2Gn+m;
qrlm + (3) Imlk = 2qm k-

With the same process as before, we obtain

Imn—k = Qnt+mGk — Im+kdn (19)
and
b
lnGn—1 = Qm+kln - <a> Qn—i-mlk- (20)
From (12), we have
A
(s = (53 ) () = 463 1

Replacing the left-hand sides of (19) and (20) in (21), expanding and
using identities (10) and (12), we get the result.
If (n 4+ m) is odd and (n + k) is even, we have to prove

b
Tomn — ln—k@nam@mik + Qo = — <a> T (22)

We consider the case n, k odd and m even. The case n, k even and
m odd is done with the same method. From Formula (11), we have

b =
{ Gnlm + ( )len 2qn+m; (23)
qklm + (E) Imlk = 2qm+yk-
With the same process as before, we obtain
a
Gmn—k = <5> (GntmQk — Gm+kn) (24)
and
lnGn—k = Gmikln — Guiyml. (25)
From (12), we have
A
(lanfk)Q - <a2) (Qanfk)Q - 4Q72L—k~ (26)

Replacing the left-hand sides of (24) and (25) in (26), expanding and
using identities (10) and (12), we get the result.
If (n 4+ m) and (n + k) are odd, we have to prove

b b
q,%er - <CL> ln—kQn+mm+k — <a> qg@+k = qufk' (27)
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We consider the case n odd and m, k even. The case n even and m, k
odd is done with the same method. From identity (11), we have

{ Inlm + (3) Imln = 2Gn+m, (28)
Qlm + gl = 2Qm+k-
With the same process as before, we obtain
AmAn—k = 9m+k4n — Gn+mAk (29)
and i
bnGn—k = nymle — <a> Qm—i-kln' (30)
From (12), we have
A
(mn—1)* — <a2) (gmn-1)* = 445 (31)

Replacing the left-hand sides of (29) and (30) in (31), expanding and
using identities (10) and (12), we get the result.

O
Proposition 2. Let n,m,k € Z. Then

b E(n+m)[1—&(n+k)] ) 1 1-&(n+k) 1 &(n+k)
() ln+m - A <a2> <ab> In—klntmGmrk

a
(AN [ Rl
+(—1)i-EotR) () <> 2o

ab a
) [1—¢(n+m)]E(n+k) )

n-+—m n b
_ (= 1)Enrm e+ ( 2

a

Proof. According to the parity of (n + m) and (m + k), there are four
cases.

(1) If (n+ m) and (n + k) are even, we have to prove

A A
lerm - (CL2> lntmGn—kQm+k — <6L2> qgn-&—k = l?z—k (32)

We consider the case n,m and k even. The case n,m and k odd is
done with the same method. From identities (8) and (11), we have

a Ul = 21
ﬁ AnQm + lnbm = 2lp1m, (33)
Qklm + qmlk = 2qm+ k-

Multiplying the first identity of (33) by ¢x and the second by I, and
subtracting the results, we obtain

A



(3)
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Using identity (10), we get
Gmln—k = Qm+kln — ln—i—ka- (34)

Multiplying identity (8) by I and identity (11) by (%) Gn, and sub-
tracting the results, we obtain

A A
lm [lnlk - ((12> Qan] =2 [ln—‘rmlk - (CLQ) Qm+an] .

Using identity (10) we get

A

From (12), we have

(ntnes)? = (53 ) (ambos)® = 48 . (30

Replacing the left-hand sides of (34) and (35) in (36), expanding and
using identities (9) and (12), we get the result.
If (n +m) is even and (n + k) is odd, we have to prove

A A b
l,21+m - <ab> ln+an—ka+k + <ab> Q72n+l<; = - (a) li—k' (37)

We consider the case n,m even and k odd. The case n,m odd and
k even is done with the same method. From identities (8) and (11),
we have
{ (&) antm + lnlm = 2lpsm,
aklm + (2) amle = 2¢m4k-
With the same process as before, we obtain

b
Gmln—k = <_(I> (ln+ka - Qm—l—kln) (38)
and
A
lnlyp—1r = ln+mlk: - <ab> dm+kQn- (39)

From (12), we have

(lmlnfk)z - (fg) (lenfk)z = 4Al;_y. (40)

Replacing the left-hand sides of (38) and (39) in (40), expanding and
using identities (9) and (12), we get the result.
If (n+m) is odd and (n + k) is even, we have to prove

A A a
l?z—i—m - <ab> ln-s—ankaerk - <b2> q72n+k = - (g) l?%fk (41)
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We consider the case n, k odd and m even. The case n, k even and
m odd is done with the same method. From identities (8) and (11),
we have
{ (%) Indm + lnlm = 2lnim,
Qrlm + (2) Imlk = 2qm+yk-
With the same process as before, we obtain

lenfk - ln+ka - Qerkln (42)
and A )
lmlnfk = (ab) Am+k4n — <a> ln-i—mlk (43)
From (12), we have
A
(mln—t)® — <a2> (@mln—k)? = 412_,. (44)

Replacing the left-hand sides of (42) and (43) in (44), expanding and
using identities (9) and (12), we get the result.
If (n 4+ m) and (n + k) are odd, we have to prove

A A
l%+m - (ab) lntmn—kQm+k + (ab) q72n+k = lifk' (45)

We consider the case n odd and m, k even. The case n even and m, k
odd is done with the same method. From identities (8) and (11), we
have
{ (%) Indm + lnlm = 2lnim,
Il + Qlm = 2qm+k-
With the same process as before, we obtain

Imln—k = Gm+kln — lnpm Q- (46)
and
A
Inln—t = lppmli — <ab> Am+k4n- (47)
From (12), we have
(1) = (5 ) (b = 2. (49

Replacing the left-hand sides of (46) and (47) in (48), expanding and
using identities (9) and (12), we get the result.

O

Proposition 3. Let n,m,k € Z. Then

(

—b

a

§(n+m)é(n+k)
) a

n+k
2 (1 \&(m+m)&(n+k) é Lnth)
ln+m ( 1) lnfkln—&—mlerk
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_p\ e mlent) AN [ —b\[-EmEmin-gmen]
() = () (7)

a a

Proof. According to the parity of (n + m) and (m + k), there are four
cases.

(1) If (n+m) and (n + k) are even, we have to prove

A
l121+m — ln—klntmlmtk + lzn—i—k == (CL2> Qi—k- (49)

We consider the case n, m and k even. The case n,m and k odd is
done with the same method. From Identity (8), we have

(B) @mar + lnle = 2l k-

Multiplying the first identity of (50) by I and the second by [,,, and
subtracting the results, we obtain

A
<(12) gm (ink - len) =2 (ln+mlk - lm+kln) .

(50)

Using identity (9), we get

a2
dm4n—k = <A> <Zn+mlk - lm+kln) . (51)

Multiplying the first identity of (50) by ¢x and the second by ¢y, and
subtracting the results, we obtain

lm (ank - ink) =2 (ln+mqk - leran) .
Using identity (9), we get

lanfk = lerkQH - ln—l—ka- (52)
From (12), we have
A
(lanfk)Q - (aQ) (Qanfk)z = 4Q72L—k~ (53)

Replacing the left-hand sides of (51) and (52) in (53), expanding and
using Identities (10) and (12), we get the result.
(2) If (n+ m) is even and (n + k) is odd, we have to prove

b b A
l721+m - <a> ln—kanrmlm-‘rk: - <a> l72n+k: = (ab) qz—k' (54)

We consider the case n,m even and k odd. The case n,m odd and
k even is done with the same method. From identity (8), we have

{ () 4t + lnlim = 2l m,
() dman + bl = 2lms.
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With the same process as before, we obtain

ab
dmin—k = (A) (lm+kln - ln—i—mlk) (55)
and
b
lnGn—1 = ln—i—ka - <a> lm—i—an' (56)
From (12), we have
A
(lmtn—k)* = (a2> (amn—+)* = 445 - (57)

Replacing the left-hand sides of (55) and (56) in (57), expanding and
using identities (10) and (12), we get the result.
If (n 4+ m) is odd and (n + k) is even, we have to prove

A
lﬁm — ln—klntmlmir + l%@—i-k = <ab> G (58)

We consider the case n, k odd and m even. The case n, k even and
m odd is done with the same method. From identity (8), we have

{ (3) @utm + lnlm = 2lnem,
(5) G + bl = 2o i1

With the same process as before, we obtain

s (59
and
Imn—k = lntm@k — lngkn- (60)
From (12), we have
(bngn—k)* = (52) (@mdn—k)* = 445 (61)

Replacing the left-hand sides of (59) and (60) in (61), expanding and
using identities (10) and (12), we get the result.
If (n+m) and (n + k) are odd, we have to prove

—b b A
<a> Lo + <a> bn—klntmlmik + g = <ab> G (62)

We consider the case n odd and m, k even. The case n even and m, k
odd is done with the same method. From identity (8), we have

(,72) Gm i + Il = 201k
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With the same process as before, we obtain

ab
dm4n—k = <A> <Zn+mlk - lm+kln) (63)
and
b
InGn—1 = lm+an - <a> ln—i—ka- (64)
From (12), we have
A
(Inln—k)* — <a2> (Gmln-k)” = 445 (65)

Replacing the left-hand sides of (63) and (64) in (65), expanding and
using identities (10) and (12), we get the result.

0

3. Solutions of some Diophantine equations

The identities (12), (18), (22), (37), (41), (45), (54) and (58) suggest to
explore the solutions of the Diophantine equations listed before. To do this,
we need the following proposition which is given in [5, Proposition 6.3.16.
p. 355].

Proposition 4 (The Structure Theorem). If D > 0 is not a square and
is congruent to 0 or 1 modulo 4, the Pell’s equation x*> — Dy?> = +4 has
an infinity of solutions given in the following way. If (xo,yo) is a solution
with the least strictly positive yo (and z¢ > 0, say), the general solution
s given by

x—i-\/ﬁy

k
_ 4 :c0+\/5y0
2 2 ’

for any k € Z.

Remark 1. It is well known (see [2]) that if D is a positive not square
integer, then all integer solutions of 22 — Dy? = 1 are given by

n
:U+\/5y::|:(:co+vDy0) , MEZ,
where (xg,yp) is the fundamental positive solution. Since xg + vV Dyy =
—1 k
— (—xo + Dyo) , SO0 x + \/Ey == (—xo + \/53/0) with £k = —n € Z.

The following lemma exists in an equivalent form in [12], but we prefer to
give a simple proof involving bi-periodic numbers.
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Lemma 1. All integer solutions of the Diophantine equation
2 — Ay? =4 (66)
are (x,y) = =+ (log, ) where k € Z.
Proof. A fundamental solution of the equation (66) is (zo, yo) = (ab+2,1).
Thus, according to the Structure Theorem, the solutions of equation (66)
verify

k
w+2@y:i<ab+22+@> ez

Thus, we get for the “+ 7 sign

a:+\2/Zy _ (ab+22+\/5>k =(a+ 1)k = (%Z)k, keZ,
By (s2/B) gy = (5)) kez

which is equivalent to
2\ k 2\ k 2k | A2k
o (5] (8) - 58 - v

k k
1 2 ,82 . 1 2k_ﬂ2k -
Y=Va [<ab> B <7> ] ~ (a)F [a VA ] =ty KEL.
Proceeding in the same way for the “ —” sign, we get that all solutions
are (z,y) = (o, 28).
Conversely, from (12) we have

which means that + (lo;, ©2%) are solutions of (66). O

Lemma 2. Assume that 2 — Ay? = 45 with k > 2. If ab is odd, then x
and y are even numbers.

Proof. Assume that ab is odd and let ab = 2¢ + 1. Then (ab)? + 4ab =
(2c+1)2 +4(2c + 1) = 4c(c+ 3) + 5 = 5[8]. Since k > 2, we have 2 —
[(ab)? 4 4ab] y* = 0[8]. Thus, 2* — [(ab)? + 4ab] y* = x* — 5y*(8]. But
22 — 5y? = 0[8] if and only if either 22,y> = 0[8] or z2,y?> = 4[8]. We
conclude that either z,y = 0,4[8] or z,y = 2,6[8], i.e., we conclude that z
and y are even. O

Remark 2. If ab is even, the conclusion of Lemma 2 is not true. Indeed,
for k = 4 and ab = 16, the equation x> — Ay? = 4* becomes 22 —26.5y2 = 28,
We deduce that 22 | z. Let # = 23z;. Then, the equation 22 — 26 - 5% = 28
becomes x? — 5y? = 4. It is clear that (z1,y) = (3,1) is a solution and y is
odd.
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Corollary 1. Let k > 1 be an integer. Then all integer solutions (z,y)
of the equation x> — Ay? = 4% with ab odd are + (2’“*112% 2’“*1%) with
m € 7.

Proof. By induction using Lemmas 1 and 2, the details are left to the
reader. O

To solve the Diophantine equation in the following lemma, it is necessary
to study several cases.

Lemma 3. All integer solutions of the Diophantine equation
A
b)z? — (= | y* = —4 67
@y’ (5 ) (67)

are (x,y) =+ (lzk‘l,qgk_1>, where k € Z.

a
Proof. Let t = —ab. Then equation (67) becomes
te? — (t —4)y? = 4. (68)
It is clear that ged(t,t —4) = 1,2 or 4. Thus, we have three cases.
(1) If ged(t,t — 4) = 1, then ¢t = 1[2]. Since x? = 2[2] and y? = y[2], we

get from equation (68) that x —y = 0[2], i.e., z and y have the same
parity. We make the following change of variables:

{u = Ste+ (t—4)y {:U = Slu+ (t—4)v]
B 1 <~ N 1 .
vo= 3(z+y) y = 5 (u+tv)
Then, using the fact that ¢(t —4) = A, the equation (68) becomes
u? — Av? = 4. (69)

Then, from Lemma 1, we have

u=ly, keZ,
v="2c kel

a

From identities (6) and (7), we get

log—1 + lak+1
U=qog—1+qry1 and v=-"—F—T—

a(4—1)
Thus,
1 lok—1 + lok+1 lok—1
=—— |l t—4 =
v 2[2k+( ) a(4 —t) a
and
1

y =5 (@21 + g2rs1 — baar) = gon—1.

Proceeding in the same way for the “—” sign, we get that all solutions

log—
are (:L'ay) == ( 2131 1»Q2k—1>-
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(2) If ged(t,t — 4) = 2, let s = L. Then, the equation (68) becomes
sz — (s — 2% = 2. (70)

Since s is odd, we deduce that x and y have the same parity. Thus,
we use the following change of variables:

— _1 _ - - _
u o= —3 [si’c + (s — 2)y] x u—(s—2) '
vo= s(x+y) y = U+ sv
Equation (70) becomes
u? — s(s — 2)v? = 1. (71)

The fundamental solution of (71) is (up,v9) = (s — 1,1). Therefore,
according to Remark 1, the solutions of equation (71) verify

k
u+ 5(5—2)v:i(1—5+ 5(5—2)), ke Z.

Thus, we get for the “+ 7 sign

k
U+ 3(3—2)1;:(044-1)’“:(&—;) , keZ,
2

u—mv:</3+1>k:(§)k, kez

which is equivalent to

‘ab
a2k—1{g2k—1

- () (E) (3 ) (8
1 +

and

Proceeding in the same way for the “—” sign, we get that all solutions
l
are (z,y) = + ( 2= qon- 1)
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(3) If ged(t,t —4) =4, let s = £, then equation (68) becomes

s — (s — 1)y = 1. (72)
Let us have the following change of variables:

{u = —sz—(s—1)y <:>{x = —u—(s—1v

vo= z+y y = U+ sv
Thus the equation (72) becomes
u? — s(s — 1)v? = 1. (73)

The fundamental solution of (73) is (ug,vp) = (25 — 1,2). That is, if
(u,1) is a solution of (73), then

1\? 3
u2:32—8+1:<5—2) +Z:>(2u)2—(2s—1)2:3,

ie, (2u—2s+1)(2u+ 2s — 1) = 3, which leads to s = 0 or 1, this

contradicts the hypothesis A = 16s(s — 1) > 0. Thus, according to
Remark 1, the solutions of equation (73) verify

U+ s(s—l)v:i<1—2s+2m>k, ke Z.

Thus we get for the “ + 7 sign

u+ S(S—l)U:(a—Fl)k:(%)k, keZ,
u— s De= B+ = (5) kez

which is equivalent to
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and
k
_ |1 1
v =[5+ 2] (8) + [1- 3] (%)
- =B (&) &( )
o f b VA
—1
= 95 [T
= q2k-1-
Proceeding in the same way for the “—” sign, we get that all solutions

are (z,y) ==+ (l% t, QoK 1)
Conversely, from (12) we have
log 1) 2 b)2+4ab
(D) By~ (§) B = -4 = ap(o) - [l gz g,

2
= ab () (ab+ 4)ad, = 4,

which means that £+ ( L gop— 1) are solutions of (67). ]

Theorem 1. Let n be an integer.

(1) All integer solutions (x,y) of
z® + abspzy — aby® = ¢5,41 (74)

are + (q2 (n—m) +17 z ) where m € 7.
(2) All integer solutions (x,y) of

A A
2 (A AN 2 o
x <ab> on4+1TY + <ab> Yy =s, (75)

are + (W%, qu)’ where m € 7.
Proof.
(1) Assume that

%+ abspxy — aby2 = q%nﬂ-
Then
(2x + abs,y)? — ab(4 + abs®)y? = 4q§n+1.
Using (12), we obtain
(22 + absny)® — AG, 1Y = 45,41 (76)

We deduce that qont1 | (22 4 abs,y). Thus the equation (76) is
equivalent to
22— Ay? =4, (77)
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where z = %. Therefore, according to Lemma 1, the solutions
n

of equation (77) are (z,y) = £ (lam, tm), m € Z.
For the “+” sign we obtain

2x+absny
{z = ==l — o, {2:6 = lom Gon+1 — absyy,

q2n+1
Y =tm. Y=t

From (9), we get = ga(n—m)+1-

Proceeding in the same way for the “ —” sign, we find that all
solutions are (z,y) = % (ga(n—m)+1, =) ,m € Z.

Conversely, replacing in identity (18) n by (2n+ k + 1) and m by
(2m —2n — k — 1) for k € Z, we obtain

9 b b\ o 2
Gorm—on—1 + p l2n+192m—2n—1G2m — o ) m = Gnsre

From (5), we get

: b b\ » 2
q2(n_m)+1+ 5 l2n+1Q2(n—m)+1Q2m_ a 92m = 92n+1>

which means that £ (q2(n_m)+1, QQT’") ,m € Z, are solutions of (74).
Assume that

A A
? == ) @nzy+ | = ) y° =i
ab ab
Then

A 2 A A
[296 - (ab) QQn+1y:| - (ab> [(ab) q§n+1 - 4] y2 = 43%-

Using (12), we obtain

A 2
[23; - (ab) q2n+1y] — As?y? =452, (78)

We deduce that s, | [23: — (%) q2n+1y}. Thus the equation (78) is
equivalent to
22 — Ay? =4 (79)

_ 2= (G)aznty :
where z = —e . Therefore, according to Lemma 1, the
solutions of equation (79) are (z,y) = *(lom, tm), m € Z.

For the “+ 7 sign we obtain
2 = lom, 2z = lomsn + (%) @2n+1lm,
Y =tm. Y =tm.

la(nrmy+1 _

From (8), we get = = - = S9(n4m)+1-
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[13 2

Proceeding in the same way for the “ — 7 sign, we find that all
solutions are (z,y) = + %, Lm ) m € Z.

Conversely, replacing in (45) n by (2n+k+1) and m by (2m — k)
for k € Z, we get

2 A ; AN 5 2
2(n+m)+1 — % a2mb2(n+m)+192n+1 + % Qm = b2n+1s
which means that + (b("*%, qum) ,m € Z, are solutions of (75).
O
Theorem 2. Let n be an integer and assume that ab is a square-free
nteger.
(1) All integer solutions (x,y) of
2% — lopzy + y* = —(ab)t? (80)

are £(q2(ntm)—1, @2m—1) with m € Z, if n # 0 and (z,v) with x € Z, if
n=0.
(2) All integer solutions (x,y) of

A A
z? — (ab) Qon+12Y + (ab) ZJQ = —(ab)s% (81)

are £(la(ntm)> G2m—1), where m € Z.
(3) All integer solutions (x,y) of

2% — Atpzy — Ay? = —(ab)l3, (82)
are £(bla(n1m)—1>92m—1), where m € Z.
Proof.
(1) Assume that n # 0 and
22 — lypxy + 1y = —(ab)t?.
Then
(22 — lony)? — (13, — 4)y* = —4(ab)t>.
Using (12), we obtain

(22 — lony)? — At2y* = —4(ab)t2. (83)

We deduce that ¢, | (22 —I2,y). Thus, the equation (83) is equivalent
to

22 — Ay? = —4(ab), (84)

where z = QIEM Since (ab) is a square-free integer and (ab) | A,

then (ab) | z. rf‘herefore, the equation (84) is equivalent to

(ab)yw? — (2}) 2= 4, (85)
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where w = 5. According to Lemma 3, the solutions of equation (85)
are (w,y) = = (Sm—1,¢2m-1), m € Z.

For the “+” sign, we obtain

—lom
{'U} - 2(wab)iny - Sm—la {237 = (ab)tnsmfl + l2ny7

Y =d4qm-—1- Y =4qem-1.

From (11), we get T = @a(nym)—1-

Proceeding in the same way for the “ —” sign, we find that all
solutions are (z,y) = + (q2(n+m),1, qu_l) ,m € 7.

Conversely, replacing in (22) n by (2n+ k) and m by (2m —k —1)
for k € Z, we obtain

2 2 b\ »
q2(n+m)—1 - l2nQ2(n+m)—1Q2m—1 + m—-1 = — a q2n,5
which means that =+ (qg(n+m)_1, qgmfl) ,m € Z, are solutions of (80).

If n = 0, the equation (80) becomes (z — y)? = 0.
Assume that

A A
z? — <ab) Q2n+12Y + <ab) ?J2 = —(ab)SZ,-

A A2
4 (ab) - (ab) qgn—l—l] y2 = —4(ab)s%.

Then

2 A i +
x ab Pn+1Y

Using (12), we obtain

A 2
[2:5 - <ab) q2n+1y] — Asly® = —4(ab)s;. (86)

We deduce that s, | [Qx — (%) q2n+1y]. Thus, the equation (86)
gives
22— Ay? = —4(ab), (87)
(A
where z = %}W. Since (ab) is a square-free integer and
(ab) | A, then (ab) | z. Therefore, the equation (87) is equivalent to

(ab)w® — (aAb) Yy = —4, (88)

where w = %. According to Lemma 3, the solutions of equation (88)
are (wvy) ==+ (Smflqumfl)a m € Z.
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For the “+” sign, we obtain

20—( 5 )aant1y

w = )
(ab)sn {Qx = (ab)snsm_l + (%) q2n+1Y,
w = Sm—-1, —
Y=4q2m-1-
Y =q2m—1-

From (8), we get x = lo(y4m)-

Proceeding in the same way for the “ — 7 sign, we find that all
solutions are (z,y) = £ (lg(ner), G2m—1) ,m € L.

Conversely, replacing in (37) n by (2n+k+1) and m by (2m—k—1)
for k € Z, we obtain

A A b
l§(n+m) - <ab> Q2n+1lz(n+m)(J2m—1 + (ab> qgm—l = <a> l%n-}-la

which means that + (lg(n+m), qu_l) ,m € Z, are solutions of (81).
(3) Assume that

2 — Atp,xy — Ay? = —(ab)i3,.
Then
(22 — Atny)® — (A2 +4A) y? = —4(ab)i3,.
Using (12), we obtain

(22 — At,y)? — A2, y> = —4(ab)l3,. (89)

We deduce that lay, | (22 — At,y). Thus the equation (89) is equiv-
alent to

22 — Ay? = —4(ab), (90)

where z = W. Since (ab) is a square-free integer and (ab) | A,
then (ab) | z. Therefore, the equation (90) is equivalent to

A

@y = (5) 9 =1 (91)

where w = . Thus, according to Lemma 3, the solutions of Equa-
tion (91) are (w,y) = £ (Sm—1,¢2m—1), m € Z.
For the “+ 7 sign, we obtain

—A n
{w = 2Tab>z§ny =Sm-L {255 = (ab)lansm—1 + Atyy,

Y= q2m-1- Y= qPm-—1-

From (8), we get = = blo(nym)—1-
Proceeding in the same way for the “ — ” sign, we find that all
solutions are (x,y) = + (bl2<n+m)_1, qgm,l) ,m € Z.
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Conversely, replacing in (41) n by (2n+ k) and m by (2m —k —1)
for k € Z, we obtain

A A a
lg(mm),l - (ab) Q2nl2(n+m)—1QQm—1 - <b2> qgm—l = (g) lgm

which means that + (blg(n+m)_1,QQm_1) ,m € Z, are solutions of
(82).
O
Theorem 3. Let n be an integer and assume that ab+ 4 is a square-free
integer.
(1) All integer solutions (x,y) of

2 @y = @)y = () s (92

are + (lg(ner), 12’"7*1) , where m € 7.
(2) All integer solutions (x,y) of

A
ﬁ—%w+f=<w>ﬁ (03)

are + (lz(”*%, %T’l) with m € Z, if n # 0 and (x,x) with v € Z, if
n=0.
Proof.

(1) Assume that

a? — (ab)spzy — (ab)92 = <Ab> qgnJrl'
a

Then
2 2.2 2 A 2
20— (@05, = [(a0)*52 + 4(a)] 2 =4 (5 ) o
Using (12), we obtain
A
22 — (ab)sny)* — Agy, 1y =4 <ab> G i1 (94)

We deduce that ga,+1 | [22 — (ab)spy]. Thus, the equation (94) is
equivalent to
22— Ay? = 4(ab + 4), (95)

2z—(ab)sny

where z = Since (ab + 4) is a square-free integer and

Q2n+1
(ab+4) | A, we have (ab+ 4) | z. Therefore, the equation (95) is
equivalent to

A

@ - () wt =1 (96)
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where w = =, According to Lemma 3, the solutions of equation
(96) are (y,w) = % ($y—1,¢2m—1), m € Z.
For the “+ 7 sign, we obtain
Y= Sm-1, y=s
_ 2z—(ab)sny = Sm—1,
w= oY e
(ab+4)g2n+1 {2;1; — (%) @n+192m—1 + (ab)sny

W = 42m—1-

From (8), we get = = ly(pym)-
Proceeding in the same way for the “ — 7 sign, we find that all

1),m€Z.

Conversely, replacing in (54) n by (2n+k+1) and m by (2m—k—1)
for k € Z, we obtain

b b A
l2(n+m) - <a> 12n+1l2 n+m)l2m 1— <) l2m 1= (CLb> qgn—i-l)

which means that + (lz (n+m)> l2’" ) m € Z, are solutions of (92).
(2) Assume that n # 0 and

A
m—%w+y—<>

solutions are (z,y) = + <l2(n+m)7 2 a_

S

@‘

Then
A
20—t - (- 1) 0 =1 () &
ab
Using (12), we obtain

A
(22 — lony)* — A2y? =4 < ) t2. (97)
ab
We deduce that ¢, | (2x — l2,y). Thus, the equation (97) is equiva-
lent to
22 — Ay? = 4(ab + 4), (98)

where z = M Since (ab+ 4) is a square-free and (ab+4) | A,
we have (ab + 4) | z. Therefore, the equation (98) is equivalent to

A
by — (= | w? = —4, 99
@y - () w (99)
aorz- Thus, according to Lemma 3, the solutions of
equation (99) are (y,w) = £ (Sm—1,¢@2m—1), m € Z.

For the “+ 7 sign, we obtain

where w =

Y =3Sm-1, Y = Sm—1,
2z —lay, <
{w = (;;;ﬁ)ti = @2m-1- {21’ = (%) tnq2m—1 + l2ny-
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l n-+m)—
From (8), we get o = 2(tm=1,
Proceeding in the same way for the “ — 7 sign, we find that all

. l _
solutions are (z,y) = + ( 2m=t 12’"7‘1 ,m € Z.

Conversely, replacing in (58) n by (2n+ k) and m by (2m —k —1)
for k € Z, we obtain

A
l%(n+m)fl - 12”l2(n+m)—1l2m—1 + l%m—l = <ab> q%n?

which means that 4 (M, M) ,m € Z, are solutions of (93).

a a

If n = 0, the equation (93) becomes (z — )2 = 0.
([l

4. Concluding Remarks

Propositions 1, 2 and 3 give rise to twelve identities, these identities sug-
gest us to study twelve Diophantine equations, but only seven of them are
studied in Theorems 1, 2 and 3. The remaining ones rise from the identities
(13),(27), (32), (49), (62) and are

2?2 — (ab)s,zy — (ab)y?® = q§n+1, (100)
—(ab)? + (ab)snay + 3 = (Ab) B (101)
2% — lopzy 4y = t2, (102)

22— Atpzy — Ay? =13, (103)

2% — lgpry + y?* = —At2. (104)

Equation (100) follows from equation (74) by replacing x by —z and equation
(101) follows from equation (92) by replacing (z,y) by (—y, x).

Thanks to Binet’s formulas, we have ¢, = u,, and ls,, = v,, where (u,)n
and (vy,), are defined respectively by u,, = (ab+ 2)u,—1 — uy—2 with initial
values ug = 0,u; = 1 and v, = (ab + 2)v,—1 — v,—2 with initial values
vo = 2,v1 = ab+ 2. It turns out that the equations (102), (103) and (104)
are solved in [6].
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