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Rate of convergence for rational and conjugate
rational Fourier series of functions of generalized
bounded variation

HARDEEPBHAI J. KHACHAR AND RAJENDRA G. VYAS

ABSTRACT. In this article, extending the results of Fourier and conju-
gate Fourier series, the rates of convergence for rational and conjugate
rational Fourier series for functions of generalized bounded variation are
estimated.

1. Introduction

Bojani¢ [1] gave a quantitative version of the Dirichlet-Jordan test on the
convergence of Fourier series. Later on, this result was further generalized
for functions of generalized bounded variations [3, 11]. The work of Bojani¢
led the groundwork for estimations related to the rate of convergence for
Fourier series and conjugate Fourier series for different orthogonal systems
[2, 8, 9]. Recently, some properties of Fourier series are extended for rational
Fourier series, introduced by Dzrbasyan [5].

The rational orthogonal system is defined as

; ; Vi—lonm Peir nl iz Qg
Po(e") =1, dn(e") = 11 (1)

1 — ape® 1 — aget®’

and ¢_,(e®) = ¢, (ei®), Vn € N. Here, {a, }nen is a complex sequence such
that ay’s are in open unit disk D. In the sequel, the following condition is
assumed to be satisfied and with r as mentioned below,

sup |ag| =r <1, Vk € N. (2)
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Since Y% (1 — |ag|) = oo, the system in (1) is complete in L*[—m, 7] [4].
For a 2m-periodic and integrable function f, the rational Fourier series of
f is defined as

f@)~ 3 fm)ga(e),

n=—oo
where f (n) is the n'* rational Fourier coefficient of f, given by

fy =2 [ p@)dne),

~ o -

and the conjugate rational Fourier series is given by
[e.@]
Y (=i)sgn(n) f(n)n (™).
n=-—00
Note that, if o, = 0, for all K € N in (1) then {¢,(e*®)} reduces to {e"*}
and therefore the rational Fourier series (the conjugate rational Fourier se-
ries) reduces to the classical Fourier series (the conjugate Fourier series).

Some of the work related to theoretical aspects of rational Fourier series
can be found in [6, 7, 10].

2. Preliminaries and notations

Throughout this paper, the notations mentioned in this section will be
used.

For n € N and = € [—m, 7], the partial sum of the Fourier series of f is
given by

Suf(x) =Y f(k)pr(e™)

k=—n
and the partial sum of the conjugate Fourier series of f is given by

n

Suf(x) =Y (=i)sgn(k)f(k)or(e™).

k=—n

Waterman [12] defined the concept of A-bounded variation as follows.
Let {A\}22, be a non decreasing sequence of positive numbers such that

ﬁ diverges. Then a real valued function f is said to be of A-bounded
variation on [a,b] (i.e., f € ABV][a,b]) if

< 00,

- br) — f(a
Z|f( k)/\kf( k) |
P
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for every sequence of non-overlapping intervals [ag, bi], k = 1,...,n, which is
contained in [a, b], and the A-variation is defined by

Va(f:fa.b]) = sup Y~ { [ f(bw) — f(ar) |}'
k=1

Ak

Note that, if in the above definition A, = n”; 8 € (0,1), then f is said to
be of n-bounded variation (i.e. f € {n}? — BV[a,b]).
As mentioned in [11], we suppose that % is non increasing and for fixed

n, H(t) is a continuously non increasing function on [—m,0) and (0, 7] such
that

Alk
H(t) = =,

where t = nkT7-T1 and k= +1,+2 ..., +(n+1).
The following notations will be used in the rest of the discussion:

i) ha(t) = f(2) = flz—1), t €R,
i) f(x) = lim f(z;e) = 1/ Mdt,

=0+ T Je<n 2tan(t/2)
1i1) 0sc(y, [a,b]) = sup |v(t) — ¥ (y)],
t,y€la,b]
) o = — k= 0,1,2 . m e NU {0}
w nkm_m_'_lv =U, Lz ...,m;m )

v) I = [Mems M(ket1)m]»
Ui) I];m = [_n(k—‘rl)ma _nkm]-
3. Results

First, we state the results related to the rate of convergence of rational
Fourier series.

Theorem 1. If f is a bounded, measurable function in [—m, 7] and is
requlated, i.e., f(z) =1/2{f(x +0)+ f(z —0)}, then

|Snf($) - f($)| < 2(11—{_:) Z k i 1 {OSC(I/JQC,I];’_”) + OSC(¢x7 Ik_n)} :
k=0

Corollary 1. If f € ABV(|—n, 7))

—m=by < by,...,< by, = n_—fl, then

,%H:an<an_1<...<a0:7rcmd

( - ) 1Suf(@) — ()] <2 Va0, 0,71) + Va (@, [=m,0])

147 “n+l
n—1
n nirl S VA, [0,ai]) (H (ai1) — H(as))

1=0
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Z Va (¥, [bs, 0)) (H (b;) — H(biy1))-

n +1
Proof. The result can be easily obtamed from Theorem 1 and then fol-
lowing the method used in [11]. O
Corollary 2. If f € {n®} — BV([-r,7]), 0< 3 <1, then

2(2 147
(n(+ 1)5)6 1J—rrkzkﬁ {V{nﬁ}( ,[0,7/K))

+ Viusy (6, [/, 0]) }

Theorem 1, Corollary 1 and Corollary 2 are analogues results of [11, 3] for
rational Fourier series as, for r = 0, the estimations for classical Fourier series
are obtained. These results generalize the estimation of rational Fourier
series for functions of bounded variation given by Tan and Zhou [10, Lemma
2.4].

The similar results can be obtained for conjugate rational Fourier series.
These are stated below.

1S f (x) = f(2)| <

Theorem 2. If f is bounded, measurable and regulated function in [—m,

then
\S’nf(x)—f il 1—1—7’ z”: {osc(wx I+)—|—osc(¢x I_)}.
+1 —_r _Ok ' Tkn ' T kn
Corollary 3. If f € ABV([ Ty 7 = n < ap-1 < ... <ap =T and
—m=by <by,...,< b, = then

- n+1’

()

5uf@) = F (1070 )| < 22 0w 0,7 + Vi [, )

+ 2 ZVA(¢, [0, a;])(H (aiy1)—H(a;))

Z Va4, [bs, 0]) (H (bs) — H (bi+1))-

Corollary 4. If f € {n®} — BV([-7,7]), 0 < B < 1, then

N . ™ 2(2 — 14+7r - 1
Snf(@) = f (x n+1>‘ = (n(+ 1)15)ﬁ ' 1: ;kﬁ {V{”ﬁ}w’ [0,7/K))
+ Vi (86, [/, 0]) }

Corollary 4 generalizes the result in [10, Lemma 2.4]. If r = 0, then
Theorem 2 gives estimation for conjugate Fourier series.
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4. Proofs

Proof of Theorem 1. In view of [10, Lemma 2.1], for ag = |ax|e’®*, n € N
and = € [—m, 7], the partial sums of the rational Fourier series are given by

™

Suf@) =~ [ f@—0Du(e—t,a)dr,

—T

where

and

6. (t.) /Iz": 1 — |og|? d
xXr) = .
o o 2T 2Jag[cosly — ag) + a2

Note that, for n € Z \ {0} and by (2), we get

; 1 —|ayy ? 1+7
(el 1 = 2oy | cos(x — ajy)) + oy [2 1—r 3)

Therefore, for n € N,

Dt )| < (n+ 1)1 (@

Thus,

b 0
f(:l,’) - Snf(x) = ;_/0 %(t)Dn(%’ - tvx)dt + % B %(t)Dn(CL’ - t,IL’)dt

= A+ B.
Therefore,
1 1 X
=— | u(t)Dp(x —t,z)dt + — / (e (t) = V(nen)) Dy (z — t, 2)dt
17‘/
+— Ve (Mien) D (w0 — t, ) dt
- ,; . el Dal )
= Al + AQ + Ag.
Similarly,
1 1 &
B :; - wx(t)Dn(ﬂf — t,&?)dt + - Z /]— (¢x(t) — ¢(_nkn))Dn($ — t,a:)dt
on k=1 kn

1”/
+ — Ve (—Nkn ) D (x — t, z)dt

=:By+ By + Bs.
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By (4)7 we have
111 = x t 0 -Dn €T t,CC dt

_l’_
< osc(Vg, 1y),,) / (n+ 1)1 +rdt
I+ 1

m -Tr

<1—|—7‘
—1-r

0sc(1y, I(')‘;l),

and similarly

1+7 _
|B1| < = r050(1/1x710n)-
Since sin (%) > % for 0 <t < m, we get
4] < 2 Z / [a(t) = ()| Du( Z Cosc(iia. ),

k=

and similarly

| Ba| <Z

osc (e, Ip,,)-

Let
Rf = / Dy(x —t,z)dt and R, = / D, (x +t,z)dt.
Nkn

Mkn
In view of [10, Lemma 2.3], we have for 0 < u < ,

‘_2;((11_+r) /D x+t:r)dt‘ 2n2((11j:))
Thus, we get
R < M and | Ry, | < w )
We have
= % zn: {0e(Mkn) — e (n—1yn) } (RS,)
and -

- % Z {02 (=1kn) — Ve (—ng—1yn) } (Bf)-
k=1

Therefore, by using (5), we get

1+T 147

|As] < Z zos¢ (e, It (k—1)n ) and |Bs| < Z zose (W, I, (k—1)n ).
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Thus, we have

(I+7)

2
Al <
1—r

1 N 201 +7) = 1 _
;) k?-f- 1030(¢x71kn)7 ‘B’ S 1 —r ;) k+ 1OSC(¢CC7]]§”)'

Hence, the result is proved.
O

Proof of Theorem 2. In view of [10, Lemma 2.1], for ax = |ax|e’®*, n € N
and z € [—m, 7], the partial sums of the conjugate rational Fourier series are
given by

5uf@ =2 [ fa— Do~ t2)at
where
- _— ) T—t) _ z—t .
Dy(t,x) = % S° (—i)sgn(k)or(eh)dr(e’®) = cos (Z71) 280::([;; On(t, )]
k=—n 3
and

,T) = .
" ¢ 2= 1= 2oy cos(y — ax) + ox "

Therefore by using (3) and the simple fact that sgn(0) = 0, for n € N,

~ 1+7r
Dy(t,z)| < .
Dol 2)] < (6)
Using the fact that
T . 1
Dnm—t,xdt:Oand/ ———dt =0,
/7r ( ) <t < 2tan(t/2)
we get,
~ ~ T 1 4 - 4 W (t)
Sof(@)—f |z, == o(t) Dy (z — t,z)dt _
f)=f (m n+1> 7T{ 0 Ya () Dn( z) +/11 2tan(t/2) }
1 0 - T u(t)
— N T t Dn - t, dt dt
G
= A+B
Therefore,

- B cos [5 4 Op(z —t,2)]
S ., k) =) 2t
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1 — cos [5 4 Op(z — t,2)]
— T n dt
”;/@;w (k) .

2sin (%)

= A + Ay + As.
By (6), we have

A< [ et) = vOIDate 1) < }f:oscwmm.

cos[5+9n(z—t,x)]
2sin(4)

Aol < — 2/ (1) nknwm*(x—deZ

Let T,jm = fmm D (x — t,x)dt. In view of [10, Lemma 2.3, we have, for

Let D} (z —t,x) = . Since sin (§) > £, for 0 <t < m, we get

1 0sc()y, Il;"n)

0<u<m,
2
/ D (2 — t, 2yt < T LET)
~2n(l —r)u
Thus, we obtain
1+7)
7)< THED 7
Hence, we have
Z {% nkn - N(k— l)n)} (Tk—;;)
Therefore, by using (7), we get
1+r 1
‘A3| < 1—r %OSC(@bxa I(k—l)n)
k=1

Thus, we have

o214 1

A< =— kZ_O ot 1)

and similarly

S 214 ) 1

B< ST 3 el i)

Hence, we get the result. O
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