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On some properties of C'V(( (X, A)

LOURDES PALAcCIOS, PAVEL RAMOS-MARTINEZ, AND CARLOS SIGNORET

ABSTRACT. Let X be a completely regular Hausdorff space and V' a
Nachbin family on X. For a locally convex algebra A, let CV(g)(X, A)
be the algebra of all weighted vector-valued continuous functions with
the topology given by the uniform seminorms induced by V. In this
paper we study some properties of A that are inherited by C'V(o)(X, A).
These properties are related to the unit element, spectral seminorms and
uniformly A-convex property.

1. Introduction

Algebras of continuous functions have been a very interesting topic in
Functional Analysis, in particular in the field of Topological Algebras. The
study of certain types of algebras of continuous functions has brought the
attention of many mathematicians. One of the main interests of this subject
is its algebraic and topological structures ([4, 5, 8, 11, 12, 28, 29, 30]). A
particular case in this sense is the class of algebras of weighted continuous
functions. These are algebras of complex-valued continuous functions defined
on a completely regular Hausdorff space X, where a family V' of upper semi-
continuous functions on X acts as weights in the definition of these spaces.
They are usually denoted by CV)(X). Oubbi has studied algebraic and
topological properties of them in many papers ([16, 17, 20, 18]). C'V{¢)(X)
is actually a generalization of algebras of continuous functions with different
topologies.

Analogously, spaces of vector-valued continuous functions have been also
extensively studied ([1, 2, 3, 6, 10, 13, 14]). The most thoroughly studied
one is the space C'(X, A) of all continuous functions defined on a completely
regular Hausdorff space X with values in A, where A is a topological vector
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space. Recently, some authors ([1, 2, 3, 10]) have obtained results concerning
the algebra Cy(X, A) of all bounded continuous functions with values in A,
where A is a Banach algebra or a more general topological algebra. Oubbi
[19, 21, 22] studied the case of algebras of weighted vector-valued continuous
functions. These algebras are usually defined via a family V' of upper semi-
continuous functions on X and are denoted by CV(g)(X, A). Oubbi found
many interesting algebraic and topological properties of these algebras.

Recently, Garcia, Palacios, and C. Signoret [10] obtained several results
concerning the algebra Cy(X, A). They established conditions on X and/or
A so that they can be inherited by Cy(X, A).

The purpose of this paper is to establish properties on A that can be in-
herited by CV/(y(X, A). In order to do so, some appropriate conditions on X
and CV|g)(X) are considered. We give conditions under which C'V{g)(X, A)
is a unital algebra. We also study spectral properties of C'V() (X, A), when A
has a spectral seminorm. Uniform A-convexity of this algebra is also studied.

Recall that a topological space X is completely reqular if for each x € X
and a closed subset F' of X such that x does not belong to F', there exists a
continuous function f : X — [0, 1] such that f(z) = 0and f(F) = 1. Also, a
completely regular space X is pseudo-compact if every continuous function
f X — R is bounded (see [7]). Throughout this paper X will denote a
completely regular or pseudocompact space and A a complex locally convex
algebra.

2. Preliminaries

A topological algebra is a complex algebra A endowed with a Hausdorff
linear topology 7 in which the multiplication is separately continuous. If the
multiplication is jointly continuous we say that A is a topological algebra with
jointly continuous multiplication. A topological algebra (A, ) is a locally
conver algebra if 7 is a locally convex topology. In this case, the topology
is defined by a family of seminorms {|| ||a}acs. The family of seminorms is
separating if for each x € A, there exists o € I such that ||z]|o # 0. In this
case, we say that the algebra (A, {|| ||a}acr) 18 & separating locally convex
algebra. Furthermore, if the multiplication is jointly continuous, then, for
each « € I, there exists 8 € I such that

lzylla < lzlisllylls

for every x,y € A. Also, a locally convex algebra A is said to be a locally
multiplicatively-convex algebra, abbreviated m-convez, if there is a family of
submultiplicative seminorms defining the topology, that is, for each o € I

zylla < [lzllallylla

for every z,y € A.
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If A is a topological algebra with unit e we denote by G(A) the set of its
invertible elements. We say that A is Q-algebra if G(A) is an open subset of
A. If A has no unit, an element = € A is said to be quasi-invertible if there
is y € A such that x +y — 2y = 0 = y + 2 — yx, and we denote by G4(A)
the set of all its quasi-invertible elements. In this case we say that A is a
Q-algebra if the set G4(A) is an open subset of A.

For a topological algebra A with unit e, if x € A, the spectrum of x is
defined as

ox)={AeC:x—-Xe¢ G(A)}.
We define the spectral radius of x as r(z) = sup{|\| : A € o(x)}, when
o(z) #0, r(x) = —oco if o(z) =0 and r(z) = oo if o(z) is not bounded.
If A does not have a unit and = € A, we define the spectrum of x as

o(z) = {0} U {)\ eC\ {0} : ; ¢ Gq(A)}.

We also define the spectral radius of = as r(x) = sup{|A| : A € o(x)} and
r(z) = oo if o(z) is not bounded.

Now, if A is a locally convex algebra with a family of seminorms {|| || }aer
defining its topology and B is a given family of subsets of A, we will say that
A is B-hypotopological, if, for each o € I and each B € B, there is 5 € I and
M > 0 such that

max{(|lzylla, lyzlla} < Mlyls
for every x € B and every y € A.

Let X be a completely regular Hausdorff space and V' a family of upper
semi-continuous non-negative functions on X. We say that V is a Nachbin
family if it satisfies:

(1) for each x € X there is a v € V such that v(x) > 0,

(2) for each v € V and A > 0 we have that A\v € V,

(3) for each vy, ve € V there is v € V such that max{v,va} < w.
We will need that sup,cx v(z) > 0 for every v € V, when this supremum
is finite, so additionally, we will suppose that for each v € V we have that
v # 0. For each v € V we write N, = {z € X : v(z) > 0}, and for every
v €V and € > 0 we define N, = {z € X : v(z) > €}. Also, we will use the
following notations:

B(X)={f:X — C| f is bounded on X}
and
By(X)={f:X — C| f vanishes at oo},

we write B(g)(X) to simplify the notation for both spaces.
Let X be a completely regular Hausdorff space and A a locally convex
algebra. We define the following weighted spaces

CV(X, A) ={f e C(X,A):v-(|[[lac f) € B(X), V(v e V,ae )}
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and

CVo(X, A) = {f € C(X, 4) 1 v- (| o f) € Bo(X) , ¥(v € V,a € D)}
These are vector spaces with the usual operations for vector-valued functions.
To simplify the notation, we write C'V(gy(X, A) for both spaces.

In both cases we can define the following seminorms, for « € I and v € V:

[fllow = sup v(@)[[ f(z) ]l

zeX

for every f € CV(g)(X,A). So, we have that (CV(o)(X, A),{[ [lap}aw) is a
locally convex space. When A = C, it is usual to write CV|)(X) instead of
CV(0)(X,C) and the seminorms in this case are

1l = sup v(z)| f(z)]
zeX

for every f € CV(g)(X). Oubbi [17, 18, 20] has extensively studied these
spaces of complex-valued continuous functions.

Oubbi [19] gave some conditions for X and A which imply that C'V(y(X, A)
is a locally convex algebra. The conditions that Oubbi assumed for X and
A are the following:

(a) for every x € X there is v € V such that the set IV, is a neighbourhood
of z,
(b) Ais Fv,q)-hypotopological, where

Fii = {f(@): 2 € N} : f € CVjg)(X, A),v € V}.

Oubbi proved (see Propositions 4.1 and 4.2 in [19]) that if X and A satisfy
(a) and (b), respectively, then (CV(oy(X, A),{|l lla,v}aw) is a locally convex
algebra. Throughout this paper we will assume that X and A satisfy proper-
ties (a) and (b).

3. Identity

We will start this section by giving some conditions for C'V(p) (X, 4) so
that it has a unit. For an algebra A and an element a € A, we define the
constant function a : X — A by a(x) = a for every x € X.

Proposition 1. Let X be a completely reqular Hausdorff space and let
(A {|l llataer) a separating locally convex algebra with unit e. Then the
following conditions are equivalent:

(1) 1€ OV (X),
(2) each v € V belongs to By (X),
(3) é e CV )(X A)

Proof. (1) = (2). Suppose that 1 € CV(g)(X). From the definition of
CV()(X) it is easy to see that, for each v € V', we have that v € By (X).
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(2) = (3). Let us suppose now that every v € V belongs to By (X).
Consider a € I and v € V, then

oo = sup 0(@)lella = llella <supv<x>) < o0,
rxeX rxeX

]
Also, if x € X, then
v ([ fla o €)(z) = v(@)[|é(@)]a = llellav(z).

Therefore, the function v - (|| |lo o €) vanishes at co. Hence é € CVg)(X, A).
(3) = (1). Let o € I be such that ||e]lo # 0. We have two cases. On the
one hand, if é € CV (X, A), then

1

sup v(z) = —— sup v(x)||e]|a < o0,

reX ”eHa zeX
for every v € V. It follows that 1 € CV(X). On the other hand, if é €
CVh(X, A), then we have that

1 1
v(@) = ——v(@)lefla = T v(@)(|| [[a 0 €)(x)
€]l “ ella ¢

vanishes at infinity, for every v € V. This shows that 1 € CV(X) and it
follows that 1 € CV{)(X). O

Recall that a family A of complex-valued functions defined on a completely
regular space X is essential if for each x € X there is an f € A such that

fl@) #0.

Example. This is an example of an algebra of complex-valued continuous
functions with unit that is non-essential. Let X = [0,1]U(QN[2,3]) and the
Nachbin family V = C*(X), the family of all positive continuous functions
on X. We claim that

CVig(X) ={f € C(X) [ f(z) =0, V2 € QN[2,3]}.
If f € C(X) and vanishes on QN2, 3], then, since [0, 1] is compact, it follows
that for each v € V' we have that vf € B (X). Consider f € CV()(X) and

z€Qn[2,3]. If f(z) # 0, then there is e > 0 such that [f(y)| > L& for
every y € (x —e,x+€) N (QN[2,3]). Choose z € (x — €,z + €) N [2,3] with
z ¢ Q. Define vg : X — R by

S — if x € [0,1],
v (y) ={ (1-2)°

Clearly vg € V and wvg f is not bounded on (z — ¢,z +¢) N (Q N [2,3]). This
contradicts the fact that f € CV(g)(X), so f(z) = 0.
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Note that C'V{p)(X) has a unit u : X — R given by

(1, if z € [0,1],
u(z) = 0, if 2 € QN (2,3

Remark 1. Suppose that C'V(g)(X) is essential and that u € C'Vg)(X) is a
unit. If z € X, then there is fo € C'V{g)(X) such that fo(x) # 0. Therefore,
from the fact that fo(z)u(x) = fo(z), it follows that u(x) = 1, that is, u = 1.
That is, C'V{p)(X) has a unit if and only if 1 € CV{)(X) and this happens
if and only if C'V(g)(X) contains the constant functions.

In the essential case we have the next result.

Proposition 2. Let X be a completely reqular Hausdorff space and let
(A Al [la}aer) a separating locally convex algebra with unit e. If CVg)(X)
is essential, then the following conditions are equivalent:

(1) CV()(X) has a unit,

(2) Every v €V belongs to Bg)(X),

(3) CV(o)(X, A) contains the constant functions,
(4) CV()(X, A) has a unit.

— —

Proof. Since we have proved Proposition 1 and Remark 1, we need to
prove (4) = (1). In order to do this, let us suppose that u € C'V(p) (X, A) is
a unit. Fix x € X, since CV()(X) is essential, there exists fo € CV()(X)
such that fo(x) # 0. Define f : X — A by f(y) = fo(y)e for each y € X. It
follows that if v € V and « € I, then

v fW)lla = v@)lfo(ella = v fo(ylllella
for every y € X. Therefore f € CVg)(X, A) and
u(z) fo(z)e = u(z)f(z) = f(z) = fo(x)e.

So, fo(z)(u(z) —e) = 0, which implies that u(x) = e. Since z is arbitrary,
we obtain that u = é € CV|()(X, A). From Proposition 1 we conclude that
CV(0)(X) has a unit. O

Remark 2. Due to [9] and its corollary, Propositions 1 and 2 can be proved
without the separating property, assuming jointly continuous multiplication

on A.
4. Spectral seminorms
This section is devoted to the study of spectral seminorms in C'V(qy (X, A4).

Proposition 3. Let X be a pseudocompact Hausdorff space and let
(A {|l lla}acr) a locally convex algebra with jointly continuous multiplica-
tion, with continuous inversion and with unit e. If C'Vo)(X) is essential
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then

zeX
for each f € CVp)(X, A).

Proof. First let us suppose that 1 € CVy(X). In this case by Remark 2
we have that every v € V' belongs to B(g)(X) and from the fact that X is
pseudocompact, it can be proved that C'V(g) (X, A) = C(X, A). In this case
it is well known that, if A has continuous inversion, then

a(f) = |J o(f())
zeX
for all f € C(X,A).
Now, assume that 1 ¢ CV/gy(X). Then by Remark 1 and Remark 2, we
have that C'V(p)(X, A) has no unit. Take f € CV(o)(X,A). If X\ ¢ o(f),

then A # 0 and { is quasi-invertible, so there is g € C'V(p) (X, A) such that
{ + g = 5g. Then, for each x € X, we have that @ +g(x) = @g(az)
Thus, for each € X, we have that A ¢ o(f(x)).

Now take A such that A ¢ o(f(x)) for every x € A. Then A # 0 and
@ is quasi-invertible. Therefore, for each x € A, there is g(x) € A such
that @ +g(x) = @g(:{;) The relation between invertible and quasi-
invertible elements is given by the point-wise equality e — G4(A) = G(A).
Then f(x) — Xe is invertible and g(x) = f(z)(f(x) — Xe)~! for all z € A.
Since A has jointly continuous multiplication, g is a continuous function.
Now, take a € I and v € V. Then there is g € I such that

lzylla < [lz]lgllylls
for every x,y € A. Therefore, if v € V and « € I, we have
v(@)llg(@)la = v(@)I| f(@)(f (@) = Ae) " a
< o(@)[|f@) sl (f (@) = xe) 5.

From this, because X is pseudocompact, the inversion is continuous and
[ € CV)(X, A), it follows that g € C'V[p)(X, A), and since { +g= {g, we

obtain that A\ ¢ o(f). O
Definition 1. Let A be an algebra in which a seminorm || || is defined.
We say that || || is a weakly spectral seminorm on A if r(a) < |la| for ev-
ery a € A. Furthermore, if || || is a weakly spectral seminorm and || || is
submultiplicative, we say that || || is a spectral seminorm on A.
Suppose that A is an algebra in which a seminorm || || is defined, and
consider A endowed with the topology generated by the seminorm || |. For

a Nachbin family V', we consider
CVio) (X, A) ={f € C(X, A) :v- (|| | o f) € Boy(X), V(v € V)}.
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Then, for a fixed v € V, we can consider the seminorm on C'V/g (X, A) given
by
1fllo = sup v(@)]||f ()]l

reX
for every f € CV(p)(X, A).
We have the next result.

Proposition 4. Let X be a pseudocompact Hausdorff space and A an
algebra with unit e, endowed with the topology generated by a spectral semi-
norm || ||. If CVio)(X) is essential and a Q-algebra, then there is v € V such
that || ||, is @ weakly spectral seminorm on CV()(X, A). Conversely, suppose
that 1 € CV(o)(X) and v € V is such that || ||, is a spectral seminorm on
CVig)(X, A), then CVg)(X) is a Q-algebra.

Proof. Take f € CV(g)(X, A). Since (A, | ||) is a spectral algebra we have
that

r(f(@) < |If(@)]|
for every # € X. Oubbi proved in [17] that, if C'V(p)(X) is a Q-algebra, then
there are v € V and € > 0 such that the set

N(e,v) ={z € X :v(x) > €}

is dense in X. Consider now x € X and take (zs)s a net contained in N (e, v)
such that 5 — x. Then

1F (@) = lim || f (z5)[| = Yim [|.f (zs) ][ o(xs)

1
v(ws)

) 1 1
< lim | f(zs) o(en) < 1 fllos = 1]
So, if A € o(f), by Proposition 3 there is an element zyp € X such that
A € a(f(xp)). Therefore

Al < r(f(20)) < sup r(f(x)) < sup [[f(@)]| < ||
zeX reX

If oY = 2 €V, then r(f) < || f|l. This means that || ||, is a weakly spectral
seminorm on C'Vg)(X, A).

Now, suppose that 1 € C'V(gy(X), this implies that ¢ € CV()(X, A). Let
v € V such that || |, is a spectral seminorm on C'Vg)(X, A). Using Theorem
2.2.5 of [27] we have that (C'V(g) (X, A), || [|») is a Q-algebra. Then

{F € CVig)(X, 4) | |é — Fll. < 1} € G(CV{g)(X, A)).
Note that there is a natural embedding, which in fact is an isometry, of
CV(0)(X) into CV(py(X, A) in the following way: if f € C'V(g)(X), we define
[ € CVip)(X,A) by f(x) = f(z)e for every z € X. Now, let f € CVp)(X)
be such that

11— fllo < 1.
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Using corollary from [9] we may suppose that the seminorm in A satisfies
|le]l = 1, then it is not difficult to see that

le = Fllo =111 fllo < 1.
It follows that f € G(CV(p)(X, A)). In this way, there is H € C'Vp)(X, A)

such that fH = é. From this we have that f(z)eH(x) = e for every z € X.
This implies that f(z) # 0 for every x € X. Define h : X — C by

f(@)

h(z) = e )‘HH(HJ)H
for every z € X. Then h € CV()(X) and.
f(a)f(z) _@F
f(@)h(x) = @ 1H ()] = 7@ [1H ()]

= [f@)|H ()| = [|f(z)eH (z)]| = |l =1
for every x € X. This means that f € G(CV()(X)). Again from Theorem
2.2.5 [27] we get that CV)(X) is a Q-algebra. O

5. Locally uniformly A-convexity

This section is devoted to giving some conditions to ensure that if A is a
locally uniformly A-convex algebra, then CVgy(X, A) is a locally uniformly
A-convex algebra too. In order to do that, we need some preliminary results.

Recall that A is a locally uniformly A-convex algebra, if its topology can
be given by a family of seminorms {|| || }aer such that, for each x € A, there
exists M (x) > 0 such that

max{|[zylla, lyzlla} < M(@)[yla (1)

for every y € A and a € I. For a locally uniformly A-convex algebra
(A, {ll la}aer) with unit e, we can always choose the family of seminorms
satisfying that |le]lo = 1 for all @ € I (see Proposition 1 in [26]). Also we
can define a norm on it as follows:

|lz||op = inf{M (x) : M(z) satisfies relation (1)}
for every x € A. We know (see [23, 24, 25]) that this norm satisfies the
following properties:

(©) eyllop < I lopllgllop for every o,y € A4,
(2) for each x € A and a € I, ||zy|la < ||z|lopllylla for every y € A,
(3) if A has a unit e then, for each « € I, ||z]|o < ||z||op for every z € A.
If A has a unit, we can define from (3) another norm in A in the following
way':
lella = sup {lefla} -
a€cl
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This norm is called the absorbing norm in A. It follows that |z]|a < ||z|p
for all z € A.

Proposition 5. If (A, {||||la}acr) is a sequentially complete locally uni-
formly A-convex algebra with unit e, then the norms | ||lop and || ||a are
equivalent. A subset B of A is bounded with respect to the topology gener-
ated by the family of seminorms if and only if it is bounded in the norm
[ llop-

Proof. Oudadess [23, 25] proved that under these conditions on A, the
topology induced by the absorbing norm || |4 is finer than the topology
induced by the family of seminorms. Moreover, (A4, || ||4) is a Banach algebra
and a subset B of A is bounded if and only if B is bounded with respect
to || ||a. Also, using arguments similar to those given in [23, 25|, we obtain
that (A, | |lop) is a Banach algebra.

Now, consider the identity function I : (A,| |lop) = (A4, [[a). As we
mentioned before, ||z||a < ||z||op for every x € A. It follows from the Open
Mapping Theorem that I is an isomorphism between Banach spaces. Then
the conclusion follows. O

Now we apply the above results to C'V(p) (X, A).

Proposition 6. Let X be a completely reqular Hausdorff space and let
(A |l llataer) a sequentially complete locally uniformly A-convex algebra
with unit e. If CVi)(X) is a locally uniformly A-convex algebra, then
CV(o)(X, A) is a locally uniformly A-conver algebra.

Proof. Oubbi has proved in [17] that C'V(p)(X) is a locally uniformly A-
convex algebra if and only if CVg)(X) C Cp(X).
Take a € I, v € V and f € CV(p)(X, A). If g € CV(y(X, A), since
1f(@)g(@)lla < 1F(@)lopllg(2)la

for every x € X, we have that
1/ 9llaw = sup v(@)[|f(2)g(z)lla < sup v(@)||f(z)llopllg(x)lla-  (2)
zeX zeX

The function || |5 o f € CV(g)(X) for all 8 € I, hence it is a bounded real-
valued function. So, there is Mg > 0 such that sup,cy || f(2)||g < Mp, that
is, f(X) is a bounded set in A, and therefore, by Proposition 5, is bounded
in the norm || ||op. Therefore there is M(f) > 0 such that

sup [|f(2)]lop < M(f).
zeX

From relation (2) we obtain that

1f9llaw < M(f)lgllaw-
It can be proved, in a similar way, that there exists N(f) > 0 such that
19 oo < N ()9l .
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6. Examples

Finally, we provide some examples. These examples can be found in [18].
Let X be a completely regular Hausdorff space, (A, {| ||a}acr) a locally
convex algebra and let the algebras of continuous functions

Cy(X,A) = {f : X = A:sup ||f(2)]la < oo, for each o € I}
zeX

and
Co(X,A)={f: X — A:| ||ao f vanishes at infinity, for each o € I'}
both be equipped with the topology 7., determined by the family of semi-
norms
[fllov.00 = sup [[f ()|
reX

for each f € Cp(X,A) (resp. f € Cp(X,A)) and each € I. In the
following examples X will denote a completely regular Hausdorff space and
(A, {]| llataer) a locally convex algebra.

Example 1. Let V be the family of all positive constant functions defined
on X. Clearly V is a Nachbin family. If v = k is in V and a € I, then we
have that

[fllaw = sup v(@)[[f(2)]la = ksup [ f(z)]a
zeX reX

for all f € C'V(g)(X, A). From this it follows that CV (X, A) = Cy(X, A) and
CVy(X,A) = Cy(X, A) where the induced topology is the uniform topology.

Example 2. Let us consider
V={\x :A>0, KC X compact}

— the family of all positive multiples of characterirstic functions of compact
sets in X. For v € V with v = Axx, we have that

[fllaw = sup Axk (@) [ f(z)[la = Asup [|f(z)/a
zeX zeK

We note that CVg)(X, A) = Cc(X, A), the algebra of all vector-valued con-
tinuous functions with the uniform convergence topology on compact subsets
of X.

Note that, since 1 € CV(()(X) and by Proposition 2.3 of [17], we have
that for some spaces X, CV(()(X) is not a Q-algebra.

Example 3. Let X be a locally compact space, and V' the family C*(X)
of all real positive continuous functions defined on X. Then C'V(p)(X) =
K(X), the algebra of all complex-valued continuous functions on X with
compact support. The topology coincides with the inductive limit locally
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convex topology given by the Banach algebras (Cx (X), || ||s) of real contin-
uous functions with support in K, where K is a compact subset of X ([18],
p. 106, Example 4).

In this case, not every element of V' is bounded, and not every element of
V' vanishes at infinity, so 1 ¢ C'V(gy(X).

Example 4. Let V be the family of all positive upper-semicontinuous
functions that vanish at infinity. We have that C'V(p)(X) = C,(X) and the
topology coincides with the strict topology 5 ([4, 30]). In this case, every
element of V' is bounded, so 1 € CV|g)(X). Therefore, by Proposition 2.3 of
[17], CV(0)(X) is not a Q-algebra.
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