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Applications of degenerate q-Euler and
q-Changhee polynomials with weight α

Ömer Duran, Sibel Koparal, and Neşe Ömür

Abstract. In this paper, we give new identities involving degenerate
q-Euler polynomials with weight α and q-Changhee polynomials of the
second kind with weight α, using the Faà di Bruno formula and some
identities of the Bell polynomials of the second kind.

1. Introduction

Many famous scientists have defined special polynomials and given their
applications in mathematics, science and engineering. There are recent in-
vestigations of identities for polynomials and numbers using their derivatives
and the generating functions.

For n ≥ m ≥ 0, the Stirling numbers of the second kind S2(n,m) are
the coefficients in the expansion of the falling factorial (x)n = x(x − 1) · · ·
(x− n+ 1) into powers of the real number x:

xn =

n∑
m=0

S2(n,m)(x)m

and S2(n, 0) = δn,0, where δi,j is the Kronecker delta [4]. These numbers
satisfy the recurrence relation

S2(n+ 1,m) = S2(n,m− 1) +mS2(n,m),

and can be generated by
∞∑
n=m

S2(n,m)
tn

n!
=

(et − 1)m

m!
.
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254 ÖMER DURAN, SİBEL KOPARAL, AND NEŞE ÖMÜR

The q-analogs are frequently studied in mathematical fields of combina-
torics and special polynomials, physics, engineering. q-analogs also appear
in the study of quantum groups, matrices, identities, dynamical systems,
fractals, modular groups, designs, systems, oscillators etc. [1, 3, 9, 14,16].

In various areas of science, special q-polynomials have been studied, such
as q-Bernoulli polynomials, q-Euler polynomials, q-Changhee polynomials,
degenerate q-Euler polynomials and degenerate q-Changhee polynomials.
Further, algebraic and arithmetic properties of the polynomials can be found
in [8, 10–12,14–17,19–24].

Let p be a fixed prime number. Zp, Qp and Cp denote the ring of p-
adic integers, the field of p-adic rational numbers and the completion of the
algebraic closure of Qp, respectively. The p-adic norm |.|p is normalized

by |p|p = 1
p . Let q be an indeterminate in Cp such that |1− q|p < p

−1
p−1 .

The q-extension of a number x is defined as [x]q = 1−qx
1−q . It is clear that

lim
q→1

[x]q = x.

It is well known that Euler and Changhee polynomials play an important
role in combinatorial analysis and number theory. Euler polynomials [2, 7]
are defined by the generating function to be

2

et + 1
ext =

∞∑
n=0

En(x)
tn

n!
. (1)

In a special case, when x = 0, En(0) = En is called the nth Euler number.
The q-Euler numbers are defined as follows [11,12,21]:

E0,q = 1, q(qEq + 1)n + En,q =

{
[2]q, if n = 0,

0, if n 6= 0,

with the usual convention about replacing Eiq by Ei,q. The authors also gave

En,q =
[2]q

(1− q)n
n∑
i=0

(
n

i

)
(−1)i

1 + qi+1
.

In [2], Carlitz obtained the degenerate polynomials and numbers which
are related to Euler polynomials to be

2

(1 + λt)1/λ + 1
(1 + λt)x/λ =

∞∑
n=0

En(x | λ)
tn

n!
,

where λ ∈ R \ {0}. It is seen that

lim
λ→0

∞∑
n=0

En(x | λ)
tn

n!
=

∞∑
n=0

En(x)
tn

n!
,

since limλ→0En(x | λ) = En(x).
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The modified q-Euler polynomials, denoted by En,q(x), are defined by

En,q(x) =
[2]q

(1− q)n
n∑
i=0

(
n

i

)
qix

1 + qi
.

When x = 0, En,q(0) = En,q is called the nth modified q-Euler number.
In [22], the authors gave the modified q-Euler polynomials with weight α

as follows:

E(α)
n,q =

[2]q
(1− qα)n

n∑
i=0

(
n

i

)
(−1)iqαi

1 + qαi
.

In [16], for any parameters α and β, the degenerate q-Euler polynomials
with weight α are defined by the generating function to be

[2]qα

qα+2β(1 + λt)1/λ + 1
(1 + λt)x/λ =

∞∑
n=0

Eqα,n(x | β)
tn

n!
. (2)

In the special case, when x = 0, Eqα,n(0 | β) := Eqα,n(β) are called the
degenerate q-Euler numbers with weight α.

The Changhee polynomials are defined by Kim et al. [10, 13] as the gen-
erating function to be

2

t+ 2
(1 + t)x =

∞∑
n=0

Chn(x)
tn

n!
.

When x = 0, Chn(0) = Chn are called Changhee numbers.
In [15], the degenerate Changhee polynomials are defined to be

2λ

2λ+ log(1 + λt)
(1 + log(1 + λt)1/λ)x =

∞∑
n=0

Chn,λ(x)
tn

n!
.

When x = 0, Chn,λ(0) = Chn,λ are called the degenerate Changhee numbers.
For n ≥ 0, limλ→0Chn,λ = Chn is given by [14,15,25].

The q-Changhee polynomials Chn,q(x) are defined by the generating func-
tion to be (see [10])

1 + q

1 + q(1 + t)
(1 + t)x =

∞∑
n=0

Chn,q(x)
tn

n!
. (3)

When x = 0, Chn,q = Chn,q(0) are called q-Changhee numbers and when
q = 1, Chn = Chn,1(0). In [16], the generating function of q-Changhee
polynomials of the second kind with weight α, denoted by Cqα,n(x | β), is
given by

[2]qα

qα+2β + (1 + λt)1/λ
(1 + λt)(x+1)/λ =

∞∑
n=0

Cqα,n(x | β)
tn

n!
. (4)

When x = −1, Cqα,n(−1 | β) = Cqα,n(β).
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In [4,5], the Bell polynomials of the second kind Bn,k(x1, x2, · · · , xn−k+1),
for n ≥ k ≥ 0, can be defined by

Bn,k(x1, x2, · · · , xn−k+1) =
∑

1≤i≤n−k+1
li∈N0∑n−k+1

i=1 ili=n∑n−k+1
i=1 li=k

n!∑n−k+1
i=1 li

n−k+1∏
i=1

(xi
i!

)
,

where N0 = {0, 1, 2, · · · }. Also, these polynomials can be generated by

1

k!

( ∞∑
n=1

xn
tn

n!

)k
=
∞∑
n=k

Bn,k(x1, x2, · · · )
tn

n!
. (5)

In [5], for a positive integer n, Faà di Bruno formula is described in terms
of the Bell polynomials of the second kind Bn,k(x1, x2, · · · , xn−k+1) by

dn

dtn
(f(h(t))) =

n∑
k=1

f (k)(h(t))Bn,k(h′(t), h′′(t), · · · , h(n−k+1)(t)). (6)

There are some interesting computations involving the Bell polynomials of
the second kind. For example, the formula

Bn,k

(
1, 1− λ, (1− λ)(1− 2λ), · · · ,

n−k∏
i=0

(1− iλ)

)

=
(−1)k

k!

k∑
i=0

(−1)i
(
k

i

)
(i)n,λ (7)

has been applied and reviewed in [8, 18–20]. Here

(x)0,λ = 1 and (x)n,λ = x(x− λ)(x− 2λ) · · · (x− (n− 1)λ) for n ≥ 1.

Let g(z) be an analytic function of z. A special value of Bell polynomials
of the second kind is (see [6])

∞∑
n=k

Bn,k(g′(0), g′′(0), · · · , g(n+1−k)(0))
tn

n!
=

(g(t)− g(0))k

k!
.

In [17], studying Grothendieck’s inequality and correlation-preserving func-
tions, Oertel obtained the following interesting identity for a positive integer
n:
2n∑
k=0

(−1)k
(2n+ k)!

k!
B◦2n,k

(
0,

1

6
, 0,

3

40
, · · · , 1 + (−1)k+1

2

((2n− k)!!)2

(2n− k + 2)

)
=(−1)n,

where

B◦n,k(x1, x2, · · · , xn+1−k) =
k!

n!
Bn,k(1!x1, 2!x2, · · · , (n+ 1− k)!xn+1−k).
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In [26], the authors defined a degenerate λ-array type polynomial
S(n,m;x;λ; γ) by

(λ(1 + γt)1/γ − 1)m

m!
(1 + γt)x/γ =

∞∑
n=0

S(n,m;x;λ; γ)
tn

n!
.

They established two explicit formulas for S(n,m;x;λ; γ) with the help of
the Faà di Bruno formula and an identity of the Bell polynomials of the
second kind. For example, for n ∈ N,

S(n,m; 0;λ; γ) =
n!

m!
λn(λ− 1)m

n∑
k=1

(m)k
k!

1

1/λ− 1

k∑
l=0

(−1)l
(
k

l

)(
l/λ

n

)
.

2. Some Results

In this section, we will get new identities involving degenerate q-Euler
numbers, degenerate q-Euler polynomials with weight α and q-Changhee
polynomials with weight α.

Theorem 1. For a positive integer n, we have

Eqα,n(β) = [2]qα
n∑
k=1

k∑
i=0

(−1)i
qk(α+2β)(i)n,λ

(qα+2β + 1)k+1

(
k

i

)
and

Cqα,n(β) = [2]qα
n∑
k=1

k∑
i=0

(−1)i
(i)n,λ

(qα+2β + 1)k+1

(
k

i

)
.

Proof. Let f(u) =
[2]qα

qα+2βu+1
and u = h(t) = (1 + λt)1/λ. From (6), we

have

dn

dtn

(
[2]qα

qα+2β(1 + λt)1/λ + 1

)
=

n∑
k=1

dk

duk

(
[2]qα

qα+2βu+ 1

)
Bn,k(h′(t), h′′(t), · · · , h(n−k+1)(t))

=

n∑
k=1

(−1)kk!qk(α+2β)[2]qα

(qα+2βu+ 1)k+1

× Bn,k
(

(1 + λt)
1

λ−1 , (1 + λt)
1

λ−2 (1− λ), · · · , (1 + λt)
1

λ−n+k−1

n−k∏
l=0

(1− lλ)

)
and by (7), it equals to

n∑
k=1

(−1)kk!qk(α+2β)[2]qα

(qα+2β + 1)k+1

(−1)k

k!

k∑
i=0

(−1)i
(
k

i

)
(i)n,λ
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as t → 0. Considering the generating function in (2), we have the first
identity. Similarly, using (4), we have the second identity. �

Theorem 2. For a positive integer n, we have

Eqα,n(x | β) = [2]qα
n∑
k=1

k∑
l=0

k∑
i=0

(−1)i+k+lql(α+2β)

(qα+2β + 1)l+1

l!

k!

(
k

l

)(
k

i

)
(i)n,λ(x)k−l

and

Cqα,n(x | β) = [2]qα
n∑
k=1

k∑
l=0

k∑
i=0

(−1)i+k+l

(qα+2β + 1)l+1

l!

k!

(
k

l

)(
k

i

)
(i)n,λ(x+ 1)k−l.

Proof. Let f(u) =
[2]qα

qα+2βu+1
ux and u = h(t) = (1 + λt)1/λ. From the

generating function of Eqα,n(x | β) and (6) we have

dn

dtn

(
[2]qα

qα+2β(1 + λt)1/λ + 1
(1 + λt)x/λ

)
=

n∑
k=1

dk

duk

(
[2]qα

qα+2βu+ 1
ux
)
Bn,k(h′(t), h′′(t), · · · , h(n−k+1)(t))

=

n∑
k=1

k∑
l=0

(
k

l

)
(−1)ll![2]qαq

l(α+2β)

(qα+2βu+ 1)l+1
ux−k+l(x)k−l

× Bn,k
(

(1 + λt)
1

λ−1 , (1 + λt)
1

λ−2 (1− λ), · · · , (1 + λt)
1

λ−n+k−1

n−k∏
l=0

(1− lλ)

)
.

With the help of (7), we write

dn

dtn

(
[2]qα

qα+2β(1 + λt)1/λ + 1
(1 + λt)x/λ

)
=

n∑
k=1

k∑
l=0

(
k

l

)
(−1)ll![2]qαq

l(α+2β)

(qα+2β + 1)l+1
(x)k−l

(−1)k

k!

k∑
i=0

(−1)i
(
k

i

)
(i)n,λ

as t → 0. So, we have the first identity. Similarly, the second identity can
be proved. The proof is complete. �

Remark 1. Some values of Eqα,n(x | β) and Cqα,n(x | β) are:

Eqα,0(x | β) =Cqα,0(x | β) =
[2]qα

qα+2β + 1
,

Eqα,1(x | β) =
[2]qα(−qα+2β + xqα+2β + x)

(qα+2β + 1)2
,

Cqα,1(x | β) =
[2]qα((x+ 1)qα+2β + x)

(qα+2β + 1)2
,
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Eqα,2(x | β) =
[2]q

(
−x− qα+2β (2x− 1)− q2α+4β (x− 1)

)
λ

2 (qα+2β + 1)
2

+
[2]q

(
q2α+4β (x− 1)2 − qα+2β(2x− 2x2 + 1) + x2

)
2 (qα+2β + 1)

2 ,

Cqα,2(x | β) =
[2]q

(
−x− qα+2β (2x+ 1)− q2α+4β (x+ 1)

)
λ

2 (qα+2β + 1)
2

+
[2]q

(
q2α+4β (x+ 1)2 + qα+2β

(
2x2 + 2x− 1

)
+ x2

)
2 (qα+2β + 1)

2 .

We will examine the graphical representations of these polynomials for
different values of indices in the following figures.

Figure 1. Two angles of the graph of E(1/3)2,2(1) for
−10 < x < 10 and −9 < λ < 9 plotted by Wolfram Mathe-
matica 11.2.

Figure 2. Two angles of the graph of C(1/3)2,2(1) for
−10 < x < 10 and −9 < λ < 9 plotted by Wolfram Mathe-
matica 11.2.
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Theorem 3. For a positive integer n, we have
n∑
i=1

(
n

i

)
Eqα,n−i(x | β)(1)i,λ = Eqα,n(x+ 1 | β)− Eqα,n(x | β)

and
n∑
i=1

(
n

i

)
Cqα,n−i(x | β)(1)i,λ = Cqα,n(x+ 1 | β)− Cqα,n(x | β).

Proof. Consider
∞∑
n=0

(Eqα,n(x+ 1 | β)− Eqα,n(x | β))
tn

n!
=

[2]qα

qα+2β(1 + λt)
1
λ + 1

(1 + λt)
x+1
λ

− [2]qα

qα+2β(1 + λt)
1
λ + 1

(1 + λt)
x
λ

=
[2]qα

qα+2β(1 + λt)
1
λ + 1

(1 + λt)
x
λ

× ((1 + λt)
1
λ − 1).

By (2), we write
∞∑
n=0

(Eqα,n(x+ 1 | β)− Eqα,n(x | β))
tn

n!
=
∞∑
n=0

Eqα,n(x | β)
tn

n!

∞∑
n=1

(1)n,λ
n!

tn

=

∞∑
n=1

n∑
i=1

(
n

i

)
Eqα,n−i(x | β)(1)i,λ

tn

n!
.

Thus, comparing coefficients of the terms tn/n!, we have the first identity.
The second one can be verified in a similar way. �

Theorem 4. For a non-negative integer n, we have
n∑
i=0

(
n

i

)
Eqα,n−i(x− λ | β)Eqα,i(1 | β)

= [2]qαq
−α−2β (xEqα,n(x− λ | β)− Eqα,n+1(x | β)) (8)

and
n∑
i=0

(
n

i

)
Cqα,n−i(x− λ | β)Cqα,i(0 | β)

= [2]qα ((x+ 1)Cqα,n(x− λ | β)− Cqα,n+1(x | β)) . (9)

Proof. We know that

d

dt

( ∞∑
n=0

Eqα,n(x | β)
tn

n!

)
=
∞∑
n=0

Eqα,n+1(x | β)
tn

n!
.
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On the other hand, using the right hand side of (2) we get

d

dt

(
[2]qα

qα+2β(1 + λt)1/λ + 1
(1 + λt)x/λ

)
=

−[2]qαq
α+2β(

qα+2β (1 + λt)
1
λ + 1

)2 (1 + λt)
x−λ+1
λ

+ x
[2]qα

qα+2β (1 + λt)
1
λ + 1

(1 + λt)
x−λ
λ

=
[2]qα

qα+2β (1 + λt)
1
λ + 1

(1 + λt)
x−λ
λ

×

(
−qα+2β

[2]qα

[2]qα

qα+2β (1 + λt)
1
λ + 1

(1 + λt)
1
λ + x

)

=

∞∑
n=0

Eqα,n(x− λ | β)
tn

n!

(
−qα+2β

[2]qα

∞∑
n=0

Eqα,n(1 | β)
tn

n!
+ x

)

=
−qα+2β

[2]qα

∞∑
n=0

n∑
i=0

Eqα,n−i(x− λ | β)Eqα,i(1 | β)

(n− i)!i!
tn

+ x
∞∑
n=0

Eqα,n(x− λ | β)
tn

n!

=

∞∑
n=0

(
xEqα,n(x− λ | β)

+
−qα+2β

[2]qα

n∑
i=0

(
n

i

)
Eqα,n−i(x− λ | β)Eqα,i(1 | β)

)
tn

n!
.

From the equality of formal power series, we have the first identity. Similarly,
the second identity can be proved. The proof is complete. �

Theorem 5. For a non-negative integer n, we have

n∑
i=0

(
n

i

)
Eqα,n−i(β)Eqα,i(β)

= − [2]qα q
−α−2β

n∑
i=0

(
n

i

)
(1− 1/λ)n−i λ

n−iEqα,i+1 (β)

and
n∑
i=0

(
n

i

)
Cqα,n−i(β)Cqα,i(β) = − [2]qα

n∑
i=0

(
n

i

)
(1− 1/λ)n−i λ

n−iCqα,i+1 (β).
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Proof. Let the function f(t) be defined as

f(t) =
∞∑
n=0

Eqα,n(β)
tn

n!
=

(
qα+2β(1 + λt)1/λ + 1

[2]qα

)−1

.

Taking the derivative of f(t) for the variable t, we have

f ′(t) =
∞∑
n=0

Eqα,n+1(β)
tn

n!
, (10)

and thus

f ′(t) =− [2]2qα
(
qα+2β (1 + λt)

1
λ + 1

)−2 qα+2β

(1 + λt)
λ−1
λ

1

[2]qα

=− f2(t)
qα+2β

(1 + λt)
λ−1
λ

1

[2]qα
.

From here, we have

f2(t) =
− [2]qα

qα+2β
(1 + λt)

λ−1
λ f ′(t)

=
− [2]qα

qα+2β

∞∑
n=0

(λ−1
λ

n

)
λntn

∞∑
n=0

Eqα,n+1 (β)
tn

n!

=
− [2]qα

qα+2β

∞∑
n=0

n∑
i=0

( λ−1
λ

n− i

)
λn−iEqα,i+1 (β)

i!
tn. (11)

On the other hand,

f2(t) =
∞∑
n=0

n∑
i=0

Eqα,n−i(β)Eqα,i(β)

(n− i)!i!
tn. (12)

Because the left hand sides of (11) and (12) are equal, the right hand sides
must be equal too. From the equality of power series, we have the first
identity. Similarly, the second one can be proved. So, the proof is complete.

�
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