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Some Galois connections arising from Morita
contexts of semigroups

ALVIN LEPIK

ABSTRACT. We show that a unitary surjective Morita context connect-
ing two semigroups yields Galois connections between certain lattices of
compatible relations whenever either semigroup has common weak local
units. In the event both semigroups have common weak local units, we
obtain mutually inverse lattice isomorphisms that preserve reflexivity,
symmetricity and transitivity between the lattices of compatible rela-
tions on the semigroups.

1. Introduction

Two rings are said to be Morita equivalent if the categories of modules
over those rings are equivalent. A similar concept of Morita equivalence
of monoids has been investigated by Knauer [6], regarding two monoids
to be Morita equivalent if the categories of acts over those monoids are
equivalent. A useful tool in the study of Morita theory of rings is a Morita
context, which is covered by Jacobson [4]. Morita contexts are later adapted
to the semigroup case by Talwar [13, 14]. Relations between the lattices
of submodules that arise from a Morita context connecting two rings has
been studied by Kashu [5] and his results were adapted to the semigroup
case by Paseka [7]. The main results in both of these papers are obtained
for nondegenerate Morita contexts imposing no restrictions on the rings or
semigroups.

In this note, we make use of some of the mappings considered by Paseka
[7]. Instead of requiring nondegeneracy of the Morita context, we work with
unitary surjective Morita contexts connecting two semigroups. To compen-
sate, we assume the presence of common weak local units in the semigroups.
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Given a unitary surjective Morita context connecting two semigroups, our
aim is to collect information on certain sublattices of relations on the semi-
groups and the biacts present in the Morita context.

We obtain Galois connections whenever either semigroup satisfies the
property of having one-sided common weak local units. When both semi-
groups have common weak local units, we obtain pairs of mutually inverse
lattice isomorphisms that preserve weak congruences, compatible preorders,
tolerances and congruences between the sublattices of compatible relations
on the semigroups. This generalises a result on Morita invariants of Laan and
Maérki [9] regarding isomorphism of congruence lattices of strongly Morita
equivalent semigroups with common joint weak local units.

Let S be a semigroup and gA be a left S-act. The act gA is called uni-
tary if SA = A, that is, for every element a € A there exist a’ € A and
s € S such that sa’ = a. Dually, a right act Ag is unitary if AS = A. By
an S-compatible relation we mean a binary relation p on A such that
saj p saz whenever a1 pag and s € .S. We denote the lattice of S-compatible
relations on A by Comp(gA) and dually, Comp(Ag) for a right act Ag. Lat-
tices of compatible relations of algebras have been considered by Chajda,
Seselja and Tepavéevié [2]. In general, unions of compatible relations need
not be compatible, but since acts over semigroups are algebras with only
unary operations it is readily verified that both Comp(sA) and Comp(Ag)
are sublattices of the lattice (P(A x A), C). Additionally, we consider toler-
ances, which are reflexive, symmetric and compatible relations, compati-
ble preorders, i.e, reflexive, transitive and compatible relations and weak
congruences, i.e, relations that are symmetric, transitive and compatible.

An (S,T)-biact gAr is called unitary if SA = A = AT and we have
Comp(sAr) = Comp(gA) N Comp(Ar). In case of an (S, 5)-biact gAg, we
call the elements of Comp(gA) left S-compatible and, dually, the elements
of Comp(Ag) right S-compatible.

Let X and Y be posets and f € Y and g € XY a pair of mappings. It
is said that the pair (f, g) forms a monotone Galois connection if

(Ve e X)(Vy € Y)(f(z) Sy =z <gy)).
In this case, f is called the left adjoint of g and one writes f 4 g. It
holds that f - ¢ if and only if fg < idy and idxy < gf with respect to the
pointwise order of mappings. It is clear that if f 4 g 4 f, then f and g are

mutually inverse order isomorphisms. A primer on Galois connections can
be found in [3] among others.

2. Results

Our main tool is that of a Morita context, which was adapted to the
semigroup case by Talwar [13]. Recall that the tensor product of a right act
Ag and a left act g B, where S is a semigroup, is the quotient set A ®g B :=
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(A x B) /9, where ¥ is the smallest equivalence relation on A X B containing
the set {((as,b), (a,sb)) | a € A,b € B,s € S}. The ¥-class of a pair (a,b) is
denoted by a ® b, so A®s B={a®b|ac Abe B}.

Definition 1. A Morita context connecting semigroups S and T is
a six-tuple (S,T, sPr,7Qs,0,¢), where gPp is an (S,T)-biact, 7Qg is a
(T, S)-biact and

0:5(P®1rQ)s—>=sSs and ¢:7(Q®s P)r—71Tr

are biact morphisms satisfying the identities

0p@q)p =pplqep’) and ¢0(p®q) =o(d @ p)q.
A Morita context is called

i) unitary if the biacts are unitary;
ii) surjective if the biact morphisms are surjective.

A semigroup S is called factorisable if S? = S. If two semigroups are
connected by a unitary surjective Morita context, then they are necessarily
factorisable [8]. Two factorisable semigroups are Morita equivalent if and
only if they are connected by a unitary surjective Morita context [11].

Let (S, T, sPr,7Qs,0,¢) be a unitary surjective Morita context connect-
ing semigroups S and T'. We consider the pairs of mappings (see p. 2251 in
[7] and Theorem 2.5 in [12])

(03

P(P x P) ;:PP(T xT) and P(Q x Q) ﬂ:QP(T « T)
P Q

that are defined by

ap(a) == {(t,t") | (vp € P)(ptopt’)},
Bp() ==A{(p,p) | (Vg € Q)(¢(q®@p) ¥ ¢(q@p))},
aQ(t) == {(t,t) | (Vg € Q)(tgTt'q)},
Bo) :=1{(¢:4) | (vp € P)(¢(¢@p) ¥ ¢(d @p))}.

It is clear that the maps ap, Bp, ag and fg are order preserving. These
maps also have the following properties.

Proposition 1. Let (S,T,sPr,7Qs,0,¢) be a unitary surjective Morita
context connecting semigroups S and T'. Then all of the maps ap,Bp,aq
and Bg preserve reflexivity, symmetricity and transitivity. Additionally, the
following assertions hold:

(1) ap(P(P x P)) C Comp(rT) and ap(Comp(Pr)) C Comp(Tr);
(2) Bp(P(T xT)) € Comp(sP) and Sp(Comp(Tr)) C Comp(Pr);
(3) a(P(Q x Q)) € Comp(Tr) and ag(Comp(rQ)) € Comp(rT);
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(4) Bo(P(T xT)) C Comp(Qs) and go(Comp(7rT)) C Comp(7Q).

Proof. Preservation of symmetricity is clear in all cases. We verify preser-
vation of reflexivity and transitivity for Sp. Preservation properties for the
other maps are verified analogously. Let v C T x T be reflexive and take
p € P. Then ¢(q®p) ¥ ¢(qp) for all ¢ € Q due to reflexivity of 1. Therefore,

(p,p) € Bp(¥). Now let 1) be transitive and take (p1,p2), (p2,p3) € Bp(W).
It follows that

(g @ p1) 1 d(q @ p2) Y d(q @ p3),

whence ¢(q ® p1) Y ¢(q @ p3) for all ¢ € Q due to transitivity of ¢. Thus,
(p1,p3) € Bp(v). For item (1) let 0 C P x P. Take (t1,t2) € ap(o) and
t € T. Note that pt; o pts must hold for all p € P. Firstly, we check ap(o)
is left T-compatible. Let p € P. Then by the above we have p(tt;) =
(pt)t1 o (pt)ta = p(ttz). Thus, (tt,tt2) € ap(o).

Secondly, assume ¢ is T-compatible. From T-compatibility we conclude
(pt1)t o (pta)t for all p € P. Thus, (t1t,t2t) € ap(o).

For item (2) let v» C T x T. Take (p1,p2) € Bp(¢) and ¢q € Q. Firstly, we
check Sp(1)) is S-compatible. Take s € S, then by definition of Sp(¢)) we
have

(g @ sp1) = P(qs @ p1) Y p(gs @ p2) = P(q @ sp2),

which implies that (sp1,sp2) € Bp(¢). Secondly, assume 1 is right 7-
compatible. Then

P(q @ pit) = ¢(q @ p1)t ¢(q ® p2)t = d(q @ pat)

for every ¢t € T', which implies that (pit, pat) € Sp(v)). Items (3) and (4) are
proved similarly. O

A semigroup S is said to have common weak left local units if, for any
two elements s1, so € 5, there exists u € S such that us; = s1 and usg = so.
Dually, one defines common weak right local units. A semigroup S is
said to have common weak local units if S has both common weak left
local units and common weak right local units [10].

Example 1. Every monoid is a semigroup with common weak local units.
Every lattice has common weak local units with respect to both joins and
meets.

The following result can be checked easily.

Lemma 1. Let gA be a unitary S-act, where S is a semigroup with com-
mon weak left local units. Then, for every ai,as € A, there exists u € S
such that ua; = a1 and uas = as.
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Proposition 2. Let (S,T, sPr,7Qs,0,$) be a unitary surjective Morita
context connecting semigroups S and T. The following assertions hold for
the pair of maps

ap : Comp(gP)—=Comp(7rT) and Bp: Comp(rT)— Comp(sP).

1. If T has common weak left local units, then ap 4 Bp and ap is
surjective.

2. If S has common weak left local units, then Bp 4 ap and Bp is
surjective.

Proof. We restrict the mapping ap from Proposition 1 from P(P x P)
to its subset Comp(gP), but we still denote the restriction by ap. We use
a similar convention for Sp. The maps ap and Bp are well defined by
Proposition 1. Let o € Comp(gP) and 1 € Comp(7T).

1. Assume ap(o) C v and let (p1,p2) € 0. To show (p1,p2) € Bp(v), we
must show that ¢(q @ p1) ¥ ¢(q @ p2) for every ¢ € Q. Let ¢ € Q and take
p € P. Note that

pplg@p1) =0(p@q)p1 and pé(q @ p2) = 0(p @ q)pa.
Since O(p ® q) € S and o is S-compatible, we have

po(q @ p1) o pp(q @ pa).

This implies that (¢(q ® p1),d(q ® p2)) € ap(o) C 1, as required.

Conversely, assume o C Sp()) and let (t1,t2) € ap(o). Then pty o pty for
every p € P. By assumption, we have (pt1,pt2) € Bp(?), so

(Vp € P)(Vq € Q)(¢(q @ pt1) ¢ ¢(q @ pt2)).

Equivalently, tty 1 tty for every t € T' due to surjectivity of ¢. In particular,
we have t1 = vty ¢ vty = t9 for some v € T due to the presence of common
weak local units in 7. Hence, ap(o) C 1, as required.

We check surjectivity of ap. Let ¢ € Comp(77). The containment
ap(Bp(y)) C 9 holds due to ap 4 Bp. Conversely, let t1ty. Left T-
compatibility implies that

P(q@pt1) = ¢(q @ p)t1 Y ¢(q @ p)ta = ¢(q @ pta)

for every p € P and ¢q € Q. Equivalently, (pt1,pte) € Bp(¢) for every p € P.
So we have ¢ C ap(8p(1))). Therefore ap(Bp(¢)) = 1 and ap is surjective.
2. Assume ¢ C ap(o) and let (p1,p2) € Bp(y). It follows that
(Vg € Q)(¢(a @ p1) ¥ ¢(q ® p2))
=(Vq € Q)(¢(q ® p1) ap(0) $(g @ p2))
©(Yq € Q)(Yp € P)(pp(q @ p1) o pp(q @ p2)).
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By Lemma 1, take u € S such that up; = p; and ups = p2. We have
u = 0(p® q) for some p € P and ¢ € Q due to surjectivity of 6. It follows
that
p1=up1 =0(p ® q)p1 = pd(q ® p1) 0 pd(q ® p2) = pa.

So (p1,p2) € o and Bp(¥) C o.

Conversely, assume [p(¢) C o and let (t1,t2) € ¥. To show (t1,t2) €
ap(o), we must show that pty o pty for every p € P. Let p € P. Since v is
left T-compatible, we have

(Vg € Q)(8(q @ pt1) ¥ ¢(q ® pt2)).
This implies that (pt1, pte) € Bp(¢) C o, as required.

We check surjectivity of Sp. Let 0 € Comp(sP) and p; o ps. Take p € P
and ¢ € Q. By S-compatibility we have (p®q)p1 0 6(p® q)p2, which implies
that

p9(q ® p1) 0 pp(q @ p2).

It follows that (¢(q@p1), ¢(¢®p2)) € ap(o) so (p1,p2) € Bp(ap(o)). Thus,
o C Bp(ap(o)). The containment Sp(ap(c)) C o follows from fp 4 ap. O

Remark 1. It is well known that if f - g, then f is surjective if and only
if g is injective.

Similarly to the proof of Proposition 2, one can prove the following.

Proposition 3. Let (S,T,sPr,7Qs,0,¢) be a unitary surjective Morita
context connecting semigroups S and T. The following assertions hold for
the pair of maps

ag : Comp(Qg) —= Comp(Tr) and Bg : Comp(Tr) — Comp(Qs).

1. If T has common weak right local units, then ag = Bg and ag is
surjective.

2. If S has common weak right local units, then Bg = ag and Bg is
surjective.

The assertions made for one-sided acts also hold in case of biacts.

Corollary 1. Let (S,T,sPr,7Qs,0,¢) be a unitary surjective Morita
context connecting semigroups S and T. The following assertions hold for
the pairs of maps

ap : Comp(sPr) — Comp(rTr) and pp: Comp(rTr)— Comp(sPr),
ag : Comp(rQs) — Comp(7Tr) and Bg : Comp(rTr)—= Comp(rQs).

1. If T has common weak left local units, then ap 4 Bp and ap is
surjective.

2. If S has common weak left local units, then Bp 4 ap and Bp is
surjective.
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3. If T has common weak right local units, then ag = Bg and ag is
surjective.

4. If S has common weak right local units, then Bg - ag and Bg is
surjective.

Proof. The maps are well defined by Proposition 1. The adjunctions per-
taining to ap and Bp follow from Proposition 2. The claims for ag and Bg
are proved analogously. O

Results obtained with the Morita context (5,7, sPr,7Qs,0,®) can be
reproduced dually using the Morita context (T, S, rQs, s Pr, ¢,0), for which
we have the dual mappings

P@x Q) —=P(Sx §) and PP x P)——=P(S x 5)
Bq Bp

that are defined by

aQ(r) = {(s,s) | (Vg € Q)(gsTqs")},

Bolp) :={(¢,d) | (vpe P)O(p@q) pbp©4q))},
ap(o) = {(s,s") | (Yp € P)(spos'p)},

Bplp) ={(p,p) | (Va€Q)(O(p®q)pb(p ®q))}.

Theorem 1. Let semigroups S and T with common weak local units be
connected by a unitary surjective Morita context (S, T, sPr,1Qs,0,$). Then
we have the following pairs

Comp(sP) =—= Comp(7T) Comp(Pr) % Comp(Ss)
P Bp
aqQ agQ

Comp(7Q) =——— Comp(sS) Comp(Qs) <77> Comp(Tr)
Bag Q

of mutually inverse lattice isomorphisms that preserve weak congruences,
compatible preorders, tolerances and congruences.

Proof. We have pairs of mutually inverse order isomorphisms by Proposi-
tion 2 and its dual. Preservation of weak congruences, compatible preorders,
tolerances and congruences follows by Proposition 1. It is well known that
an order isomorphism between lattices is a lattice isomorphism. O

Theorem 3 in [9] yields that the lattices of ideals of strongly Morita equiv-
alent semigroups S and T are isomorphic whenever S and T have weak local
units. In other words, the sublattices of Rees congruences on S and T are
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isomorphic. In view of Corollary 1 and its dual, we may conclude the fol-
lowing.

Theorem 2. Let semigroups S and T with common weak local units be
connected by a unitary surjective Morita context (S, T, sPr,1Qs,0,¢). Then
we have the following pairs

aQ

ap Baq
Comp(sPr) —— Comp(7T7) ——— Comp(7Qs) ——— Comp(sSs)
513 aQ Bo

of mutually inverse lattice isomorphisms that preserve weak congruences,
compatible preorders, tolerances and congruences.

A relation ¢ C T x T is a congruence of the biact 777 if and only if it is
a congruence of the semigroup 7. That is, Con(7T7r) = Con(T'). A similar
assertion holds for compatible preorders. Hence we obtain the following
result.

Corollary 2. If S and T are strongly Morita equivalent semigroups with
common weak local units, then the lattices of weak congruences, compatible
preorders, tolerances and congruences of the biacts gSs and rTr are iso-
morphic. Explicitly, if (S,T, sPr,7Qs,0,) is a unitary surjective Morita
context, then the mutually inverse isomorphisms are the restrictions of the
mappings

© : Comp(sSs) — Comp(7Tr) and & : Comp(rTr)— Comp(sSs)
defined by
O(p) == {(t,¥") | (Vg € Q)(Yp € P)(8(pt @ q) pO(pt' @ q))} ,
®(¢) = {(s,8") | (Vg € Q)(Yp € P)(¢(q @ sp) ¥ $(q ® 5'p)) } -

In particular, the lattices of compatible preorders and congruences of the
semigroups S and T are isomorphic.

These mappings are also similar to the mappings © and ® of Theorem 2
n [15].

Remark 2. Let S be a semigroup. Since tolerances are reflexive, it follows
that every tolerance of the semigroup S is also a tolerance of §Sg. Also, due
to transitivity, every weak congruence of gSg is a weak congruence of the
semigroup S.

Remark 3. The above corollary generalises Theorem 6 in [9]. It turns out
that the mappings in said paper coincide with the ones given in Corollary 2.
Laan and Mérki [9] consider the transitive closure of the relation

I, := {(¢(q ® sp), p(q @ s'p)) | sps’,p € P,q € Q},
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where p € Con(S). It holds that
I, = 6(p) = {(t,t') | (Vg € Q)(Vp € P)(0(pt @ q) pO(pt' ® q)) } -

Proof. We show ©(p) C II,. Let (¢,t") € ©(p). Since ¢ is surjective, there
exist pt, py € P and g, gy € Q such that t = ¢(q: @ p) and ' = P(qp @ py).
Lemma 2.3 and its dual imply that there exist v = ¢(q, ® p,) € T and
v = ¢(qy ® py) such that ug = qt, uqy = q, prv = pt ja ppv = py. Denote

s:=0(put @ qp) p O(put’ @ qp) =: 5.
It follows that

(

((qu @ Pu) @t @ Prd(qw ® po))
(qu @ Pu)P(ar @ Pe)d(qv @ Py)
(qu ® Putd(qu @ pu))

(qu ® O(put ® qu)pov)

(

and similarly ¢’ = ¢(g, ® §'p,). Thus, we have (¢,t) € II,.
Conversely, let ¢(go ® spo) I, ¢(qo @ s'py), where sps’. Take ¢ € Q and
p € P. It follows that

0(pp(qo @ spo) @ q) 0(p ® qo)spo @ q)

o(
0(p ® qo) s0(po @ q)
0

pO(p®qo)s 0(po @ q)
= 0(po(q0 ® s'po) @ q).
Thus, I, C ©(p). O

3. Conclusion

Morita invariants are properties which are shared by all semigroups in the
same equivalence class. Corollary 2 implies that all properties defined in
terms of the tolerance lattices of semigroups with common weak local units,
regarded as biacts, are Morita invariant. One such property is tolerance
triviality [1], i.e, every tolerance of the biact gSg is a congruence.

Recall that a left (right) S-act gA (Ag) is called faithful if for any s,s’ € S
it holds that s = s’ whenever sa = s'a (as = as’) for all a € A.

A Morita context (S, T, sPr,7Qs, 0, ) connecting semigroups S and 7' is
called nondegenerate (see [7]) if ¢P, Pr,7Q and Qg are faithful and the
following conditions are satisfied for any pi,p2 € P and q1,¢2 € Q:

(1) p1 = p2 whenever ¢(q ® p1) = ¢(q ® p2) for all ¢ € Q;
(2) p1 = p2 whenever 0(p; ® q) = 0(p2 ® q) for all ¢ € Q;
(3) ¢1 = g2 whenever ¢(q1 ® p) = ¢(q2 ® p) for all p € P;
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(4) q1 = g2 whenever 0(p ® q1) = 0(p ® q2) for all p € P.
The results of Paseka [7] are obtained for nondegenerate Morita contexts.
It would be interesting to know more about such Morita contexts and where
they appear. Presently, we do not possess an abundant supply of them.

Problem 1. What are examples of nondegenerate Morita contexts, where
at least one of the semigroups is not singleton? When are two semigroups
connected by a nondegenerate Morita context?
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