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Two types of the second Hankel determinant for
the class U and the general class S

MILUTIN OBRADOVIC AND NIKOLA TUNESKI

ABSTRACT. In this paper we determine the upper bounds of the Hankel
determinants of special type H2(3)(f) and H2(4)(f) for the general class
of univalent functions and for the class U.

1. Introduction and preliminaries

Let the class A consist of functions which are analytic in the unit disk
D := {|]z| < 1} and which are normalized such that

f()=z+a? +azz®+--, (1)

ie., f(0) =0 = f(0) — 1; and let S be the class of functions from .4 that
are univalent in D.

In his paper [7] Zaprawa considered the following Hankel determinant of
the second order

Hy(n)(f) =

Qnp, An+1

2
= QpGpio — a5
Ap+1  Ap42 n+l

defined for the coefficients of the function given by (1) for the case when
n = 3. The author studied the upper bound of |Hs(3)(f)| = |asas — a?| in
the cases when f from A is starlike (Re[zf'(2)/f(z)] > 0, z € U), convex
(Re[1+2f"(2)/f'(2)] > 0, z € U), and with bounded turning (Re f’(z) > 0,
z € U). These types of functions were studied separately, under the condition
that the functions are missing their second coefficient, i.e., as = 0. For the
general class S, he proved that |H2(3)(f)| > 1. In [6] the authors gave sharp
bounds of the modulus of the second Hankel determinant of type Ha(2) of
inverse coefficients for various classes of univalent functions.
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Another interesting subclass of S that has attracted significant interest in
2
< /
Z/{:{fG.A:H] fi(z)—1

the past two decades is
<l,zeD,.
1) }

More details can be found in [3] and Chapter 12 from [5].

The objective of this paper is to find upper bounds (preferably sharp)
of the modulus of the Hankel determinants Ho(3)(f) = azas — a? and
Hy(4)(f) = asag — a2 for the class U, as well as for the general class S.

2. Class U

For the functions f from the class U in [4], as a part of the proof of
Theorem 1, it was proven that there exists a function wy, such that
z
—— =1—az — zwi(2), (2)
f(2)
where |w1(2)| < |z| < 1 and |wj(z)| <1 for all z € D, and additionally, for
wi(z) =crz+coz® + -+,

1 1 4le 2
le| <1, 162!§§(1—\cl\2) and |es| < = |1 —|a)? — 2]

3
3 1+’61’ ()

In a similar way, since |w}(z)| < 1, one can verify that
sl < 31— leal? — 4leaf?).
Further, from (2), we have
z=f(2) [1 = (agz +c12” + c22° + -+ )]

and, after equating the coefficients,

as = c1 + a%,

a4 = cg + 2a9c; + ag’,

as = c3 + 2agce + c% + 3a§c1 + a%,

ag = ¢4 + 2asc3 + 2¢109 + 3a§cz + 3@20? + 4a%cl + ag.

Now we can prove the estimates for the class U.

Theorem 1. Let f € U. Then

(a) |H2(3)(f)| <1 if ag = 0, and the result is sharp due to the function
[0 P S S

(b) [H2(3)(f)| < 1.4846575... for every f € U.
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Proof. Using (4), after some calculations we obtain

Hy(3)(f) = asas — ai = (c1 + a%)c;; — 2aqc1C9 + c‘;’ — c%,

and from here
[H2(3)(f)] < lex + a3lles| +2|azlex|lez] + Jea|* + |eaf*. (5)
(a) If ag = 0, from (5) we obtain
[H2(3)()] < lelles] + [ex|® + ez,
and using (3),

1

4 2
L 1—’61’2— |02|

1—|—’Cl|
3 — e

3(L+ fe])
2 3—‘01‘ 1

3 2\2
al+ zlalP + =——=-1—c

[Ha(3)(/)] +lerf’ +leaf?

IA
=}

(les] = leal?) + el + |ea |

= E (3 — 2‘01‘2 + 12‘61’3 — ‘61‘4) = hl(’Cﬂ),

where hi(t) = & (3—2t2+12t3 —t%) and ¢t = |c1| < 1 (see (3)). Now,
Ri(t) = —3c(1 — 9c + ¢?) vanishes in only one point on the interval (0,1)
and that is a minimum of h; on the interval since h;(t) < 0 for small enough

positive numbers (let us say, for t = 0.1). Therefore
max{hi(t) : t € [0,1]} = max{h1(0),h1(1)} = hi1(1) =1,

i.e. |[H2(3)(f)| < 1. The sharpness of the estimate follows from the function

f(2) = %2 withaa =ay =0 and a3 = a5 = 1.

(b) Since U C S, we have |az| < 2 and |ag| = |c; + a3| < 3 From (5) we
have

|H2(3)(f)| < 3les| + 4lenllea| + eaf* + |e2l* = @1(leal, |ezl, |es]),

where @1 (7,9, 2) = 32 + 4y + 23 + y? with (due to (3))

1 42
1—22), 0<z<=>(1-22- )
(1 =27, —z—3< v 1—|—x>

0<z<1, 0<y<

N =
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It is evident that

cp(nr:yz)<3.1 1—a?— 47 + 4oy + 23 + y?
1Ly Yy = 14z

4
:1—m2+<4—1+x>y2—3y2+4wy+x3

dr 1 2)2 2 3
S R
2 4( z°) y: +day +x

=14z — 222 + 2 + 4oy — 3y = p(z,y).

<1-z+

It remains to find the maximal value of the function v on the domain ; =
{(:U,y) 0<z<1,0<y< %(1 — 332)} Since vy, (z,y) = 4z — 6y vanishes
for x = %y, and ¥, (3y/2,y) = 1—2y+ %y?’ vanishes only for y = —0.535. ..
we realize that ¢ attains its maximal value on the boundary of ;. Finally,

when z = 0 or x = 1, the maximum is 1, while for y = 0, the maximum
is 1.1295... for z = 0.26959..., and for y = %(1 — 2?%), the maximum is

1.4846575 . .. for x = 0.6618. ... This completes the proof. O
Theorem 2. Let f € U and ay = 0. Then |H2(4)(f)| < 1 and the
estimate is sharp due to the function f(z) = %7 = 2 + I LA S

Proof. If f € U and az = 0, then from (4) we obtain
ay = co, as=cg+ c%, cg = C4 + 2c102.
Further,
Hy(4)(f) = asag — a2 = cacq + 2¢163 — & — 2ctes + ¢f
and, using (3), we have

[Ha(4)(f)]

lcallea| + 2[er||ea]® + |es|® + 2]er]?|es| + [en !

IN

IN

1 1 1 Aleaf? \?
51— eaP) 11~ e = 4+ 2enlea + 5 (1 feal? = 12 )

1+ |eq]
1 4les)?
2e12. 2 (1 = 2 4
+ 2|eq | 3< 1] T+ ol + |1

= Alea|* + Blea|* + C = ha(|ea]),
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where ha(t) = At* + Bt? + C,

16

A2
91+ [c1])?

1 8 8 lei)?
B=2lci| — (1 —|e1}) = =(1 — — -
e 2( le1]7) 9( lc1]) 51+ |er]’

17 2
C =S =lal)?+3lal0—laf) +lal’,
72
with A > 0,0 < |ea| < 2(1 — |e1]?) and |e1| < 1. Therefore, hy attains its
maximal value on the boundary, ie.

max ha(|ca|) :max{hQ( ), ha <1(1 — e ))}

We note that he(0) = C = ¢1(|c1]), where g1(t) = %(411&4 + 1412 + 17),
has a maximal value 1 Whe 0 <t=|e1| <1, attained for t = 1.

Further, let ga(|c1]) = he (% —|e1]? ) where

1
72(17156 12t° + 38t* — 2413 + 174 + 36t),

0 <t=lc1| <1. In order to complete the proof of the theorem it is enough
to show that this function is increasing on the interval [0, 1], which will lead
to the conclusion that hy (3(1 — [e1]%)) = g2(lc1]) < g2(1) = 1.

Indeed, g’”( ) = =5 (1020t* — 288t + 228) > 0 for all ¢ € [0,1], meaning
that g4 (t) = = (340t3 — 144t 4 228¢ — 48) is increasing on the same inter-
val. Since ¢5(0) < 0 and ¢g4§(1) > 0, there is only one real solution of g5 (t) = 0
on [0, 1], i.e., only one local extreme (minimum) on [0, 1] for ¢, = 0.22554. ..
with value 92( «) =39.028... > 0. Thus, g5(t) > 0 for all ¢ € [0, 1]. O

g2(t) =

Theorem 1(a) and Theorem 2 are the motivation for the following conjec-
ture for the functions from U with missing second coefficient.

Conjecture 1. Let f € U and ag = 0. Then |Hay(n)(f)| = |ananto —
a721+1| < 1 for any integer n > 3. The estimate is a sharp due to the function

fla) =127 =05 2

3. General class S

For obtaining the estimates of the modulus of Hs(3)(f) for the general
class S we will use a method based on the Grunsky coefficients based on the
results and notations given in the book by Lebedev ([2]) as follows.
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Let f € S and let

log ————= f(t) Z wpqgtf' 24,

t—z
p,g=0

where wy, ; are the Grunsky’s coefficients with property w,, = wq,. For
those coefficients the next Grunsky’s inequality ([1, 2]) holds:

o0 o0 2 ) ’[E ‘2
DD wpgmy| <D0 (6)
q=1 p=1 p=1 p

where x, are arbitrary complex numbers such that the last series converges.
Further, it is well-known that if the function f given by (1) belongs to S,
then also
f2(2) =V f(22) =2+ 32 + 52”4+ (7)
belongs to the class S. Then, for the function f» we have the appropriate
Grunsky’s coefficients of the form wéi)_ 12¢-1 and the inequality (6) has the
form:

o o
|zap-1]®
> (2¢-1) pr—laq—lxzp—l Z o1 (8)

q=1 p=1 p=1

Here and further in the paper we omit the upper index (2) in wé?_mq_l
if compared with Lebedev’s notation.

If in the inequality (8) we put x; =1 and z2,—1 =0 for p = 2,3, ..., then
we obtain

jwi1[* + 3wz ]* + 5lws|* + Tlwrr|* < 1. 9)

As it has been shown in [2, p. 57|, if f is given by (1), then the coefficients
az, a3, as and as are expressed by the Grunsky’s coefficients wo,_1,24—1 of
the function f» given by (7) in the following way:

a2 = 2w11,

as = 2wi3 + Sw%h
10 4
ag = 2wsz + 8wiiwis + gwll,

- 10
as = 2wss + 8wiiwss + Swis + 18wi Wiz + gwill’ .

3
0 = 3wis — 3wiiwig + Wil — 3wss,
1
4
—W11-
3 11

We note that in the cited book of Lebedev there exists a typing mistake
for the coefficient as. Namely, instead of the term 5w?;, there is 5ws.

0= wi7 — w3s — wiWs3 — Wiz +
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Theorem 3. Let f € S be given by (1). Then

(a) |Ha(3)(f)] < 2.02757... if as = 0;
(b) [H2(3)(f)] < 4.8986977... for every f € S.

Proof. From the fifth relation of (10) we have

W33 = W15 — W11w13 + gwfl-
This, together with the sixth relation from (10) yields
wss = W17 — W1WI5 + Wi w13 — Wis.

By applying the two expressions from above in the relations for a4 and as
from (10), we obtain

a4 = 2wis + bwiiwis + 4w:131,
as = 2wi7 + bwiiwis + 12w%1w13 + 3w%3 + 5wil1.

Finally, these two relations, together with the relation for a3 from (10) give

H>(3)(f) = azas — af
= 2(2w13 + 3w? w1y — 12w1wiswis — 3whwis +6wiy  (11)
— 2whwiz + 2w wis — W) — 4.
(a) If ag = 2wq1 = 0, then wy; = 0, and we conclude that
Hy(3)(f) = dwizwir + 6wis — dwis,

with the following constraints on wis, wis and wi7 obtained from (9):

1 1
w1z < 7 jwis| < 7V 1 — 3lwis|?

and

1
]wn\ S W\/I — 3‘0013’2 — 5‘(,015’2.
So,

|H2(3)(f)| = 4|lwisllwiz| + 6|wis]® + 4|wis]?

4
< 77|LU13‘\/1 — 3’0013|2 — 5‘0)15’2 + 6‘&)13’3 + 4‘&)15’2

7

= 1 (Jwis], |wis]),

where 11 (y, z) = %y\/l —3y? — 522 + 6y + 422 with 0 < y = |wis| < %,
0 <z=|wsl < %\/1 — 3y2. It remains to find an upper bound of the
function 1 (y, z) on its domain

Q—{(y,z):O_ygjg,O_zg\}g\/l—SyQ}.
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Not being able to do better and leaving the sharp bound as an open problem,
we continue with what is easy to get:

4 4 4 4 12
< 60 - (1 —32) = - & 4~ 2202 LB
w1(y,2)_\ﬁy+y+5( y) 5+ﬁy 5y 0y
4 2
< - =2.02757...,
~ V21 V3

obtained for y = %

(b) In the general case, if ag # 0, since |az| < 2 and |c; + a3| = |as| < 3,
from (11) we get

|H3(3)(f)] = 6lwir| + 12|wi1|jwis||wis| + Jwit|*|wis]®
+ 6\W13!3 + 2\W11!4|w13| + 2|w11\3]w15|

+ ]w11|6 + 4]w15|2

<6- L\/1 — |w11]? = 3lw1a]? = 5lwis]? + 12|wi1]|wis|wss]
VT
+ 3lwi1 [Hwis]? + 6|wis]® + 2|wir[*wis]
+ 2|wi1 P |wis| + wi1|® + 4|wrs]?
= Yo(|wi1], lwis], wis]),

where

6
VT

+ 6y° + 22ty 4 2032 4 28 + 422

oz, y,2) = V1= 22— 3y% — 522 + 12zyz + 32>

with 0 < 2z = |wi1] < 1,0 <y = |wiz| < %\/1—372, 0<z=|wsl <
%\/1 — 22 — 3y2. Similarly as in the part (a), finding an upper bound of

the function ¥ (x,y, z) on its domain

1
{@’y’”‘“fmél,ogysﬁﬂ,

1
0<z<\/1—x2—32},

is still an open problem, even though analysis suggests that it is 1. Easy
way around, leading to a non-sharp upper bound is:

6
Yo(x,y,2) < W\/ 1 — 22 + 12zyz + 322%y?

+ 63 + 22ty + 2232 + 28 + 422,
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which after applying y < %\/ 1—22and 2 < %\/1 — z2 leads to
6 12
—V1—22+ —=z(1 —2?) +2%(1 —2?
V7 i Tt

6 2 2 4
+ —1—-2°)V1—22+ —z"\V1— 22
33 ) V3

2 3 6, 4 2
+ —2°vV1—z22+2°+ =(1 —z°) = h.(2).
7 ~(1-2%) = hu(2)
Our numerical computations show that this function has the maximal value
4.8986977 ... obtained for x = 0.3945667.. .. O

wQ(maya Z) <
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