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Abstract 
 
The paper answers one of the typical problems of economic theory - how it is in 
practice possible to measure and to interpret the quality of economic time series oat 
all economic levels. The task is on the macroeconomic level solved by weighted 
geometric aggregation of input factors (labour and capital) into summary input 
factor (SIF) - the method is similar to the Cobb-Douglas production function. The 
paper shows differences of our approach to the approach of growth accounting – our 
approach is based on more general condition and covers not only situations of 
growth of economic indicators but also situations of their falls or stagnation. The 
approach allows also distinguishing the compensation of input factors. So, the 
methodology presented in the paper can be used in many practical applications, for 
instance it enables us to count clearly intensive and extensive parameters of 
economic growth. 
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1. Introduction 
 
The question as to which factors cause the development dynamics of an economic 
unit (a firm, region, state, etc.) is one of the most discussed in the economics. 
Generally speaking, dynamics may be due to extensive or intensive factors; 
however, the effect of those factors needs to be properly quantified. This article 
summarises the knowledge from research in the quantification of the given factors, 
while following on the publications of Hrach and Mihola (2006), Mihola (2007a), 
Mihola (2007b), Hájek and Mihola (2008a), Hájek and Mihola (2008b), Hájek and 
Mihola (2009). The research is based on the crucial business criterion of the market 
economy, i.e. profit, while respecting the limits of the factors of production. In this 
context, the manner of achieving profit is not immaterial. The instruments included 
in the text are applicable to businesses as well as to the national economy and other 
sciences. The correct answer as to the method of generating profit and GDP has a 
significant impact on the management of large business groups, on seeking a 
forward-looking direction of national economies and transnational units, as well as 
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on tackling the problems of tendering processes, outsourcing and other economic 
activities. 
 
A crucial feature of the knowledge society is the application of new knowledge or 
the innovative application of existing knowledge. Schumpeter’s economic analysis 
stresses the key role of dynamic processes based on permanent innovative efforts of 
businesses. However, innovation in all stages of business activities develops only in 
the environment which, owing to good education, fosters science and research as 
well as quality of human resources, and improves the use of innate human 
capacities. The innovation processes are also associated with the development of 
communication technologies, the management level, and a more efficient strategy 
and motivation. Such developments typically entail the use of qualitative or 
intensive factors of development in particular, as opposed to extensive expansion of 
the existing production. 
 
In solving practical strategic tasks of the national economy and businesses, it is 
essential to use proper dynamic indicators that reflect the factor of time, without 
which neither a serious tendering process nor the increasingly popular outsourcing 
can exist. Before we derive the appropriate indicators of an innovative or, more 
generally, qualitative or intensive development, we will give one general illustrative 
example, which will help us with finding an appropriate basic correlation, on which 
the entire solution will be based. 
 
2. Initial illustrative example 
 
Suppose we run a successful firm, which supplies the market with production, for 
which, over the given initial period (referred to as index 0), it gains total revenue2 
TR0, on which it spends total costs TC0 over the same period. The difference 
between the two quantities defines the economic profit. 
 EP0 = TR0 - TC0 (1) 

 
Then the total revenue / total cost ratio defines efficiency Ef0, which expresses the 
portion of total revenue per CZK 1 of the total cost invested, that is, 
 Ef0 = TR0 / TC0 (2) 

 
The economic profit / total cost ratio defines the cost profitability, i.e. the portion of 
profit per CZK 1 of the total cost. Then the correlation between efficiency and 
profitability can also be derived: 
 Ef0 = (EP0 + TC0 )/ TC0 = EP0 / TC0 + 1 (3) 
 
The following schema shows this initial situation. 

                                                                 
2 We will initially describe outputs and inputs using microeconomic symbols, flow variables, 
TR as the total revenue and TC as the total cost. In both cases, the domain of definition 
includes positive rational numbers. TR ≥ 0 and TC ≥ 0. If TR < TC, the economic profit will be 
negative. 
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Suppose the market demand for the goods we produce doubles, with no other 
competing producer operating in the market. The production might be doubled in the 
two following specific ways: either we will build another production facility next to 
our existing one, or we will double the output of our existing facility solely through 
intensive factors of development. 
 
In the first scenario, all inputs need to be doubled. We will need double our land. As 
the existing production method has worked well, we will build double production 
capacity of the same quality without any improvements. To operate such a capacity, 
we will also need double the number of our employees with the same skills. We 
could even only use our existing staff if reorganised into two shifts. Thus we will 
double both our capital and labour. The following schema illustrates this purely 
extensive way of production expansion. 
 

 
 
For the purely extensive development, the achieved economic profit and efficiency 
(referred to as index e) can be expressed by the total revenue and total cost 
commensurate with the initial situation before our production was doubled, as 
follows. 
 EPe = 2.TRo-2.TCo= 2.EPo (4) 
 Efe = 2.TRo/2.TCo= Efo (5) 
 
That said, with the purely extensive development, the economic profit has doubled. 
Likewise, the total revenue and total cost have also doubled. However, the economic 
efficiency Ef0 has not changed compared to the initial situation. 
 
The second scenario includes the same inputs as the initial situation (referred to as 
index 0). We will double our production solely through innovations based on 
intensive factors. Hence we will do with the same land, and will consequently have 
the same number of employees and the same amount of capital, which we may 
innovatively change, however. Another admissible variant is the one of deploying a 
fewer number of higher skilled employees, who are paid better, however, and thus 
the total production costs will not change. Only the production will double. 

TC0 TR0 

TC0 TR0 

TC0 TR0 
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In the purely intensive development, the economic profit (referred to as index i) has 
more than doubled, as shown in the correlations below. In this scenario, the 
economic profit equals that of the purely extensive variant increased by the amount 
of total cost in the initial variant. The economic efficiency (referred to as index i) has 
exactly doubled: 
 EPi = 2.TRo – TCo = 2.EPo + TCo = EPe + TCo (6) 
 Efi = 2.TRo/TCo = 2.Efo (7) 

 
As the economic profit has increased in both variants, a more appropriate indicator 
of the economic development intensity is the efficiency, which remained unchanged 
in the purely extensive development, and increased as much as the output in the 
purely intensive development. This can be used very well in distinguishing the level 
of economic development intensity. 
 
3. Generalisation of the initial example 
 
In effect, pure developments occur only rarely. Mixed developments, involving both 
components, are usual. The mixed development may also involve the compensation 
of individual factors, one of which may have an upside effect while the other may 
have a downside effect. The general expression of the level of development intensity 
or extensity must be applicable to any production increase as well as to its decrease 
or stagnation. 

 
If we need to express the share of the effect of economic profit EP or of total cost in 
the total revenue achieved, we can do so by using an additive expression derived, for 
example, from the correlation (1): 
 TR = EP + TC (8) 

 
Then we only need to divide the expression (8) by quantity TR, and if the quotients 
are to be expressed as percentages, the linear equation must be multiplied by 100: 
 100 = 100.EP/TR + 100.TC/TR (9) 

 
In the above considered scenario, the economic profit EP and the total cost TC in the 
initial situation make up 50% of the total revenue TR. In the purely extensive 
development, these shares remain unchanged, whereas if the production is doubled 
in a purely intensive manner, the share of profit in total revenue increases to 75% 
and the share of total cost in total revenue makes up for 25%. 
 
If we wish to calculate the shares of the effect of a multiplicative link, such as the 
effect of efficiency and total cost on the total revenue, we can modify expression (2) 
as follows: 

TC0 

TR0 

TR0 
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 TR = Ef .TC (10) 
and subsequently convert expression (10) into a linear additive link using a 
logarithm. Thus we can also express the share of the effect of the qualitative 
magnitude in the form of efficiency Ef in the quantitative magnitude in the form of 
total cost TC. 

 
The inputs and outputs of an economic unit may be of more than just the flow nature 
at the company level. In the national economy, the output may be expressed, for 
example, as gross domestic product (GDP) while inputs may be represented by 
functions of state such as labour L and capital K, which can be aggregated into a 
summary input3 of factors SIF. 

 
4. Dynamic problem 

 
If the timeline of flow quantities such as TR, TC, EP, Ef and, where appropriate, the 
GDP, or of the functions of state such as the number of employees, essential means 
or the population constitutes what is known as the static problem, the changes in 
those quantities, measured by the dynamic characteristics of absolute or relative 
accrual (change rate) or index (change coefficient), constitute the dynamic problem4. 
In both events, we can express the extent to which the development is based on 
extensive or intensive factors of development at the levels of business, region or 
national economy. 
 
If τ denotes the initial moment of a monitored period and T denotes the final 
moment, the number of monitored periods is: 
 m = T-τ (11) 

 
Then the development of each quantity over a timeline can be observed by means of 
one of the three following dynamic characteristics used for any characteristic of the 
relevant system, with the characteristic being referred to as A (a general 
denomination of a characteristic, which may be TR, NC, L, K, etc.): 
• absolute accrual ∆(A) = AT - Aτ (12) 
• growth rate G(A) = TA -  A

τ
 

τA
=

∆(A)
A

τ

= I(A) −1 (13) 

• change coefficient; (chain) index I(A) =
TA  

τA
= G(A)+1(14) 

 
If m = 1, then we have dynamic characteristics of two successive periods. In 
addition to dynamic characteristics, we can also observe efficiency Ef, i.e. the 

                                                                 
3 More details available, for example, in Hájek and Mihola (2009), p. 745, where summary 
inputs are referred to as symbol N. 
4 Details of the definition of static and dynamic tasks available, for example, in Hájek and 
Mihola (2009), p. 745, or Mihola (2007b), p. 448. 
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correlation between input x and output5 y over the given period of time. The 
expression of efficiency as a ratio does not necessarily require the same units of 
input and output quantities. The output quantity will be generally referred to as y 
(e.g. TR, GDP, etc.) and the input quantity as x (e.g. TC, capital K, labour L, SIF, 
etc.). This definition, which describes the given system by monitoring the changes in 
outputs, inputs and interrelations, corresponds to the cybernetic concept of the task. 
It provides us with information on efficiency6, i.e. the units of outputs per unit of 
inputs at time t: 

 Eft = ty

tx
 (15) 

 
An inverted value interprets the cost requirements, and specifies how many inputs 
are required per unit of outputs. Expressions (13), (14) and (15) can be used to 
derive the following correlations among the specified homogeneous dynamic 
characteristics7: 
 G(y) = G(x) + G(Ef) + G(x) .G(Ef) (16) 
 I(y) = I(x) . I(Ef) (17) 

 
After the derivation of universal correlations for the unambiguous classification of 
developments according to the shares of qualitative and quantitative (or extensive 
and intensive) factors, we need to describe these development types first. The 
detailed derivations of this typology, which is used as the basis for the derivation of 
universal dynamic characteristics to analyse the intensity of any development, are 
included in Mihola (2007a). In brief, this typology is evident from Table 1. 

 
5. Dynamic parameters of intensity and extensity 

 
The derivation of the correlations expressing the share of the effect of intensive 
factors on the development of outputs can be based on both the partly additive 
expression (16) and the purely multiplicative expression (17). The existing 
theoretical analyses as well as numerous practical applications that allow for the 
easy interpretation of results and further generalisation, e.g. into multiple factors, 
indicate that a logarithmically calculated correlation8 (17) is more appropriate as the 

                                                                 
5 The domain of definition for inputs as well as outputs includes positive rational numbers: 
xϵ‹0,∞); yϵ‹0,∞) then I(x)ϵ‹0,∞); I(y)ϵ‹0,∞); G(x)ϵ‹-1,∞); G(y)ϵ‹-1,∞)  
6 This is how numerous authors define efficiency, e.g. Klacek (2006), p. 291, says: “In general, 
we can define the total productivity of the factors of production as the ratio between the output 
of a production process and the summary of inputs of the factors of production. 
SP(t)=Q(t)/N(t), where Q is the product and N is the summary input” 
7 For details of the correlations, sorts and types of aggregations between a static task and a 
dynamic task, see Mihola (1979) and Mihola (2005). 
8 Even though growth rates in economic calculations are often very low numbers, it is not 
always the case. This is particularly relevant in use of short time intervals and in a deeper 
hierarchical structure of the economy, e.g. at the enterprise level. An uncontrolled omission of 
this multiplicative term is a similar operation as a not quite correct omission of the powers of 
fluents used by Newton in his derivations. See e.g. Seife (2005), p. 133. 
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basis for further computations. If expression (16) is used, we must either omit9 the 
multiplicative part of that expression, i.e. G(x).G(Ef), or split that term ‘somehow’. 
This problem even increases if we consider more than 2 factors because the number 
of multiplicative terms and their extent increase rapidly. 

 
Literature specifies certain solutions that are only applicable to positive accruals10 of 
both factors. However, a dynamic task also needs to reflect the instances of declines 
in the individual factors as well as in the output. Furthermore, both considered 
factors may have a downside effect on outputs. If one factor has an upside effect 
while the other has a downside effect, the effects will partly compensate each other, 
or the mutual compensation may even lead to zero output growth. The following 
expressions were derived11 to truly express all situations that may occur in a 
dynamic task. 

 
The derivation result is a correlation for a dynamic parameter of intensity: 

 i =
ln I(Ef) 

lnI(Ef) + lnI(x)
 (18) 

and a supplementary correlation for extensity: 

 e =
ln I(x) 

lnI(Ef) + lnI(x)
 (19) 

 
For the purely intensive development, expressions (18) and (19) generate i = 1 and e 
= 0 (or 100% and 0%, as appropriate), while for the purely extensive development, 
expressions (18) and (19) generate i = 0 and e = 1. Even in all the other instances, 
the given pair of dynamic parameters provides clear information on the type of 
development in the given sub-period or total period. 
 
Adding up expressions (18) and (19) will derive the general correlation between the 
parameters of intensity and extensity. 

 
 i.sgn[G(Ef)] + e.sgn[G(x)] = 1      or      l i I + Iel = 1 (20) 
 
The sum of both parameters in quadrant I, where both factors contribute to growth, 
equals 1. In quadrant III, the sum is -1, with both factors having a downside effect. 
In compensation quadrants II and IV, the sum of dynamic parameters of intensity 
and extensity equals 0. This can be used as guidance in the types of development. 
The sum of both dynamic parameters tells us whether it is quadrant I or III, or 
whether it is compensation. The fact that the sum of absolute values of both 
parameters equals 1 is used for designing well-arranged bar charts, for instance, 
which clearly express the shares of the effects of both factors. 

 
                                                                 
9 However, use of this procedure for the growing quantities is nothing new at all. As long ago 
as in 1978, this expression was proposed in Cyhelský, Matějka (1978), p. 302. 
10 E.g. Cyhelský and Matějka (1978), Toms and Hájek (1966), Toms (1983), Toms (1988).  
11 The derivation is detailed in Mihola (2007a). 
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The overview of values of the derived dynamic parameters for basic developments is 
included in Table 1. 
 
Table 1. Values of intensity and extensity parameters for basic developments 
 
  Parameter value 

  
Names – 

basic 
developments Characteristics Occurrence 

Output 
development Type 

of 
intensity 

i (%) 

of 
extensity 

e (%) 

1 
Purely 
intensive 
growth 

Growth in 
output y only 

influenced by Ef 
developments 

axis y  

Growth 

Net 
develop-
ments – 
effect of 
only one 

parameter 

100 0 

2 
Purely 
non-intensive 
decline 

Decline in 
output y only 

influenced by Ef 
developments 

Decline -100 0 

3 
Purely 
extensive 
growth 

Growth in 
output y only 

influenced by x 
axis x  

Growth 0 100 

4 
Purely 
non-extensive 
development 

Decline in 
output y only 

influenced by x 
Decline 0 -100 

5 

Combined 
intensive & 
extensive 
growth 

The same effect 
of Ef and x on 

growth in output 
y Symmetry 

axis of 
quadrants I 

and III 

Growth 

Consonant 
effect 

50 50 

6 

Combined 
non-intensive 
& non-
extensive 
decline 

The same effect 
of Ef and x on 

decline in 
output y 

Decline -50 -50 

7 Intensive 
compensation 

Stagnation of 
output y by 

growth in Ef 
and decline in x Zero growth 

hyperbola Stagnation Compen-
sation 

50 -50 

8 Extensive 
compensation 

Stagnation of 
output y by 

decline in Ef 
and growth in x 

-50 50 

 
Derived dynamic parameters can be used wherever we consider the effect that the 
development of the relevant absolute and relative quantities had on the result 
achieved. For example, the effect and inertia, i.e. steady motion, that a speed change 
(i.e. acceleration) had during accelerated linear motion over a distance achieved. 
These parameters can be used wherever any outputs and inputs variable over time 
exist and where the effectiveness or efficiency measurable by changes in 
effectiveness or efficiency usually varies. 
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The advantage of those parameters is that they can be compared in respect of time. 
That said, they are comparable without further modifications even though they have 
been calculated for timelines of different lengths. This is due to the automatic 
averaging because no root extraction (averaging) is necessary for base indices, as 
shown in expression (18) (where a base index for m years is considered): 

 i =
ln 1/mI (x) 

ln 1/mI (u) + ln 1/mI (x)
  

 =
(1/m) lnI(x) 

(1/ m) lnI(u) + (1 / m) lnI(x)
 (21) 

 
Derived dynamic parameters are not limited in space, and allow for easily 
comparing different countries, sectors, businesses, etc., due also to the fact that it is a 
dimensionless quantity. This is because definition expressions (18) and (19) only 
include dynamic characteristics, i.e. indices. It is an advantage of any dynamic 
parameter because these are independent of a scale or the units of characteristics 
used in static tasks. 
 
Correlations (18) or (19) operate with growths as well as declines in any 
combination, including compensations, at any type of output development. The 
correlations also work with the limit states of net developments without problems. 
Also, there is no need to adopt any special simplifying assumptions or to check 
whether or not an unacceptable distortion has occurred during an approximate 
calculation, if any. The calculation is transparent, repeatable any time, and will 
always yield the same result. 

 
The result obtained has a clear interpretation and constant information substantiality. 
The parameter of intensity i indicates the proportion at which the intensive 
(qualitative) factor, which makes itself felt as a change in efficiency, i.e. a change in 
the share of outputs and inputs over the given period of time, has contributed to the 
final development of outputs. The parameter of extensity e gives additional 
information on the proportion at which the extensive (quantitative) factor, i.e. the 
inflow of qualitatively unchanged inputs over the given period of time, has 
contributed to the final development of a product (outputs, effects). 

 
A good interpretation of parameters leads to their easy application. Dynamic 
parameters aptly complement the existing characteristics with a fairly new 
perspective. The effort to express a share of influence or of the consequent 
contributions is evident in almost any economic analysis. The primary advantage of 
the solution presented here is that it comprehensively and systematically addresses 
all situations, including declines, decreases in one of the factors, and consequently in 
compensations. However, one should avoid any isolated assessment of those 
parameters irrespective of the distance from the point of stagnation, where all 
isoquants converge. Naturally, in assessing the developments which are very close to 
stagnation, the relevance of the assessment as to how intensively this was achieved 
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disappears. For the same reason, it would be easy to manipulate the sizes of dynamic 
parameters. 
 
6. Macroeconomic interpretation 
 
Most practical applications have been subject to experiments using a classical 
macroeconomic task, where input y constitutes the GDP in constant prices and 
inputs are expressed by functions of state, namely labour L and capital K. Timelines 
and relevant dynamic characteristics of those quantities are also exogenous 
quantities of growth accounting12. A practical use of the growth accounting 
correlation is the specification of the residual quantity, which is the growth rate of 
the summary productivity of factors13 G(SPF)14; e.g. Mihola (2007), p. 111, specifies 
the correlations15: 
 G(Y) = G(SPF) + vL.G(L) + (1- vL).G(K) (22) 
 G(SPF) = G(Y) – vL.G(L) – (1- vL).G(K) (23) 

 
Here the expression is derived, under special assumptions, from an additive identity 
of national economy16, as part of the reflections on the development of what is 
known as potential output. This includes weight vL as the labour elasticity of output, 
and weight vK as the capital elasticity of output. Assuming that the return to scale is 
constant, the sum of those weights equals 1: 
 vL.+ vK = 1 (24) 

 
In the expression (22), these weights are used in a weighted aggregation of the rates 
of growth of labour and capital. The assumption of the additive aggregation in a 
static task is not realistic just because one cannot imagine an economy without either 
of these factors, i.e. completely without labour or without any capital. While these 
factors are substitutable, they are substitutable relatively rather than absolutely. 
Hence the likely outcome is a multiplicative aggregation of these factors in a static 
task, with which a hyperbola-shaped isoquant is commensurate. 
                                                                 
12 An analogous expression is derived in numerous studies and textbooks, e.g. Mihola (2007a), 
p. 108, or Hájek and Mihola (2009, p. 746). Today, this correlation constitutes the backbone 
correlation of growth theories that are primarily concerned with long-term economic growth of 
potential output. 
13 Robert M. Solow, see Solow (1957), examines what is known as steady state growth, where 
the capital and labour growth rates reach equilibrium. Output growth per capita is subject to 
technological progress, which he sees as an exogenous factor here. Further elaboration of this 
idea has shown that not only technological progress but also the collective effect of all 
intensive factors of growth is relevant. 
14 For example Denison (1967, see p. 15), used the SPF growth rate for an international 
comparison of 9 developed countries. 
15 The calculation of the total factor productivity using this correlation has been discussed in a 
number of studies, such as OECD (2003), OECD (2004); some of Czech authors include 
Hurník (2005), Dybczak et al. (2006), Hájek (2006), Ministry of Finance (2009); in Slovakia: 
Zimková, Barochovský (2007).  
16 It also includes average wages and capital profitability dependent on labour or capital. In 
tackling this problem, one should also consider the issues of investment efficiency and the 
ongoing substitution of labour by technology. 
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The growth rate of the summary productivity of factors G(SPF), calculated from 
expression (23), makes it possible, if the output growth rate is known, to calculate17 
also the share of the effect of the development of intensive factors on GDP 
developments, which can be ascertained from expression (18). To be able to use 
modified expression (18), we initially need to aggregate both inputs in a static task, 
i.e. labour L and capital18. This quantity is referred to as the summary input of 
factors (SIF). Both additive19 and multiplicative aggregation functions are used to 
this end in static as well as dynamic tasks20. We believe that the most appropriate 
form of aggregation is the weighted geometric aggregation21, which is used, for 
example, in the form of Cobb-Douglas with technical progress22. 
 Y = SPF . Lα . K (1-α)  (25) 
Thus SIF = Lα . K (1-α)   (26) 
which means Y = SPF . SIF    (27) 

 
Expression (27) is a macroeconomic application of expression (10), and can be 
derived from expression (15). Given the properties of indices, expression (27) can be 
easily used to derive its own dynamic form, analogous to expression (17): 
 I(Y) = I(SIF) . I(SPF) (28) 
 
By the logarithmic calculation of this expression, we will obtain the initial 
                                                                 
17 In these events, literature usually uses the share of growth rates G(SPF)/G(GDP), which is 
approximately applicable to positive quantities only, where G(SPF) < G(GDP); otherwise the 
result is difficult to interpret. 
18 Unlike other authors, we consider the factors of labour and capital to be crucial factors 
variable in time and complementing each other. In the Czech Republic, e.g. Klacek and 
Vopravil (2008) – on the KLEM production function – deals with multiple factors. 
19 The additive aggregation of labour L and capital K in a static task can be ruled out because 
thus we would admit either the possibility of generating production solely on the basis of 
labour without any capital (and consequently without tools) or production solely on the basis of 
capital, i.e. completely without staff, and this is impossible even in the highest level of 
automation. As both scenarios are unrealistic, only a weighted or simple multiplicative 
aggregation or geometric mean comes into consideration. 
20 The additive aggregation of labour L and capital K in a dynamic task at the multiplicative 
link in a static task means the use of correlation (16), and this necessitates an omission of the 
multiplicative term of that expression, with this being unfair and possibly leading to serious 
inaccuracies. See, for example, Hájek and Mihola (2009), p. 742-743. 
21 The sum of weights equalling 1 leads to a linear production-possibility frontier (PPF) in a 
2*2*2*2 model. If these weights are identical, i.e. 0.5, it is a simple geometric mean, and the 
isoquants will be hyperbolae symmetric around the axis of the first quadrant. For asymmetric 
weights, the asymmetry of isoquants will primarily express the long-term prevailing 
substitution by technology. Thus the interpretation of weights will change vis-à-vis that in 
Hájek and Mihola (2009, p. 746). 
22 We believe that one of the most comprehensive studies of multiplicative type production 
functions with factors of labour, capital and technical process is the Barro and Sala-i-Martin 
book (1995), where p. 29 includes the Cobb–Douglas production function in the form of 
Y=AKαL(1-α). The study also includes comparisons to the proposals by Leontief Y = 
F(K,L)=min(AK, BL) from 1941; Harod from 1939; Domar from 1946; Solow from 1969; and 
many more. In the Czech Republic, see article Hájková and Hurník (2007), for instance. 
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correlation for a macroeconomic modification of macroeconomic dynamic 
parameters of intensity and extensity. The macroeconomic form of the dynamic 
parameter of intensity is: 

i =
ln I(SPF) 

lnI(SPF) + lnI(SIF)
 (29) 

The macroeconomic form of the dynamic parameter of extensity is: 

e =
ln I(SIF) 

lnI(SPF) + lnI(SIF)
 (30) 

 
The calculation of the share of the effect of intensive and extensive factors using 
these parameters has numerous advantages vis-à-vis the calculation of the share of 
effect on the basis of correlation (23): 
• It is applicable not only to an increase of the effect of sub-factors but also to 

their decrease and mutual compensations, i.e. opposing effects, which may lead 
to the complete compensation into zero output growth as well as to a GDP 
decline; 

• It is not affected by any errors arising from the omission of multiplicative terms 
of the additive link in respect of growth rates; 

• It allows for a very illustrative spatial representation of the trajectories of 
development (in a chart) of the change coefficients I(SPF) and I(SIF), where the 
isoquants (contour lines) of the rates of GDP growth and dynamic parameters of 
intensity as well as extensity can be shown concurrently. 

 
The dynamic parameters of intensity and extensity are applicable not only to the 
measurement of intensity of economic developments but also whenever we need to 
find out how the absolute component such as time and the qualitative component 
such as speed have contributed to the development of a quantity. An interesting 
application of the above dynamic parameters is that of the assessment of 
development or innovation cycles or the analysis of demand or supply curves, where 
the use of dynamic parameters of intensity and extensity proves to be more universal 
than normally used elasticity, which lacks standardised values. 
 
7. Example – Development of the Czech economy 
 
The use of the aforementioned correlations will be illustrated in an example 
analysing the Czech Republic’s economy from 1995 to 2010. The initial data 
constitutes the timelines of real GDP (in constant prices for 2000), number of 
workers who represent labour L, and net fixed capital (in constant prices for 2000) 
which represents capital K. The first step includes the calculation of the summary 
input of factors SIF, correlation (26) (weight α was set at 0.57±0.021). The total 
factor productivity was calculated by direct computation according to correlation 
(15). Dynamic characteristics and then the dynamic parameters of intensity i and 
extensity e, correlations (18) and (19) are calculated from all the quantities 
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monitored. Table 2 contains the annual growth rates23 of all key quantities and the 
dynamic parameters of intensity and extensity. 
 
Table 2. Growth rates of macroeconomic aggregates and parameters of intensity and 
extensity in the Czech Republic (%) 
 

 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 

G(GDP) 4,0 -0,7 -0,8 1,3 3,6 2,5 1,9 3,6 4,5 6,3 6,8 6,0 2,5 -4,2 1,6 

G(L) 0,9 0,2 -1,5 -3,4 -0,2 0,5 0,6 -1,3 0,3 1,0 1,6 2,7 1,2 -1,2 -1,9 

G(K) 2,9 2,0 2,0 1,5 1,7 1,8 1,3 1,8 1,6 1,6 1,7 2,3 1,8 1,8 1,6 

G(SIF) 0,9 0,9 1,4 -1,6 0,4 0,8 -0,5 -1,1 1,7 1,3 1,8 2,7 0,1 0,2 -0,2 

G(SPF) 3,1 -1,6 -2,1 2,9 3,3 1,6 2,4 4,8 2,7 5,0 4,9 3,1 2,4 -4,4 1,8 

i 78 -65 -61 65 90 66 83 80 61 80 72 54 97 -95 89 

e 22 35 39 -35 10 34 -17 -20 39 20 28 46 3 5 -11 
Source: Czech Statistical Office (2011), ECFIN (2011), own calculations. 

 
The above growth rates of real GDP were generated with the effects of intensive and 
extensive factors shown in Bar Chart 3. The height of each bar is 100%, the bar is 
divided into intensive and extensive effects, and each of those components may be 
positive or negative. We saw partial compensations of both effects in 1997 to 1999; 
in 2002; 2003; 2009 and 2010, one of the dynamic pair parameters was negative but 
they were not of the same size in the absolute value. 

 
Table 1 and Charts 1 and 2 show the developments in the individual years of the 
analysed period. In 1997; 1998 and 2009, the real GDP declined. This decline 
occurred while the summary inputs were up by 0.9% in 1997, by 1.4% in 1998 and 
by 0.2% in 2010 but the SPF was down by 1.6% in 1997, by 2.1% in 1998 and by 
4.4% in 2009. Thus the contribution of extensive factors was outweighed by the 
decline of intensive factors. The effects of extensive factors on economic growth 
were 35% in 1997; 39% in 1998 and 5% in 2009. By contrast, the downside effects 
of intensive factors on growth were 65% in 1997; 61% in 1998 and 95% in 2009. 

 
As concerns the share of the effect of intensive factors, 1999 was an interesting year, 
as the increase in real GDP by 1.3% was achieved at the decline in summary inputs 
by 1.6%, and this decline was more than counterbalanced by a 2.9% SPF rise. In that 
year, the share of intensive factors in real GDP growth was 65% while extensive 
factors had a 35% downside effect. A similar situation, albeit more moderate, 
reoccurred in 2002, 2003 and 2010. In 2002, the real GDP went up by 1.9% at the 
moderate decline in summary inputs by 0.5%, which was more than counterbalanced 
by a 2.4% SPF rise. In that year, the share of intensive factors in real GDP growth 

                                                                 
23 Authors who calculated the SPF using growth accounting have arrived at similar results, e.g. 
Šindel (2009), slide 47, specifies the following G(SPF) for years 1996 to 2004: 2.9; -1.3; -1.2; 
1.7; 3.5; 1.5; 0.4; 2.8; 3.7%. 



 98

was 83% while extensive factors had a 17% downside effect. In 2003, the effect of 
intensive factors was stronger because real GDP growth of 3.6% was generated at 
the decline in summary inputs by 1.1%. This decline was more than counterbalanced 
by a 4.8% SPF rise. In that year, the share of intensive factors in real GDP growth 
was 80% while extensive factors had a 20% downside effect. In 2010, the effect of 
intensive factors was even stronger because real GDP growth of 1.6% was generated 
at the decline in the summary inputs by 0.2%. This decline was easily 
counterbalanced by a 1.8% SPF rise. In that year, the share of intensive factors in 
real GDP growth was 89% while extensive factors had an 11% downside effect. The 
type of developments shown in the four years described was exceptional because 
real GDP growth was fuelled by such a strong increase in intensive (qualitative) 
factors that it outweighed the decrease in extensive factors. 
 

 
Chart 1. Rates of real GDP growth in the Czech Republic in 1995-2010 (%) (Czech 
Statistical Office, 2011). 
 

 
Chart 2. Shares of the effects of intensive and extensive factors in real GDP of the 
Czech Republic (%) (Czech Statistical Office (2011), ECFIN (2011), own 
calculations). 

 
In all the other years, i.e. 1996; 2000; 2001, and in the last four years, 2004 to 2008, 
both factors, i.e. intensive and extensive, always had an upside effect. Intensive 
factors were always predominant, with their share being twice to eight times greater 
than that of extensive factors. Only in 2007, the predominance of the intensive factor 
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was modest. During those years, the shares of extensive factors ranged between 1/8 
and 1/2 while the corresponding intensive factors ranged between 7/8 and 1/2. The 
greatest intensity of 90% was achieved in 2000. The lowest positive intensity of 
54% was achieved in 2007. 

 
The first period examined (1997-1998) saw a recession, arising from the instable 
political climate, making itself felt in highly restrictive monetary and fiscal policies. 
Uncoordinated interventions even led to a monetary crisis in 1997. Institutional 
barriers had the strongest impact on the banking sector, which found itself in a 
critical situation. The privatisation that was frequently unconsidered, and thus too 
spontaneous, led to instability, which delayed the required restructuring of 
enterprises and the launch of a more stable and more forward-looking innovative 
management. Investment stagnation was also accompanied by the poor inflow of 
foreign direct investments. There was still the aftermath of the strong past structural 
focus on heavy industry. The effect of high ecological investments was also evident. 

 
Although the institutional environment was not yet refined in the subsequent period 
of 2000 to 2007, it improved significantly with the preparations for and the 
accession to the EU in 2004. The consequences of the growth-oriented economic 
policy and a more rational behaviour of the banking sector after its increased 
consolidation as well as the post-privatisation behaviour of enterprises had a positive 
effect. Domestic investments increased significantly, as did the inflow of foreign 
investments. Enterprises under strong foreign control were gaining ground, and 
exports were rising. However, the growth acceleration was not yet accompanied by 
the key long-lasting qualitative factors in HR improvement, and science and 
research development as a precondition of boosting the innovation process. The 
increasing openness of the economy had a positive effect on its performance but its 
dependence on and consequently its susceptibility to external environment increased 
somewhat as well. In addition, this vulnerability is boosted by the narrow portfolio 
of primary activities, particularly focused on the automotive industry, which is 
highly overgrown to the detriment of other transport alternatives as concerns 
ecology. 

 
In 2008, the country lost its growth rate. The strong impact of intensive factors is 
due to the pre-crisis ousting of workforce rather than other factors. This became 
fully evident during the 2009 restriction, which was a result of the Czech economy 
reflecting the impacts. While 2010 was a year of adaptation to the new conditions, 
the adaptation is probably not based systematically, in a change of the structure of 
the economy. The negative extensity of 2010 was due to the post-crisis reduction of 
the economy in respect of both factors considered. 

 
8. Conclusion 

 
Development intensity is one of the major indicators of the quality of economic 
developments. At the macroeconomic level, it can be measured as the ratio between 
real GDP and summary input, which includes labour and capital. Its increase is a 
result of qualitative, i.e. intensive, factors of growth. To aggregate the factors of 
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labour and capital in the summary input SIF, we used the weighted geometric 
aggregation. 
 
To find out the shares of intensive (i.e. qualitative) and extensive factors in real GDP 
growth, we used the dynamic parameter of intensity and extensity. These parameters 
allow for measuring their shares if the factors have opposing effects as well as if the 
real GDP declines, are universally applicable, and are easy to compare in respect of 
time and space. This makes it possible to extend economic analyses with a new 
perspective. The application of the suggested methodology to the analysis of the 
Czech Republic’s developments in 1995-2010 has shown that these parameters aptly 
complement conventional analysis tools. 
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ANALYSE DES EINFLUSSANTEILES DER EXTENSIVEN UND 
INTENSIVEN FAKTOREN DER PRODUKTIONSÄNDERUNG 

 
Jiří Mihola, Petr Wawrosz1  

Die Universität der Finanzen und der Verwaltung, Prag, Tschechischen Republik  
 
Der Artikel befasst sich mit extensiven und intensiven Faktoren der Änderung der 
Produktionsmenge (Höhe), d.h. mit der Frage, ob die Änderungen des Outputs auf 
einem beliebigen Niveau der Wirtschaft (d.h. z.B. sowohl auf dem Niveau einer 
Firma, als auch auf dem Niveau der ganzen Gesellschaft) durch eine 
Quellenänderung erreicht wurde, wobei die Quellenqualität unverändert bleibt, oder 
dadurch, dass mehr oder weniger qualitative Quellen verwendet werden, wobei die 
Quellenmenge unverändert bleibt. In der Praxis wird das Produktionswachstum in 
den meisten Fällen durch eine Kombination der extensiven und intensiven Faktoren 
erreicht. In so einem Fall hat es einen Sinn, ihren Einfluss zu quantifizieren. In der 
heutigen Zeit werden die extensiven und intensiven Faktoren meistens auf dem 
Niveau der ganzen Wirtschaft mit Hilfe der Gleichung der Wachstumsbuchhaltung. 
Diese Gleichung leidet an einer Reihe von Mängeln (z.B. die Quantifizierung der 
extensiven und intensiven Faktoren ist nur für die Wachstumsphasen der Produktion, 
jedoch nicht mehr für den Rückgang möglich). Daher schlagen wir im Artikel eine 
neue Meßmethode der Extensität und Intensität mit Hilfe der sog. multiplikativen 
Produktionsfunktion vor. Bewusst sprachen wir daher ebenfalls im ersten Satz 
allgemein über die Produktionsänderung und nicht über das Produktionswachstum – 
es hat einen Sinn, den Einfluss der extensiven und intensiven Faktoren auf eine 
Änderung für eine beliebige Produktionsänderung und nicht nur für ihr Wachstum 
zu untersuchen. 
 
Die von uns vorgeschlagene Lösung ist insoweit allgemein, dass sie den 
Einflussanteil der intensiven Faktoren sowohl für das wachsende, als auch für das 
rückgängige Produkt einschließlich der Stagnierung seiner Entwicklung äußern 
kann. Diese Lösung ermöglicht ferner, den Einfluss der Kompensation der 
extensiven und intensiven Faktoren (z.B. Analyse einer Situation, in der die 
intensiven Faktoren auf das Wachstum und die extensiven Faktoren auf den 
Rückgang der Produktion wirken) sowie einen konformen Einfluss beider Faktoren 
auf das Wachstum oder den Rückgang der Produktion zu äußern. Obwohl das 
Ergebnis der Analyse mit Hilfe der multiplikativen Produktionsfunktion informativ 
sehr reich ist, kommt es mit einem sehr bescheidenen Informationsinput in Form 
von Zeitreihen von zwei, drei oder wenigen absoluten Stromgrößen- oder 
Bestandsparametern oder direkt von ihrer dynamischen Charakteristik aus. Zum 
Beispiel auf dem Betriebsniveau kommen wir mit zwei Stromgrößenparametern aus, 
z.B. mit dem Gesamtertrag und Gesamtaufwand. Die volkswirtschaftlichen 
Applikationen verwenden für die Äußerung des Outputs gewöhnlich das BIP – das 

                                                                 
1 Ing. Bc. Jiří Mihola, CSc, Die Universität der Finanzen und der Verwaltung, Estonska 500, 
Prag, Tschechischen Republik, jir.mihola@quick.cz. Mgr. Ing. Petr Wawrosz, Ph.D., Die 
Universität der Finanzen und der Verwaltung, Estonska 500, Prag, Tschechischen Republik, 
petr.wwrosz@centrum.cz. 
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Bruttoinlandsprodukt in Festpreisen und auf der Seite der Inputs werden die 
Schlüsselproduktionsfaktoren meisten von der Arbeit L und dem Kapital K 
vertreten, was Bestandsparameter sind. Da diese Methode das Charakterisieren der 
Inputs durch einen zusammenfassenden Inputparameter erfordert, schreitet sie durch 
ihre Aggregation zum zusammenfassenden Input Faktor (SIF) fort. Neu an der 
gegebenen Lösung ist insbesondere die Nutzung der gewichteten multiplikativen 
Bindung anstelle der gewichteten additiven Aggregation, die der 
volkswirtschaftlichen Identität entspricht. Gerade von der gewichteten additiven 
Identität geht die Wachstumsbuchhaltung aus. Neben der oben angeführten Tatsache, 
dass der Einfluss der extensiven und intensiven Faktoren im Falle des Wachstums 
des Outputs analysieren kann, stellt einen Nachteil der Wachstumsbuchhaltung 
ferner diejenige Tatsache dar, dass die Gleichung selbst nur ein Näherungsausdruck 
ist, der ausreichend genau nur für einen sehr geringen Zuwachs gilt. Die 
Voraussetzungen, auf denen die Wachstumsbuchhaltung basiert, müssen in der 
heutigen turbulenten Zeit nicht einmal auf dem volkswirtschaftlichen Niveau erfüllt 
werden. Die gegebenen Voraussetzungen stellen einen der Gründe dar, warum die 
Wachstumsbuchhaltung auf anderen Niveaus, z.B. auf dem Niveau des 
Betriebsbereiches oder in anderen Wissenschaftsbereichen, nicht anwendbar ist. 
 
Die größte praktische Anwendung unserer Lösung kann an einer klassischen 
volkswirtschaftlichen Aufgabe durchgeführt werden, wobei der Input Y das BIP in 
Festpreisen darstellt und die Inputs mittels der Bestandsparameter der Arbeit L und 
des Kapitals K ausgedrückt werden. Die Zeitreihen und die entsprechenden 
dynamischen Charakteristiken dieser Parameter sind auch exogene Parameter der 
Wachstumsbuchhaltung. Eine praktische Nutzung der Beziehung der 
Wachstumsbuchhaltung ist die Quantifizierung des Residualparameters, die durch 
das Tempo der zusammenfassenden Produktivität der Faktoren G(SF) dargestellt 
wird. Allgemein gilt:  

G(Y) = G(SPF) + vL.G(L) + (1- vL).G(K)                                            (1) 
 

G(SPF) = G(Y) – vL.G(L) – (1- vL).G(K)                                             (2) 
 

Hierbei wurde der Ausdruck unter speziellen Anforderungen von der additiven 
volkswirtschaftlichen Identität im Rahmen der Erwägungen über die Entwicklung 
des sog. Potentialprodukts abgeleitet. Es kommen in ihm Waagen vL, die die 
Arbeitselastizität des Produktes darstellen, und vK - die Kapitalelastizität des 
Produktes vor. Unter der Voraussetzung eines konstanten Ertrages aus dem Bereich 
ist die Summe dieser Waagen gleich 1.  

vL.+ vK = 1                                                             (3) 
 

Im Ausdruck (1) treten diese Waagen in einer gewichteten Aggregation der 
Wachstumsrate der Arbeit und des Kapitals auf. Die Voraussetzung der additiven 
Aggregation ist in der statischen Aufgabe schon daher nicht real, da man sich die 
Wirtschaft nicht ohne einen dieser Faktoren vorstellen kann, d.h. völlig ohne Arbeit 
oder ohne Kapital. Diese Faktoren sind zwar substituierbar, jedoch nicht absolut 
sondern relativ. Wahrscheinlich ist daher eine multiplikative Aggregation dieser 
Faktoren in der statischen Aufgabe, der eine Isoquante in Form von einer Hyperbel 
entspricht.  
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Das Wachstumstempo der zusammenfassenden Produktivität der Faktoren G(SPF), 
berechnet aus dem Ausdruck (2), ermöglicht unter dem bekannten 
Wachstumstempos des Produktes auch den Anteil des Einflusses der intensiven 
Faktoren auf die BIP-Entwicklung zu berechnen. Zuerst müssen wir jedoch beide 
Inputs, d.h. die Arbeit L und das Kapital K aggregieren. Die aggregierte Größe wird 
als der zusammenfassende Input der Faktoren SIF bezeichnet. Hierzu werden 
sowohl additive Aggregationsfunktionen, als auch multiplikative Funktionen 
angewandt, und zwar sowohl in einer statischen, als auch in einer dynamischen 
Aufgabe. Für die geeignetste Form der Aggregation halten wir die gewichtete 
geometrische Aggregation, die z.B. in Form von Cobb-Douglas mit einem 
technischen Fortschritt verwendet wurde. 

Y = SPF . Lα . K (1-α)                                               (4)  
 

sodass                                SIF = Lα . K (1-α)                                                      (5)  
 

woraus es sich ergibt         Y = SPF . SIF                                                          (6) 
 
Im Hinblick auf die Eigenschaften der Indexe kann vom Ausdruck (6) einfach seine 
dynamische Form abgeleitet werden:  

I(Y) = I(SIF) . I(SPF)                                             (7) 
 
Durch das Logarithmieren dieses Ausdruckes erhalten wir volkswirtschaftliche 
dynamische Parameter der Intensität und der Extensität. Die volkswirtschaftliche 
Form des dynamischen Parameters der Intensität lautet 

                                                        (8) 

  
Die volkswirtschaftliche Form des dynamischen Parameters der Extensität lautet 

                                                        (9) 

 
Die Berechnung des Einflussanteiles der intensiven und extensiven Faktoren mit 
Hilfe dieser Parameter hat gegenüber der Berechnung des Einflussanteiles auf Grund 
der Relation (3) zahlreiche Vorteile: 
• sie ist nicht nur im Falle des Wachstums der Teilfaktoreneinflüsse, sondern auch 

ihrer Rückgänge und gegenseitigen Kompensationen, d.h. der Gegeneinflüsse 
anwendbar, die sowohl bis zu einer vollständigen Kompensation bis zum 
Nullwachstum des Produktes, sowohl zum BIP-Rückgang führen können,  

• sie ist von keinem Fehler belastet, der durch die Vernachlässigung der 
multiplikativen Glieder der additiven Beziehung der Wachstumsraten 
verursacht wurde,  

• sie ermöglicht eine sehr anschauliche Darstellung der Entwicklungstrajektorie 
im Raum (im Diagramm) der Änderungskoeffizienten I(SPF) und I(SIF), in 
dem gleichzeitig die Isoquanten (Höhenlinien) des BIP-Wachstumstempos 

i =
ln I(SPF) 

lnI(SPF) + lnI(SIF)

e =
ln I(SIF) 

lnI(SPF) + lnI(SIF)
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sowie der dynamischen Parameter der Intensität und Extensität dargestellt 
werden können. 

 
Die dynamischen Parameter der Intensität und Extensität sind nicht nur bei der 
Messung der Intensität des Wirtschaftswachstums, sondern immer dann nutzbar, 
wenn wir feststellen müssen, wie sich an der Entwicklung eines Parameters die 
absolute Komponente, z.B. die Zeit und die quantitative Komponente, z.B. die 
Geschwindigkeit beteiligten. Eine interessante Anwendung haben die angeführten 
dynamischen Parameter bei der Bewertung der Entwicklungs- oder 
Innovationszyklen oder bei der Analyse der Nachfrage- oder Angebotskurven, wo 
sich die Nutzung der dynamischen Parameter der Intensität und der Extensität 
universaler zeigt, als die gewöhnlich angewandten Parameter der Elastizität, die 
keine normierte Werte hat. Die vorgelegte Meßmethode ist ebenfalls für eine tiefere 
Zerlegung in weitere quantitative Entwicklungsfaktoren perspektiv. Ihre 
Eigenschaften ermöglichen eine Konstruktion der zweckmäßigen 
multidimensionalen Graphen, die die Analyse erleichtern. Der Artikel analysiert 
ferner als ein Beispiel den Anteil der Einflüsse der dynamischen extensiven und 
intensiven Parameter auf das Wachstum oder den Rückgang des 
Bruttoinlandproduktes der Tschechischen Republik.  
 
Zum Schluss dieser Zusammenfassung kann festgestellt werden, dass die 
zusammenfassende Produktivität der Faktoren eine der wichtigen Kennzahlen der 
ökonomischen Leistungsfähigkeit ist. Auf dem makroökonomischen Niveau kann 
sie als ein Verhältnis zwischen dem realen BIP und dem zusammenfassenden Input, 
der die Arbeit sowie das Kapital (bzw. weitere Inputs) umfasst, gemessen werden. 
Ihr Wachstum ist ein Ergebnis der quantitativen, d.h. intensiven 
Wachstumsfaktoren. Für den Zusammenschluss von zwei Faktoren (Arbeit und 
Kapital) zu einem zusammenfassenden Input verwendeten wir die gewichtete 
geometrische Aggregation. Der Beitrag der zusammenfassenden Produktivität der 
Faktoren zum wirtschaftlichen Wachstum ermöglicht, die Wachstumsbuchhaltung 
zu bestimmen, die ein methodologisches Instrument der Beitragsmessung der 
einzelnen Faktoren für das Wachstum des Realproduktes ist. Im Beitrag wiesen wir 
auf den Unterschied zwischen der exakten und der in den empirischen Analysen 
verwendeten Näherungsberechnung des Wachstumstempos der Produktivität der 
Faktoren mit Hilfe der Wachstumsbuchhaltung hin. Für die Ermittlung des Anteiles 
der intensiven (d.h. qualitativen) und extensiven Faktoren am Wachstum des realen 
BIP verwendeten wir den dynamischen Parameter der Intensität und der Extensität. 
Diese Parameter ermöglichen, ihren Anteil sowohl bei der Gegenwirkung der 
Faktoren, als auch beim Rückgang des realen BIP zu messen, sie haben eine 
universale Anwendbarkeit und eine gute Zeit- sowie Raumvergleichbarkeit. Dies 
ermöglicht die ökonomische Analyse um eine weitere Ansicht zu erweitern. 


