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On the distribution of the greatest common
divisor of the elements in integral part sets

TEERAPAT SRICHAN

ABSTRACT. It is a classical result that the probability that two posi-
tive integers n,m < x are relatively prime tends to 1/¢{(2) = 6/n? as
xr — oo. In this paper, the same result is still true when n and m
are restricted to sub-sequences, i.e, Piatetski-Shapiro sequence, Beatty
sequence and the floor function set.

1. Introduction and results

Let |z] denote the integer part of a real number z. As usual, let p be
Mobius function and ¢ the Riemann zeta-function.

The natural density for the set of pairs of integers which are relatively
prime is a classical result in number theory. In 1849, Dirichlet [8] asserts
that the proportion of coprime pairs of integers in {1,...,n},

i#{(nl,nz) e {l,...,n}? : ged(ny,ny) = 1},

n2
tends to ﬁ = % ~ 0.608. For further details, we refer to [3, 4, 5, 7, 11].

More specially, Watson [13] proved that also for any given irrational number
«a, the positive integers n for which ged(n, |an|) = 1, have the natural den-
sity %. Later, Estermann [10] gave a different proof of a generalization of
Watson’s theorem. In 1959 Erdds and Lorentz [9] established sufficient condi-
tions for a differentiable function f : [1,00) — R satisfying ged(n, f(n)) = 1,
to have the natural density %. Recently, Bergelson and Richter [1] extended
this problem to functions in the Hardy field H. They proved, under some
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natural conditions on the k-tuple fi, ..., f;, € H, that the density of the set

{neN :ged(n, [f;(n)], ., [fr(n)]) =1}

exists and equals Very recently, Pimsert et al. [12] studied the as-

1
C(k+1)"
ymptotic formulas for the number of the integral pairs ([a®], |[b¢]) that are
coprime, a,b < x and 1 < ¢ < 2. They proved that, as z — oo,

1 @) x<c+4)/3>, for 1 <ec<5/4,
Z 1= —~2%+
¢(2) 0 xc+1/2), for 5/4 < ¢ < 3/2,

a,b<z
ged(lac],[b])=1
and for k > 3
1
1= —2aF+ O(xk’@’c)/?’).
al:';‘:}g<m C<k>

ged(lag],|ag],....lag])=1
The above sums deal with the coprimality sequences |a$], [a$], ..., [af,| with
the same parameter ¢, while those, for different parameters c, take the forms
@) x(02+4)/3>, for 1 < ¢ <5/4,

1
> 1=——a?+
42, (2) 0 x1/2+<2cl+c2>/3), for 5/4 < ¢, < 3/2,
ged(la1 ], [be2 ])=1

with 1 < ¢ < ¢y <3/2,

3 - C(lk)xk 0ok ),
Aq,...,a,<T

ged(laf" ] ,laz? ... layk )=1

with £ > 3,1 < ¢ < ¢y < ... < ¢, < 2. Thus, it would be interesting
to study the coprimality of any pairs in other sequences. Piatetski—Shapiro
sequences are defined by

N® = {lncJ}nele (C >1,cé¢ [N)

Let @ > 1 be an irrational number with bounded partial quotients and let
B € ]0,a). The Beatty sequence of parameters a and [ is defined as

{lan + 6]} nen-

Let S(z) := {[%] : 1 <n < x}. The characteristic function of the set S(x)
is denoted by 1g(,)(n).
The purpose of this paper is to establish the natural density of the set

{(n,m) € N? s n,m <=, ged(lgy(n)], [g2(m)]) =1},

where g;(n) = n, n, an + B,1g.(n), i = 1, 2. We obtain the following
results.
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Theorem 1. Let o > 1 be an irrational number with bounded partial
quotients and let § € [0,a) and 1 < ¢ < 2. As x — 00, we have

1
1= —a2+0(zglctd/3 1
a’bzgm ¢(2) < ) (1)
ged(a,[b])=1
and
1
1= —22+4+0(zlct¥/3), 2
a;z ¢(2) ( ) (2)

ged(la®],[ab+8])=1

Theorem 2. Let o > 1 be an irrational number with bounded partial
quotients and let B € [0,a). As x — 0o, we have

1 3/2+e
1= ——22+0(x*?log x) (3)
2 T@
ged(a,[ab+8])=1
and
1
1 = 2 3/2] 3/2+e ‘ 4
;z iy T O g™ ) (4)

ged(|aa+8],|ab+])=1

Theorem 3. Let S(z) :={|%] : 1<n <z}, Let o> 1 be an irrational
number with bounded partial quotients and let 5 € [0,a) and 1 < ¢ < 2. As
T — 00, we have

2
> i) = et + OatPloga), (5)
a,b<x
ged(a,b)=1
) 0] :L‘4/3logx>, 1<c§%,
1o, (b)) = —2%2 + 6
a,b<z o )( ) <<2> {O 517(2c+5)/6>, % <c< 2, ( )
ged(lac],b)=1
2
Z :H‘S(I) (b) = @1‘3/2 + O(.’E4/3 log $>, (7)
a,b<x
ged(|aa+B],b)=1
and
4
Z Lg(z)(a)Lg(b) = @1‘ + O(z*/Slog z). (8)
a,b<x

ged(a,b)=1
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2. Lemmas

Throughout this paper, implied constants in symbols O and <« may de-
pend on the parameters «, (3, c, €, but are absolute otherwise. For given
functions F' and G, the notations F' < G and F' = O(G) are both equivalent
to the statement that the inequality |F| < C|G| holds with some constant
C >0.

The main ingredients in the following proofs are several good estimates
for the number of integers n up to z satisfying various floor functions | g(n)]
belonging to an arithmetic progression.

Lemma 1 ([6]). For 1 < ¢ < 2, let x € R and a,q € Z be such that
0<a<q<z Then

c+1)/3

> 1=t o(mn (T 00).

n<x
[n€|=a( mod q)

Lemma 2 ([2]). For irrational a > 1 with bounded partial quotients and
for B € [0,a), and for positive integers d > 2,0 < a < d, we have

Z 1—§+O(dlog3x) as T — 0o.

n<x

lan+B]=a(mod d)

For growing difference d the result is non-trivial provided d < \/Elog73/27s x,

for e > 0.

Lemma 3 ([14]). Let x be a positive real number, and let q and a be two
integers such that 0 < a < q < z'/* log_s/2 x. Then

92:1/2 RVE
n=a (mod q)
3. Proofs

Proof of Theorem 1. Let 1 < ¢ < % In view of the well known identity
1, ifn=1,
> p(d) = .
y 0, ifn>1,
[n
we have

> 1:22;@):;,@) ) Y ¢

a,b<zx a,b<x dla < asz bz ;
gcd(a Lbcj ):1 d||[b¢] a=0(mod d) [b€]=0(mod d)
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By Lemma 1, we have

> = (Grom) (G o(m (7. ) ©

a,b<x d<z Ev W
ged(a,|b°])=1 -
c+1)/3
_ d<;1/2 u(d)(% + 0(1)) (3 + 0(%))
o5 salGeon)Geo(s)

d (c+4)/3 (c+1)/3
= Mc<l2)+0( > <§+$d4/3 +$d1/3 ))

d<z d<ze-1/2
co( X (55 %)

re12<d<z

= z? —Md) + O(zlog z) + O(z(+4)/3)

a2
d<zx
+ O(2°) + O(z*?) + O(z¢log x). (10)
It is well known that Zzozl % = % Thus, we have
(d) 1 p(d) 1 1
= — = ——+0(=). (11)
oA (2) o ((2) ( )
From (10) and (11) we conclude that
1= ——a2 + O(zlct9/3) (12)
> @
ged(a,[b¢])=1

Let ¢ > 2. In view of (9) and (11), we have

c+1)/3

¥ 1= R (G ron) (G o)

a,b<z
ged(a, [b¢])=1

d (c+4)/3 (c+1)/3
— g2 “é2)+0(d§<:<§+xd4/3 +xd1/3 ))

d<z

B <<12>x +0(x) + O(xlogx) + Oa!“/%) 4+ O(al+9/?)
= C(12)$2 + O($<C+4)/3)- (13)

Then, (1) follows from (12) and (13).
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Now we will prove (2). Let a > 1 be irrational with bounded partial
quotients and let 8 € [0, «). Similarly to proving (1), we write

2 =2 2w

a,b<z a,b<zx d|la®]
ged([ac],lab+B))=1 et Al
S SN SEETED S
d<ax asz <
- [a€]=0(mod d) [ab+B]=0( mod d)
In view of Lemma 1 and 2, we have
T ) 1€ x(c+1)/3
>ooi= X @G+ o(min (T )

a,b<x d<z1/2 log—3/2—e z

ged(la®],ab+p8])=1
X (g + O(allog3 x)))

S SR 71(') N N SR S

-3/2 < b
z1/2log ** "¢ z<d<ax lacj=0(mod d)  [ab+B)=0( mod d)
(c+1)/3

* o(*g))~
d<z1/21og

) (g +
(d+0(dlogfv))+ = ¥

21/210g7%* % g<d<ax

3/2—¢

_ .2 1(d) (c+4)/3
=z Z I O(a! ). (14)
d<zl/2log /% 4
Then, (2) follows from (11) and (14). O

Proof of Theorem 2. Let o« > 1 be irrational with bounded partial quotients
and let 8 € [0, ). We write

2, =2 ) w9

a,b<z ab<z dla
ged(a,|ab+B])=1 dllebro)
d<x a<x b<x
- a=0(mod d) |lab+B]=0( mod d)

In view of Lemma 2, we have

Yo S o) (G rofun)

a,b<z d<z1/2 log’3/2’s =

ged(a,[abtB])=1
R ron)ofs)

21/21og 3% p<d<a
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2 Z p(d)

=z
2
d<axl/2 10g73/27€ T d
+O( Z <x10g3x+g+dlog3x)>
d<zl/2log 3/ %4

2

ro( 3 (@)

zl/2 log73/27£ r<d<z

= x? Z ,u(gl) + 0232 10g % ).
d<zl/2 10g73/27‘E T d

Due to (15) and (11) we have

1 3/2+€
E 1= —a22+0(x%?log x).
a,ng C(2)

ged(a,|ab+B])=1

The proof of (3) follows.
Next we will prove (4). We have

IERES M I

a,b<zx a,b<z d|laatp
ged(|aa+B],[ab+B])=1 dllebal

=> ud > 1 > L

d<ox as bsa
- leea+B]=0( mod d) lab+B]=0( mod d)

In view of Lemma 2, we have

Z 1= Z u(d)<z+0<dlog3:n))>2

a,b<z d§x1/2 10g73/275 z

ged(|ovat B, Lab+ B])=1
1
+ 0 (:n2 Z ﬁ)

21/21og 3?7 g<d<az

2 p(d)
>

=X
d<zl/2log 3%y

—i—O( Z (:L‘log3;1:+d2 log6 :U>>

d<zl/2log 3/ g

+ O(x/? log®/?te x)

d e
= 22 Z wd) + O(23/? log3/2+ x).

d2
d<zl/2 log73/275 T

53
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Because of (16) and (11), we have

1 3/2+e
E 1= ——2?+0(z%?log ).
a7b§w C(2>

ged(laa+B],ab+B])=1
The proof of (4) follows.

Proof of Theorem 3. Similarly to proving (1), we write

Z Lg(z)(b) = Z 15@)@)2#(@
d|

a,b<z a,b<z a

ged(a,b)=1 alb
S T 1Y 10
d<zx asz b<x

a=0(mod d)  b=0(mod d)

By Lemma 3, we have

1/2 13]
> lsw®= X sd(G+ow) (2 + o))
gcg(’sgble d<xzl/4log 3/233
1/2
+ > u(d)(g - 0(1))0(957)
pl/4 10g—3/2 wd<z
= 21»3/2 Z 'uc(l;i)
d<zl/4log 3/*
12 21/3loga

<x4/3 logx =

+0( N\TaE T T

d<zl/4 logfs/ T
3/2 1/2

ol (ar))

rl/4 log{)’/4 r<d<z

d
— 23/2 Z HCEZQ) + O(z*3log ).
d<azl/2 Iog73/275 T

The proof of (5) follows from (11) and (17).
Now we prove (6). We write

Z Lg(z(b) = Z Lg)(0) Z (d)

a,b<z a,b<x dllac]
ng(I.acjvb>:1 dle

=D ud) >, 1Y dgeb)

d<z asz b<z

|a€|=0(mod d)  b=0( mod d)

In view of Lemma 1 and 3, we have

))
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c+1)/3

S = X (ol (G )

a,b<z d<az'/4log /?
ged([ac],b)=1 ST e

< (B o)

d dl/3
D DR C) R SRS S W ()
a1/t log % p<d<a \_acjzg(g;od ) sz(bria;d d)

c+1)/3

- Y s(Gro(t)x

d<zl/dlog 3% g

o R C D DI

z1/4log 3% g<d<z

p(d)
d2

= 223/2
2

d<zl/4log 3

<x4/310gar 4(26+5)/6 x(c+2)/310gm>>

+ O( d4/3 + d4/3 + d2/3

d<zl/4 logfs/2 T

+0 <x5/4 logg’/2 x)

d
= 215/2 Z ,u(2) + O(x*3log x) + O(x2e+5)/6) " (18)
d<axl/4 logfg/2 T d

Now (6) follows from (11) and (18).

Next we prove (7). We write

Z Lg(z)(b) = Z Lg(4)(0) Z p(d)

a,b<z a,b<z d|[aatp]
ged(|aa+p),b)=1 a
=D md) D1y Ly (),
dSI‘ b<axz

a<x <
|aa+3|=0( mod d) b=0( mod d)

In view of Lemma 3 and 2, we have

Z Lo (b) = Z wu(d) (2 + O(d log® 3:)) X

ng(Lclvlélféj b)=1 d<az'/tlog 32z
2p1/2 21/3 log
X < 7 + O(W>>
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+ Sow@ Y 1Y 14,0)

32 <z b<
x4 log 3 p<d<w loatB)0(mod d)  b=0(med d)

= . 1/;3/2 w(d) (2 + O(d log® :1:)) X
<zl/*log x
< (B o T )

1
3/2
xl/4 1og73/2 r<d<z

p(d)
3/2 Z d2

=2z

d<azl/4log 3/ x

4/3
—I—O( (% + 21/210g% 2 + 21/3d%/3 log* ac))
d<zl/4 10g73/2 T d
+ O(w5/4 logs/2 m)
d
= 2¢3/2 Z NCEZQ) + O(z*3log ). (19)

d<azl/4 Iog73/2 T

Now (7) follows from (11) and (19).

Lastly, we prove (8). We write

Z Lg(z)(@)Lgiy (b) = Z ]15@)(@)]13(90)(5)2#(61)
d|

a,b<z a,b<zx

ged(a,b)=1 dib
=Y uld) Y Agpa) Y g (b).
d<z azoféﬁd d) bEO(bxiid d)

In view of Lemma 3, we have

91/2 L1/3 2
Y lsm@lsn® = Y wd) (T +0(50ee))
gcg(’s,gb:;:l d<zl/ilog® ¢
+ Z n(d) Z Lg(a) Z 154 (b)
xl/4 log"g/2 r<d<z azo?iﬁd d) sz(bxiacE)d d)
p(d)
=A4x 2

d<zl/4 log;{”/2 T

z%/0logz 23 log2 x))

+O< Z ( d4/3 + d2/3

d<zl/4log 3%z
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o« > (7))

21/4log /% p<d<z
p(d)
=4z ot O(z%/%log z). (20)
d<zl/2log /% ¢

The proof of (8) follows from (20) and (11).
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