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Abstract. 

A critical rev iew of the problem of stel lar s t r u c t u r e and 
evolution is g iven, special attention h ä v i n g been paid to the 
question of the sources of stel lar energy . The most probable 
picture, obtained from a discuss ion of a l ternat ive hypotheses , 
is summarized in the present abs t ract . 

A t o m i c s y n t h e s i s at present has become an experi-
mental r e a l i t y ; however, details of the process in s t a r s have 
not yet been es tabl i shed w i t h certainty. The observed synthe-
s is C 1 2-I-H 1, with the observed amount of carbon in the sun, 
is able to supply the radiat ion of the sun for 500 million 
years , at Tc — 2.IO7. If the central temperature is al lowed to 
r ise above IO8, various observed nuclear reactions ( invõlv ing 
capture of a-particles and the formation of neutrons) su f f ice 
to convert all the h y d r o g e n of the sun into heavier e lements, 
providing e n e r g y for IO10 years . Thus, atomic s y n t h e s i s at a 
certain s t a g e of s te l lar evolution m u s t play, quanti tat ively, 
all the role ascribed to it by i ts advocates. A t the most 
probable central temperature of the sun, 1,2.107, corresponding 
to adiabat ic equil ibrium and 38 per cent hydrogen, the weJl-
s tudied nuclear reaction Li 7 - | -H 1 -*• 2 He4, with the amount of 
l i thium as in the solar atmosphere, alone provides for one-
f i f t h of the e n e r g y of the s u n ; the small amount of l i th ium 
itself, however, cannot present a per s i s tent source of energy, 
but m u s t be restored by a process of s y n t h e s i s f rom h y d r o g e n ; 
thus, the incorporation of one proton in the above mentioned 
reaction must, be preceded by the incorporation of seven more 
protons required for the s y n t h e s i s of l ithium, and the whole 
cycle, terminated by the Li -j- H reaction, m u s t y ie ld e ight 
times more e n e r g y , or by 60 per cent exceed the actual needs 
of the sun. The excess of energy generat ion thus found lies 
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within the uncer ta inty of the e s t i m a t e ; i t appears h i g h l y 
probable tha t a cycle of nuclear reactions, s t a r t i n g from 
hydrogen, and inc luding the L i - j - H reaction, r e p r e s e n t s the 
main source of e n e r g y for the sun, and for the main sequence 
s t a r s . 

T h e s t a r t i n g r e a c t i o n of the atomic s y n t h e s i s is 
most p r o b a b l y the not yet observed direct s y n t h e s i s of the 
deuteron from protons (with the expulsion of a, positron). If 
this is a react ion of protons in their g r o u n d s ta te , the observed 
ra te of e n e r g y generat ion in the sun, t o g e t h e r with the 
requirement of equi l ibrium wi th the rate of the known Li -j- H 
reaction, s e t s for the probabi l i ty of proton captu ie by a proton 
(a f te r penetrat ion has taken place) as low a limit as 
q =z i,3.10~1 ! ' ; in such a case there is 110 hope of d e t e c t i n g 
the reaction in the laboratory. The e n e r g y genera t ion, 
should have to vary tlien wi th about the s ixth power of the 
temperature, s = G. The correlat ion of r a d i u s and mass for 
s t a r s of the main sequence leads, however , to , 9 = 1 9 (from 
15 to 25). Formal a g r e e m e n t in s can be obtained upon the 
assumption that one of the r e a c t i n g protons m u s t be exci ted 
to a nuclear level of about 10 000 v o l t s ; th is y ie lds <7= 10~14, 
t h u s small but more hopeful for l aboratory exper iments . It 
might be worth while to t ry the s y n t h e s i s of deuteron f rom 
protons " a c t i v a t e d " by X r a y s from 10 000 to 50 000 volts , and 
bombarded by H canal r a y s of su i table veloci ty . 

A special g i a n t s o u r c e of e n e r g y which w o r k s at 
low temperatures and dens i t ie s appears to be i m p o s s i b l e : 
w h a t e v e r a s s u m p t i o n s as to the law of e n e r g y generat ion are 
made, if these a s s u m p t i o n s are in harmony wi th g e n e r a l phy-
sical principles, they invar iably lead to the conclusion that 
the central t e m p e r a t u r e s of the g i a n t s m u s t be at least as 
high, o r ' h igher than the central t e m p e r a t u r e s of the main 
sequence s t a r s ; hence the g i a n t s must be d i f f e r e n t l y built 
(with a g r e a t e r concentration of m a s s t o w a r d s the centre) as 
compared with the main sequence. 

A n n i h i l a t i o n of m a t t e r as a source of s te l lar 
e n e r g y probably cannot come into play before the atomic 
s y n t h e s i s is exhaus ted (at least in a central core); in a super-
dense core the exis tence of such a process cannot be denied 
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in principle, but its e f fect is pract ical ly the same as for 
energy generat ion by gravi tat ional contraction; wi thout los ing 
much of the general character of our discussion, we may 
a l together d i s r e g a r d annihilation of matter as a possible 
subatomic process, especial ly as such a conception does not 
seem v e r y welcome to the phys ic i s t ; the gravi tat ional energy 
of a contract ing superdense core renders poss ible the radiation 
into space of a large f ract ion of the stellar mass, and is an 
adequate Subst i tute for the doubtful process of annihilation 
of matter . 

S t e l l a r s t r u c t u r e may exhibi t d i f f e r e n t types, with 
d i f f e r e n t degrees of concentration of m a s s towards the cenl re : 
without appeal ing to unknown physical properties of mat ter 
created a d h o c , we have shown that in the course of stel lar 
evolution g o v e r n e d by atomic s y n t h e s i s and gravi tati 011 the 
s t a r s m u s t arr ive at wide ly d i f f e r e n t types of s t ructure, 

ence in the s t ructure of g iant s and d w a r f s is explained in 
this way, as well as minor d i f f e r e n c e s between the d w a r f s 
themselves . 

C o n v e c t i o n c u r r e n t s ar i se at the centre of a s t a r 
(Kramers opacity) as the resul t of a law of energy generation 
e — o f , when s^> 6.5 — 3 n0, where H0 is the adiabat ic poly-
tropic index for the temperature-densi ty relation. In the case 
of atomic s y n t h e s i s being an important source of energy, 
convection currents a l w a y s s tar t at the centre (except when 
the source of e n e r g y exhibits progress ive exhaustion towards 
the centre). Convection in stel lar inter iors is h ighly e f f ic ient 
for the transport of heat; therefore, wherever convection 
s tar t s , adiabatic, instead of radiat ive, equilibrium sets in ; in 
the sun, the convective t ransport of heat is provided for by 
as small re lat ive deviations as I0~ s of temperature and pres-
sure from their adiabat ic values. Only for a very low density 
of matter, especially near the boundary of a star, convection 
becomes inadequate as a means of heat transport. The roie 
of rotational currents is only a subordinate one. According 
to the extent of the central convectional region, d i f f e r e n t 
types of s t ructure of main sequence s tar s may arise. On 

characterized by w i d e l y d i f f e r e n t ratios T The di f fer-
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account of convection, negat ive dens i ty gradient s in ward are 
impossible (except under certain rather peculiar conditions). 

T h e n e t f l u x of e n e r g y , Lr, cannot be computed di-
rectly from the f lux of radiation, Qr, nor can the distr ibut ion 
of the true sources of energy ins ide a star be der ived f rom 
Qr in the presence of convect ion; in case of a suf f ic ient degree 
of concentration of the energy sources, their d istr ibut ion may 
be quite arb i trary; Qr in such a case is prescribed by the 
adiabatic structure, whereas convection undertakes the trans-
port of the excess Lr — Qr-, in other words, w h e n adiabatic 
equi l ibr ium takes place in the central region at least, no 
funct ional connection can be establ ished between the type of 
structure (wc//-.) and the law of energy generat ion (,v). As, 
however, heat that has passed outwards of a spherical shell 
of the radius r cannot be transported back against the tem-
perature gradient, the total l u m i n o s i t y of a star, L, must be 
closely equal to the m a x i m u m f lux of radiation, Qniax, which 
corresponds to a certain rad ius r = r0 d e p e n d i n g upon the 
actual structure. A l t h o u g h L may theoreticaily exceed QTNAX, 
because convect ion can transport almost an un l imited extra 
amount of heat, in the normal course of the evolution (con-
traction) of a star it settles down automatically at an equi-
l ibr ium rad ius B, w i t h L = Q,,,«®; there is no imaginable w a y 
of g e t t i n g the star into the "overcompressed" state required 
for the generation of the extra amount of energy. Therefore, 
a normal mass- luminosi ty relation m u s t hoid for adiabatic 
structures, as it holds in the case of pure radiative equi l ibr ium. 

The d i f f e r e n t probable types of structure of actual stars, 

iii the order of increasing ratio Tc: j, are l isted below. 

The c o m p l e t e a d i a b a t i c m o d e l . This is of homo-
geneous composition throughout ; the "dead zone" of convec-
tion at r = r0, separat ing the central f rom the marg ina l con-
vect ive systems, is overcome by the rotational currents; as 
mix ing is complete, the u n i f o r m i t y of composit ion is not 
d i s turbed by the progress of atomic synthesis. The position 
of the sun in the radius-mass correlation (Fig. 3), as wel l as 
the agreemerit of the heat output of the sun w i t h the value 
calculated for this model f rom the Li -\-R reaction, render it 
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h i g h l y probable that the sun is built according to the present 
model. The evolutional course of the adiabat ic model, with 
the g r a d u a l exhaust ion of hydrogen, i s characterized by a 
s teady increase in luminosity and a s l i g h t secular increase of 
the rad ius (if s^> 7.5), which a f t e r reaching a certain maximum 
(1.2 # o f ° r s = 1 9 f ° r the sun) beg ins decreas ing a g a i n ; a f t e r 
the exhaust ion of hydrogen, and of all the minor sources of 
subatomic energy, the collapse b e g i n s ; smaller m a s s e s become 
white d w a r f s , la rger m a s s e s which cannot become degener-
ate end their l ives as Wolf-Rayet s ta r s of h igh bolometric, 
but low v i sua l or photographic luminosi ty, on account of their 
high e f fec t ive temperature. The a v e r a g e temperature of the 
earth, so fa r as it depends upon the radiation of the adiabat ic 
sun, should at present increase at the rate of I 0 C each 150 
million y e a r s ; the increase proceeds at, an accelerated rate, 
r e n d e r i n g l i fe on earth impossible a f t e r 4 000 million y e a r s ; 
the exhaustion of hydrogen in the sun takes place a f t e r IO10  

years , when the s u r f a c e of the earth is heated to over -j-600° C; 
af ter that, the collapse of the sun into the white dwarf s t a g e 
lowers the temperature of the earth to about — 150° C. A s 
to the past, the geologic h is tory of the earth does not con-
tradict such a conception; d i s r e g a r d i n g i r regu lär f l u c t u a t i o n s 
such as the ice ages (which are of too shor t a du ra t ion to 
in f luence the mean geologic t empera tu re ) , a g r a d u a l increase 
of the t e r res t r i a l t e m p e r a t u r e at about t he theore t ica l ra te 
s eems to be i n d i c a t e d ; the g r e a t e r f r e q u e n c y and ex ten t of 
the g lac ia t ions in the Palaeozoicum and P r a e c a m b r i u m , as 
compared w i t h the la te r e ras (wh ich con ta in only one ice age , 
the r ecen t Diluvial) , is one of the m o s t i m p o r t a n t a r g u m e n t s 
in f avour of t he ea r th g e t t i n g g r a d u a l l y w a r m e r . F rom t h i s 
s t andpo in t , t he i n v e s t i g a t i o n of g l ac i a t i on m u s t be cons idered 
one of the m o s t i m p o r t a n t p rob lems of a r chaean geo logy . 

The c o m p o s i t e a d i a b a t i c - r a d i a t i v e m o d e l o f 
h o m o g e n e o u s c o m p o s i t i o n . This originates when the 
extent of the central convective region does not reach to r0; 
the model is only of genet ic interest, because in actual stars 
the atomic synthes i s changes the composit ion of the core, 
and transforms the model into the next following. 

T h e c o m p o s i t e a d i a b a t i c - r a d i a t i v e m o d e l 
of n o n - h o m o g e n e o u s c o m p o s i t i o n . The exhaustion 
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of hydrogen in the convective core increases the mean mole-
cular we ight there, a c ircumstance w h i c h renders impossible 
any further e f f ic ient interchange of matter between core and 
envelope. The outer layers may be in complete, or in partial 
radiative equi l ibr ium; in the latter case a zone of radia-
tive equi l ibr ium separates the inner from the marginal 
convective regions. AVith progress ing exhaustion of hydrogen.. 

(8 M\ p-J, a n ^ the radius increase, producing at an 

advanced stage of exhaustion of the core a kind of "semi-
giant" structure. Procyon is probably in such a State. During 
the evolution, the range in luminos i ty is smaller, the time-
scale shorter than for the complete adiabatic model. With 
the complete exhaustion of the subatomic energy sources in 
the core, the composite model enters the giant stage oi' 
evolution, d e f i n e d by the fo l lowing model. 

T h e g i a n t m o d e l . W h i l e the exhausted central core 
contracts at a rate determined by the supply of gravitational 
energy, the outer shell containing hydrogen cannot fol low 
i n d e f i n i t e l y ; the inner portions of the shel l settle down 
automatically at certain moderate ef fect ive values of temper-
ature and density, so that the release of subatomic energy 
does not exceed the amount which the shell is able to 
transport to the surface; the peculiar distribution of the energy 
sources creates the typical g iant structure, w i th a contracting 
superdense core and an extended shell (simple, or composite) 

of expanding tendency. The ratio Tc: may increase al-

most indef in i te ly . The core gradual ly sucks in the exhausted 
material of the envelope, and the evolution also ends in a 
Wolf-Rayet star, rendered almost inv i s ib le on account of its 
high surface temperature. 

C o n d e n s a t i o n of m e t e o r i e m a t e r i a l at an earlv 
(nebular) stage of a star's l i fe may create an in it ia l core oi 
small hydrogen content, f a v o u r i n g evolution towards a com-
posite, eventual ly a g iant model. A n initial small exhausted 
core of such a k ind need not d is turb the complete adiabatic 
equ i l ibr ium in the outer reg ions ; it is not imposs ib le for the 
sun to possess such a core. 
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S t a t i s t i c a l e q u i l i b r i u m of e v o l u t i o n . The ob-
s e r v e d r e l a t i v e f r e q u e n c y of main s e q u e n c e s t a r s and of g i a n t s 
of d i f f e r e n t l u m i n o s i t i e s in the a v e r a g e Galactic space (sur-
r o u n d i n g s of the sun, D < 125 parsec) and in the Globular 
C l u s t e r s may be accounted for by the fo l lowing h y p o t h e s e s : 
all s t a r s are created as main s e q u e n c e o b j e c t s , of which a 
f rac t ion a r e m a i n s complete ly adiabat ic , w h e r e a s the f r a c t i o n 
1 — a i s o r ig ina l ly compos i te and develops into g i a n t s ; the 
durat ion of the main s e q u e n c e s t a g e of a composi te model 
e q u a l s 0.3 of the l i fe of a complete a d i a b a t i c model of equal 
mass , and the l i fe of a g i a n t is at l e a s t 50 t imes longer than 
t h a t ; all s t a r s in the Globular C l u s t e r s are of the s a m e a g e 
of 3.IOil y e a r s , w h e r e a s the s t a r s in the a v e r a g e Galactic 
space have been c o n t i n u a l l y born at a uni form r a t e d u r i n g 
the l a s t 3.IO9 y e a r s ; the ini t ia l h y d r o g e n content e q u a l s 
40 per cent. The theoret ica l upper l imit of l u m i n o s i t y of a 
main s e q u e n c e s t a r 3.IO9 y e a r s oid, i. e. of an a d i a b a t i c model 
on the e d g e of col lapse, i s f o u n d equal to — 2.3 (bolo. mag.), 
as compared w i t h the o b s e r v e d limit, — 2.0, in Globular 
C l u s t e r s ; the c o r r e s p o n d i n g m a s s is 1.9Q- More m a s s i v e main 
s e q u e n c e s t a r s in the Galaxy m u s t be e i ther y o u n g e r than 
3.IO9 y e a r s , or conta in in i t ia l ly more than 40 per cent h y d r o g e n . 
The f ract ion of a d i a b a t i c models born i s a = 0.5 for m a s s e s below 
4.3G, and 0.94 for l a r g e r m a s s e s ; the latter r e s u l t is s o m e w h a t 
puzz l ing . The i n t e r p r e t a t i o n of the Statist ical p i c t u r e cannot 
ye t be c o n s i d e r e d as d e f i n i t i v e . 

The Mount W i l s o n n and ,s- s u b d i v i s i o n s of A and B 
spect ra are tentat iveJy i d e n t i f i e d as the adiabat ic , and the 
composite ( semi-g iant) models , r e s p e c t i v e l y . 

A p p r e c i a b l e n u c l e a r d i s s o c i a t i o n in a collaps-
ing core does not seem to be poss ib le, the i n c r e a s e of pres-
s u r e c o u n t e r b a l a n c i n g that of t e m p e r a t u r e ; this conclusion 
s e e m s to be qui te d e f i n i t e , as p o s s i b l e d e p a r t u r e s f rom the 
d i s soc ia t ion formula at v e r y h i g h t e m p e r a t u r e s do not much 
al ter the r e s u l t s of our computa t ions . The f o r m a t i o n of a 
p u r e n e u t r o n core, u n d e r condi t ions of t h e r m o d y n a m i c equi-
l i b r i u m , or by d i f f u s i o n , is i m p o s s i b l e . 

W h i t e d w a r f s may be e x p l a i n e d as co l lapsed main 
s e q u e n c e s t a r s w i t h a smal l init ial h y d r o g e n c o n t e n t (for 
S i r ius B, < 26 per cent) ; a d i f f e r e n t in i t ia l h y d r o g e n content 
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in the components of a b inary may be easi ly explained (cf. 
above, condensation of meteoric material); if, n e v e r t h e l e s s , 
object ions to that e f f e c t should be made, we should f i r s t w a n t 
to have a plausible explanation of the origin of b inary s t a r s . 

T h e i c e a g e s , due most probably to temporary minima 
of solar radiat ion, may be explained by a t e m p o r a r y expansion 
of the s u n ; an ice age of one million y e a r s ' duration can be 
produced b y a total expansion of Iess than l per ceut of the 
solar r a d i u s ; d u r i n g the expansion, a f ract ion of the heat 
g e n e r a t e d i s spent on mechanical work, and is w i t h d r a w n 
f r o m the amount rad ia ted into space. The w i t h d r a w a l i s 
possible only 011 the expense of the convectional t ransport of 
heat in the outer portions of the s tar , at r > r0. 

T h e s p r e a d of l u m i n o s i t i e s around a mean mass-
luminosity relation, due to the h y d r o g e n content c h a n g i n g 
with age, is not as la rge as has been ant ic ipated; cons ider ing 
the relat ive speed of the exhaust ion of h y d r o g e n (proportional 
to the luminosi ty), and the equal iz ing e f fec t of electron 
scat ter ing, the m a x i m u m spread + 0.46 m a g is expected at 
M = 2.õO, d e c r e a s i n g for smal ler as w e l l as for l a r g e r masses . 



Introduct ion. 

Below it is at tempted to give, on the basis of our p r e s e n t 
s ta te of knowledge, a picture of stel lar s t ructure and evolution. 
A l t h o u g h guided by a f e w bas ic ideas, we have tried, whenever 
poss ible, to consider a l ternat ive hypotheses, and the conclu-
sions we arrive at w e r e forced upon us by the combined 
theoretical, experimental, and observat ional evidence. 

W e are not g o i n g to construct at present a new mathe-
matical theory of s te l lar interiors, based on f ixed premises 
chosen a p r i o r i ; the amount of theoretical work already 
done on this sub ject is l a rge enough to o f f e r a choice, and to 
obtain an a n s w e r , at least a qualitat ive one, to the question : 
w h a t happens to the s tars , when the init ial physical condi-
tions are g iven. Stellar s t r u c t u r e is a physical, not a mathe-
matical problem. W h a t m a t t e r s are the premises, not the 
exact mathematical deductions from g iven premises ; we want 
to know the a c t u a l physical conditions determining s te l lar 
s t r u c t u r e and evolution; a " c o r r e c t " mathematical theory may 
then easily fo l low*. W e believe that a mere qual i ta t ive picture, 
t a k i n g into account all the complexity of the conditions in 
s tel lar interiors, is stil l a better approximation to the truth 
than an exact mathematical theory based on s impl i f icat ions 
which do not take into account certain most i m p o r t a n t f a c t o r s 
of s te l lar s t r u c t u r e and evolution. 

For our purposes we have to compare the present s ta te 
of our phys ica l knowledge, exper imenta l as well as theoretical, 
with individual and Statistical observat ional data r e f e r r i n g to 
the s tars . Nuclear p h y s i c s at p r e s e n t has p r o g r e s s e d far 
enough to lead to certain def ini te conclusions r e g a r d i n g 
stel lar s t ructure . Thus, it may be considered an experiment-
ally established fact that nuclear t r a n s m u t a t i o n s may take 

* Cf. Eddington1, pp. 101—103, where a hrilliant diseussion of the roie 
of physical premises as compared with mathematical deduction is given. 
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place at a considerable rate in the interior of stars with a 
central temperature as low as in Eddington's model, namely, 
at twenty million degrees, and even less . On Ihe other hand. 
wTe cannot affirm that the energy liberated by these atomic 
transmutations is in all cases the only, or even the chief 
source, of stellar energy. With respect to the source of 
stellar energy, as well as in different other respects, we 
must allow for a vast realm of the unknown ; nevertheless , 
it seenis to be possible, by the aid of general physical prin-
ciples, to set up l imitations to the unknown, and to arrive at 
definite conclus ions with respect to stellar structure and 
evolution. 

When dealing with actual stars as they are observed 
at present, the question of how long they have already existed 
as individual stars is of primary importance. A maximum 
age, and in many cases a probable age of the order of 3.IOi  

years may be es t imated: this is the age of the universe on 
the short time seale. The arguments in favour of the short 
time seale are at present so numerous and we ighty that the 
alternative of a much longer time seale need hardly be con-
sidered (cf. 2'3). 

S e c t i o ii l . 

Uravitational Energy. 

a. Iiadiation of mass. 

Gravitation as a source of stellar energy is doubtlessly 
inadequate for stars built on something similar to the standard 
model of Eddington ; for white dwarfs, however, gravitation 
appears to be perfectly suff ic ient; similarly, gravitation may 
play an important, perhaps a predominant, roie in nuclei of 
planetary nebulae, and in massive stars with superdense 
cores. Ultimately, gravitation may turn out to be the most 
powerful source of energy, a substitute for the annihilation 
of matter as postulated by Eddington, Jeans and others; in 
a manner imagined bty W. Anderson 4 the star, fed by gravit-
ation only, may radiate away a considerable fraction of its 
mass (not more than about one-half of it, however. and per-
haps much less when the compressibility is l imited); the 
number of individual atoms may remain unchanged in such 



A XXXIII.» 13 

a case, and the m a s s of each atom decrease, b e i n g c o n v e r t e d 
into radiat ion w h i c h a f t e r w a r d s l e a v e s the s t a r ; there is in 
fact no escape f rom A n d e r s o n ' s conception, u n l e s s the prin-
ciple of the c o n s e r v a t i o n of e n e r g y (mass b e i n g a f o r m of 
e n e r g y ) i s to be a b a n d o n e d in the c a s e of s t a r s r a d i a t i n g at 
the e x p e n s e of their g r a v i t a t i o n a l e n e r g y . 

b. Limit of (legeneracy. 

A c c o r d i n g to a t h e o r e m e s t a b i i s h e d by C h a n d r a s e k l u i r rj, 
w h e n the s t e l l a r m a s s exceeds 6 .6/r~ z O (/< = molecular w e i g h t ) 
" t h e p e r f e c t g a s equat ion of s t a t e does not b r e a k down, 
h o w e v e r h i g h the d e n s i t y m a y b e c o m e " ; there m a y be l imit-
at ions to th is s t a t e m e n t at v e r y h i g h d e n s i t i e s ; n e v e r t h e l e s s , 
e x c e p t for s u c h u n p r e d i c t a b l e l imi ta t ions , in the a b s e n c e of 
other s o u r c e s of e n e r g y , a g i a n t s t a r may Iive actual ly on i t s 
g r a v i t a t i o n a l e n e r g y for i n t e r v a l s of t ime w h i c h are l a r g e as 
compared w i t h the s h o r t t ime sea le . The l imit of m a s s for 
which such an u n l i m i t e d contract ion w i t h p r a c t i c a l l y u n d i m m e d 
l u m i n o s i t y appears to be poss ib le , is for // = 1 ( ~ 30 per cent 
hydrogen), a b o u t 6.6 Q- However , as pointed out below, the 
contract ion and f o r m a t i o n of a cent ra l core can s t a r t only 
w i t h the exhaus t ion of h y d r o g e n , t h u s // ~ 2.1, and the l imit-
i n g m a s s m a y be e s t i m a t e d at — 1 . 6 0 in a g r e e m e n t w i t h 
C h a n d r a s e k h a r 5 . This , however , can be valid only unt i l a 
d i s i n t e g r a t i o n of t h e atomic nucle i into protons and n e u t r o n s 
s t a r t s at v e r y h i g h t e m p e r a t u r e s , w h i c h m e a n s a s m a l l e r // 
aga in , and a h igher l imit of m a s s ; h o w e v e r , such a n u c l e a r 
dissociat ion cannot come into ques t ion for the e x i s t i n g s te l lar 
m a s s e s (cf. Section 4). 

c. Nuclear dissociation and source of energy. 

It is i n t e r e s t i n g to note that such a s tar , c o n t r a c t i n g 
i n d e f i n i t e l y , cannot make u s e of the e n e r g y of a tomic syn-
t h e s i s in the manner i tnag ined by S t e r n e 6 ; in a s t a t e of 
t h e r m o d y n a m i c e q u i l i b r i u m as cons idered hy him (tempera-
t u r e s >> IO9), e n e r g y is l iberated when the m a t e r i a l is c o o l i n g ; 
the t e m p e r a t u r e of the c o n t r a c t i n g g a s e o u s s t a r r i ses , h o w e v e r , 
und atomic t r a n s m u t a t i o n s m u s t n o w a b s o r b e n e r g y ins tead ; 
the s t a r m u s t prov ide e n e r g y for rad ia t ion pius a tomic s y n -
t h e s i s (which in th is case e o n s i s t s in the f o r m a t i o n of the 
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l ighter e lements out of the heavier ones), and gravi tat ional 
e n e r g y m u s t pay for both, unless there is a third source 
of e n e r g y (which is v e r y unlikely). The consideration of 
variable density, d i s regarded by Sterne, changes the picture 
a l together (Section 4); at a certain degree of compression 
the dissociated material beg ins to recombine again (Figure l), 
and heat is l iberated at an increasing temperature; b u t 
appreciable dissociat ion does not happen in such a case, 
for M < 50 O ; thus the mechanism of e n e r g y generation 
imagined by Sterne (and Miine, c f . 2 3 ) does not work . 

S e c t i o n 2. 

A n n i h i l a t i o n of Matter. 

a. The time seale. 

The long time seale, which for some while seemed to 
dominate the minds of as t ronomers ( including that of the 
wri ter, c f . 1 0 ) , required for the s t a r s a powerfu l source of 
energy which, in the terminology of Eddington and Jeans, is 
called the annihilation of matter. W e keep this label to 
des ignate processes in which a l a r g e f ract ion of the atomic 
mass, much larger than the paek ing f raet ions of the e lements, 
100 per cent in the l imi t ing case, is converted into radiation 
or into k inet ic energy, wi thout making use of the potential 
e n e r g y of g rav i ta t ion . The actual process need not be speci-
f i e d ; the original idea of electrons and protons annihi la t ing 
each other has lost much of its probabil i ty a f ter the d i scovery 
of the neutron and the positron, but nevertheless it cannot 
be denied a l together . 

With the adoption of the short time seale the hypothes i s 
of the annihilation of mat ter is forced upon us only when w e 
a s s u m e that the more luminous s tars are as oid, or almost as 
oid, as the universe itself, w h e r e a s most s t a r s ge t along ex-
cellently with atomic s y n t h e s i s ; fur ther , if superdense cores 
are postulated, it becomes, f rom our present standpoint, prac-
tically imposs ib le to discern between annihilation in our 
res t r ic ted sense, and between the grav i ta t ional conversion of 
mass into radiation. 
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b. Giants without superdense cores. 

The necess i ty of p o s t u l a t i n g annihilat ion s h o w s itself 
only when w e consider g i a n t s ta r s to be bu i l t more or l e s s 
according to a " s t a n d a r d " model w i t h o u t a s u p e r d e n s e c o r e ; 
we propose to cons ider the quest ion f i r s t f rom this s tandpoint . 
Thus, Iet us a s s u m e g i a n t s and d w a r f s to be bui l t more or 
less according to a homologous model (which in the genera l 
case need not be a polytropic one), so t h a t the central den-
s i t ies and t e m p e r a t u r e s fol low more or less the order indicated 
by E d d i n g t o n ' s s t a n d a r d model ; thus , d w a r f s are hotter and 
denser than g i a n t s , and 

The process of annihi la t ion m a y be imagined to be long 
to one of the f o l l o w i n g c l a s s e s : (a) it may be a react ion in-
v o l v i n g one Single corpuscle (an atom w i t h bound electrons. 
or a n u c l e u s ) ; (ß) it m a y be a p r o c e s s of col l is ion of two (or 
more) corpusc les , i n v o l v i n g a po t en t i a l ba r r i e r and t h u s s t i -
m u l a t e d by i n c r e a s i n g t e m p e r a t u r e and d e n s i t y ; (7) i t m a y be 
a p roces s of col l is ion of two (or more) co rpusc l e s w i t h o u t a 
po t en t i a l b a r r i e r , pos s ib ly w i t h a l im i t a t i on of t h e a n g u l a r 
m o m e n t u m ; th i s l eads to i n d i f f e r e n c e w i t h r e spec t to t empe r -
a tu re , or even to a s l i g h t dec rease of t h e ra te w i t h i n c r e a s i n g 
t e m p e r a t u r e , w h e r e a s d e n s i t y s t i l l f a v o u r s t h e process . The 
or ig in of cosmic r ays m a y be c o n s i d e r e d on t h i s occas ion , 
because t h e s e have been r e f e r r e d to as poss ib ly c o n n e c t e d 
with ann ih i l a t i on of m a t t e r , and a s in ana logy w i t h h y p o t h e -
t ical p r o c e s s e s w h i c h m a y occur in s t a r s 7 . I t is p roposed to 
cons ide r t h e d i f f e r e n t types of p roces se s s epa ra t e ly . 

P r o c e s s (a). Rad ioac t ive p rocesses be long to th i s c l a s s ; 
the obse rved p rocesses of r ad ioac t i v i t y , however , invo lve much 
smal le r e n e r g i e s t h a n a tomic s y n t h e s i s , and canno t come i n t o 
ques t ion for our pu rposes . S p o n t a n e o u s ann ih i l a t ion of an H 
a t o m involves s u f f i c i e n t e n e r g y ; such a process , however , 
m u s t occur Iike r a d i o a c t i v i t y u n a f f e c t e d by t e m p e r a t u r e and 
d e n s i t y , a t l eas t w h e n the t e m p e r a t u r e is below IO9; it should 
occur e v e r y w h e r e w i t h an i n t e n s i t y p ropor t iona l to the con-
cen t r a t i on of the ac t ive m a t e r i a l ; t he secu la r s tab i l i ty of s t a r s , 

* Cf. 1, p. 135. 
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depending upon the automatic a d j u s t m e n t of the energy gener-
ation to the loss prescr ibed by mass , radius, the law of 
opacity, aud composition ( c f . 8 - 1 0 ) , would be impossible 
in such a case, u n l e s s the s t a r s should obtain the 
exact amounts of the active material required to mainta in 
their radiat ion. Also, if cosmic r a y s could be explained in 
such a manner, the absence of a, process of this sort in the 
e a r t h ' s e r u s t would speak a g a i n s t the poss ib i l i ty of it. Thus, 
if process (a) ex i s t s , it cannot play a conspicuous roie in the 
energy generat ion of s tars, and cannot help u s out of our 
d i f f i c u l t i e s ; th i s process may be Ieft out of consideration in 
the fo l lowing d i seuss ion . For annihilation of matter as a 
source of s te l lar energy, only collision processes need be 
considered. 

P r o c e s s (ß). Coll is ions of two p a r t i d e s separa led by a 
po ten t i a l ba r r ie r a re qua l i ta t ive ly s imi l a r to A t k i n s o n ' s a tomic 
s y n t h e s i s ] 1-12>13 '6; the speed of r eac t ion is p ropor t iona l to 
d e n s i t y and to an exponen t i a l f u n c t i o n of t he t e m p e r a t u r e , 
the l a t t e r v a r y i n g ex t r eme ly r a p i d h ; a l t h o u g h the r e q u i r e m e n t s 
of seou la r s t ab i l i t y a re a u t o m a t i c a l l y fu l f i l l ed in th i s case, a 
s ingle p roces s of ann ih i l a t ion invo lv ing p a r t i d e s which are 
r e l a t ive ly a b u n d a n t in the un ive r s e c a n n o t be a c c e p t e d , 
because in s u c h a case d w a r f s shou ld p roduce much more 
e n e r g y t h a n g i a n t s . An e x h a u s t i o n of the e n e r g y source in 
d w a r f s t h r o u g h ann ih i l a t ion c a n n o t be p o s t u l a t e d , because 
g i a n t s a re the ones w h i c h m u s t ar r ive at exhaus t ion f i r s t . 

An escape may be found in a h y p o t h e s i s p u t f o r w a r d by 
A tk inson in connect ion wi th his t h e o r y of a tomic s y n t h e s i s ; 
Iet a c e r t a in a tomic n u c l e u s A be i n d i s p e n s a b l e for the 
reac t ion of ann ih i l a t ion , and Iet A, more or less s tabJe a t t he 
low t e m p e r a t u r e of a g ian t , d i sappear b y a tomic s y n t h e s i s at 
t he h ighe r t e m p e r a t u r e s of t he d w a r f s ; obviouslv A can 
belong only to the l i g h t e r a tomic nuc le i ; if t h e d w a r f s are 
well mixed by convect ion c u r r e n t s , A m a y d i s a p p e a r a l t o g e t h e r 
f r o m the s t a r , and the p o w e r f u l source of e n e r g y will s top 
w o r k i n g in the d w a r f s . If , howeve r , the m i x i n g is i ncomple t e 
(which probably is ol'ten the case), at a cer ta in d i s t a n c e f rom 
the cen t r e the re will be f o u n d a reg ion of i n t e n s e a n n i h i l a t i o n ; 
the sma l l e r e n e r g y p rodue t ion of the dwarf m a y in t h i s case 
be a s e r i b e d to the smal ler m a s s involved. 
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The g r e a t e s t d i f f i c u l t y is to conceive how a dwar f , with 
such an enormous störe of e n e r g y released at low tempera-
tu res , can ever ge t in to its p resen t Condensed s t a t e ; and stil l 
mure so — wrhy d i f f u s e s t a r s of small m a s s should be entirely 
absent . A star contracting from inf ini ty must soon reach the 
s tate when the central temperature is su f f ic ient ly high for 
annihilation to balance radiation (prescribed by the mass-lumi-
nosity law); no fur ther contraction can follow before the 
exhaustion of the energy source, which for d w a r f s cannot come 
into consideration at all. Thus, on the bas is of a condensation 
theory of the origin of the stars, wi th our postulated source 
of energy, the central temperatures of the d w a r f s should be 
lower than those of the g iant s , which is exactly opposite to 
the actual state of a f fa i r s (011 the bas i s of the standard model, 
of course). 

The hypothesis that A cannot be changed or produced 
by atomic synthes i s in stel lar interiors (such elements might 
be those of high atomic weight), and that A, present in the 
g iants , is a b s e n t from d w a r f s , m u s t be re jec ted : it is incon-
ceivable how a certain element, which m u s t be present in the 
original d i f f u s e matter of which s tar s are imagined to have 
been built, should g e t only into g iant s (show ring an inferior 
limit of mass), and be entirely absent from s t a r s of small 
masses . 

Cosmic radiation cannot or ig ina le in the d i f f u s e inter-
stellar matter from process (ß). This process m u s t be consid-
ered improbable, and the respec t ive hypo thes i s useless, as 
unable to explain the existence of ac tual s t a r s if t he i r cen t ra l 
t e m p e r a t u r e s are def ined by (1). 

P r o c e s s (7). To obtain the g rea te s t con t r a s t w i th case 
(ß), we a s s u m e a cons t an t upper l imit of the a n g u l a r m o m e n t u m 
in the nuc lea r collision, vr ^ c o n s t . ; t hus the t a r g e t area 
is v~2 ~ T - 1 : f u r t h e r , the p robabi l i ty of the reac t ion to take 

place we a s s u m e as ~ ~ T~~* (which, acco rd ing to Bethe 1 4 , 
m u s t hold for the cap ture of neu t rons by nucle i ) ; the n u m b e r 
of coll isions is proport ional to the dens i ty , Q, and to t he velo-

c i ty , ~ Ti'; f inal ly we ge t for the p robab i l i ty of the reac t ion 
to happen per uni t of t ime 

W ~ o T~l (2). 
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W i t h (1), se t t ing ß = 1 for not too la rge masses . we g e t 

W - Q-s AT^. 

W h e n compar ing g i a n t s and dwar f s we f ind tha t o 
decreases as M i n c r e a s e s ; t h u s smal ler va lues of T F r e s u l t for 
g i a n t s as compared wi th d w a r f s . The d i f f icu l ty is subs t an -
tial ly the same as in p rocess (ß), and the Situation becomes 
worse when we cons ider t r iple or mul t iple collisions where the 
e f fec t of dens i ty is e n h a n c e d . Our approximat ion (ß = 1) has 
prac t ica l ly no in f luence on the conclusion. 

E1Or the exp lana t ion of cosmic rad ia t ion the Situation is 
s l ight ly more favourable wrhen we fo rge t about the s t a r s : if 
T is t aken small enough, a su f f i c i en t probabi l i ty of react ion 
may resu l t . The absence of annih i la t ion on the ea r th may be 
explained by the sh ie ld ing ef fec t of bound e lect rons which 
make nuclear coll isions of smal l veloci ty impossible ; in in te r -
stellar space t he re is considerable ion iza t ion ; in fac t , ionized 
hydrogen alone should be r ega rded as respons ib le for cosmic 
rad ia t ion f rom i n t e r s t e l l a r space in such a case, because 
c o m p l e t e ionization of o ther e l emen t s appea r s to be imposs-
ible the re . For the in te r s t e l l a r space of our Galaxy T=s0 K 
may be e s t ima ted as a m i n i m u m (approximately the temper-
a tu re of black body equ i l ib r ium; gaseous subs t ances should 
a t ta in a m u c h h igher t e m p e r a t u r e , on account of Iine ab-
sorpt ion) , and o — IO^24. A s compared with a superg iant of 
T= 3.IO6 K, 9 — 10~G, w e f ind that the star should exhibit a 
IO1'2 t imes greater act ivi ty than inters te l lar space with respect 
to the annihilation of matter . It is known that the total 
amount of cosmic radiation is about the same order of mag-
nitude as the in tegra ted l i ght from the s tars , and that the 
total m a s s of d i f f u s e matter is also comparable with the total 
mass of the s t a r s in the Galaxy. A ratio of activity of lo 1 2 , 
however, means that a process important in s tars must have 
zero intensi ty in interste l lar space, and a process important in 
interstel lar space must be enhanced in a s tar to approach the 
intensi ty of 10 000 Super-Nova explosions. The assumption of 
a partially high densi ty -of interstel lar matter, such as ex i s t s 
on the surface of solid bodies (meteors), cannot save the 
Situation, because the number of collisions stiil would depend 
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upon the dens i ty of the surrounding gaseous medium. The 
conclusion seems to be definite that cosmic radiation cannot 
be traced to processes of annihilation (or atomic synthes i s ) 
happening in the d i f f u s e matter of interstel lar space. From 
the above consideration of the three possible types of the 
annihilation of matter we conclude that if the s ta r s are built 
more or less according to Eddington ' s model; annihilation of 
matter cannot be an important source of energy. The hypo-
thesis does not s e r v e its p u r p o s e : it does not help us to 
escape from the assumption of central condensat ions in giant 
s tars . Being also in disharmony with our physical knowledge, 
this hypothesis may safe ly be re jected altogether, at least for 
temperatures below IO10 K. The only process of radiation of 
stel lar m a s s which we need take into account takes place 
through gravitat ion as descr ibed in Section 1. 

S e c t i o n 3. 

Atomic Synthesis. 

a. Rate of the reaction. 

The theory of atomic synthes i s as a source of s te l lar 
energy has been put on a sound physical basis by A t k i n s o n 1 2 ' 1 3 ; 
a l though the actual chain of processes involved in the s y n t h e s i s 
of heavier elements out of hydrogen cannot yet be indicated with 
certainty, some of the reactions such as L i 7 — H 1 -* 2 He4^f-IT Mev 
are well established experimentally. The reaction t a k e s 
place at a su f f ic ient rate at comparatively low stellar tempera-
tures, in collisions of a high multiple of JcT, and thanks to 
the circumstance that penetration according to wave mechanics 
(Gamow) is possible when the relative energy of the collision 
is smaller than the potential barrier. A comprehensive r e v i e w 
of the theory is g iven by B. Strömgren in B. VII (Ergänzungs-
band) of the H a n d b a c h der As t rophys ik . A s o m e w h a t more 
precise theo ry of t r a n s m u t a t i o n than Atk inson ' s is given by 
Wilson1 5 , but his conc lus ion t h a t at T = 4.IO7 K the ra te of 
react ion is negl igible is u n t e n a b l e — the reaction is percept-
ible even at much lower temperatures ; Steensholt 1 ( i made a 
numerical Solution of a stel lar model in hydrostatic equilibrium 
on the basis of Wilson's theory and f i n d s " t h a t it is quite 
possible to build up s t a r s g e n e r a t i n g energy by proton capture 
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in the way imagined by Wilson, a s s u m i n g internal tempera-
tures of the order of IO 7 -IO 8 K. This is in direct contra-
diction to the view of W i l s o n . . . He failed, however, to inquire 
closely into what is to be understood by a reasonably large 
rate of r e a c t i o n . . . this fact to some extent s t r e n g t h e n s the 
position of Atk inson ' s v iews." For the reaction of two elements 
of nuclear charges Z1 e and Z2 e, and of density Q1 = N1Vti1  

and Q2 = N2In2, respectively, the rate of decay (reciprocal of 
the life time) of one of the elements is g iven by 

where I is a certain exponential function (cf.6, p. 770 f.); the 
formula is the resul t of the combination of Gamow's probability 
of panetration wi th Maxwell 's law of the distribution of molecu-
lar velocit ies; thanks to the extremely s t rong dependence of the 
speed of t ransmutat ion upon temperature, the important range 
of temperature for a g iven reaction is rather l imited; for thiss 
l imited r a n g e F= Ts may be assumed wi th suf f ic ient approx-
imation, thus 

wi th s of the order of 10 to 20. o = IO - 2 5 cm 2 is the assumed 
(constant) cross-section of the t a r g e t 1 7 ; </= const. ~ 0.01 to 
O.l, for in tense reactions observed in the laboratory, is the 
probabil i ty of capture when penetration has taken place; for 
uncommon reactions q may be much smaller. Atk inson appar-
ently disregarded the importance of the factor q,, a s s u m i n g 
it to be a l w a y s of the same order of m a g n i t u d e which is not, 
the case. 

The only serious objection to atomic s y n t h e s i s as an energy 
source has been t h e d a n g e r of pulsational instabi l i ty, or "over-
s tab i l i ty" , which seemed to follow when s^> 3 (cf.1, p. 201 f.); 
as the s tars do not usual ly pulsate, Eddington and Atkinson 
tried to escape from this danger by supposing that the energy 
is produced in two steps, so that only the f i r s t step depends 
upon the temperature, whereas the second step dur ing which 
the major part of the energy is released is independent of 
temperature and Covers a time interval which is large as 

b. Overstability. 
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compared with the period of the pulsa t ion of the s tar . Now r  

however, it appears that the d a n g e r of o v e r s t a b i l i t y has been 
e x a g g e r a t e d , on account of i m p e r f e c t a n a l y s i s ; C o w l i n g 1 8 hfcs 
shown that if there is no convection, the s tar is v ibrat ionaJly 
s tab le s a v e when y, the ratio of specif ic heats, is near ly equal 
to 4 / 3 ; if there is convection, the lower l imit of 7 for which 
s tab i l i ty b e g i n s increases f rom the minimum value 4Jn w i i h 
the increase of the exponent s in (3'); for example, for .s = 20, 
7 > 1.44 is the condition for s tabi l i ty . 

The e f f e c t i v e va lue of 7 for the sun may be es t imated 
according to E d d i n g t o n 1 , p. 191, in the fo l lowing w a y . The 
heat content, inasmuch as it depends upon the t e m p e r a t u i e r 

cons i s t s of the fo l lowing components : the k inet ic e n e r g y of the 
p a r t i d e s which are all monatomic, wi th 7 = 0 / 8 ; the impr i soned 
radiation, wi th 7 = 4 / 3 ; the e n e r g y of ionization and exci tat ion, 
with 7 near 1. Let the e f f e c t i v e rat io of speci f ic heat for the 
ionized mater ia l alone, w i t h o u t radiation, be F. Eddington g i v e s 
formulae for 7 as a funct ion of F and ß (cf.1, p. 191, Table 28). 
The ave rage va lue of r for t h e whole i n t e r v a l of t e m p e r a t u r e 
f r o m O to T may be c o m p u t e d by a s s i g n i n g to the s e p a r a t e 
va lues (k ine t i c and ionizat ion) of 7 w e i g h t s p ropor t iona l to t h e 

c o r r e s p o n d i n g hea t c o n t e n t s . 
The k ine t i c e n e r g y may be t a k e n a c c o r d i n g to 1 , p. 289; 

the ioniza t ion d e p e n d s upon composi t ion. A cons ide rab le 
h y d r o g e n c o n t e n t of t he s t a r s s e e m s to be a t p r e s e n t h igh ly 
probable1! ) '2<,

? a s th i s r emoves t h e d i s c r e p a n c y b e t w e e n the 
a s t r o n o m i c a l and the phys ica l va lues of t h e opac i ty . W e a s s u m e , 
the re fo re , as a c o m b i n a t i o n of t he d a t a of B. S t r ö m g r e n - 1 and 
Russe l l 2 2 , the f o l l o w i n g schematical mean composition for 
the s u n : 

T a b l e 1. 

Mean composition, and E n e r g y of Ionization for the Sun. 

Element H He j O Fe Other 
metals All 

Proportion by weight 0.37 0.05 0.29 0.06 0.23 1.00 
Energy oi' ionization, volts 13.5 78 2020 17000 * 8000 :;: 

— 

, IO-12 erg : gr 13.1 18.9 121 293 241 114 

* Without the two inner K-electrons. 
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Por the components of the heat content and the mean 
value of y (110t a v e r y def int i te conception) we have the follow-
ing- d a t a : 

Case a) corresponds to the composition accord ing to Table 
l, with Tc = 1,91.107 K, jH = 0.98 - 1; Y = 1,C13 indicates, according 
to Cowling, v i b r a t i o n a l s t a b i l i t y even with s ^ 20. Case 
b) is computed for E d d i n g t o n ' s " s t a n d a r d " data, /1 = 2.11, 
tc = 3,95.10 7 K, on the assumption of 100 per cent of comple-
tely ionized iron, inc luding the two K electrons (35 000 vol ts alto-
g e t h e r ) ; -/=1.448 is a l ready near Cowl ing ' s l imit of instabil-
i ty for s = 20. W h e n we allow a s ta r of g i v e n composition 
to contract, the content of kinetic e n e r g y c h a n g e s as R-1, the 

r a d i a n t e n e r g y per unit m a s s c h a n g e s in the same 

proportion (thus 1 — ß = const .) , w h e r e a s ioniza t ion r e m a i n s 
prac t ica l ly c o n s t a n t ; as a consequence y i n c r e a s e s ( approach ing 
the l i m i t i n g va lue fo r J n = r V 3 ) , and the s t a r g e t s f a r t h e r away 
f r o m overs t ab i l i ty , especial ly because the e x p o n e n t s d ec rea se s 
rap id ly wi th i n c r e a s i n g t e m p e r a t u r e 6 . Hence we conc lude 
t h a t the s t a r s can ve ry well be v ib ra t iona l ly s t ab l e wi th At -
k i n s o n ' s m e c h a n i s m of e n e r g y g e n e r a t i o n — as s t a b l e as they 
are p ictured b y Observation. Pulsat ions maintained by e n e r g y 
generat ion may be expected only for special v a l u e s of the cent-
ral t e m p e r a t u r e and dens i ty , especially when the ionization 
is in a s t a g e of t rans i t ion so as to be oversens i t i ve to moder-
a te changes of t e m p e r a t u r e ; Eddington (1, p. 203 f.) has 
shown that a peculiar behaviour of the coef i icent of opacity 
at such t rans i t ion p h a s e s of ionization may be itself a cause 
of v ibrat ional i n s t a b i l i t y ; both causes of pulsation may per-
haps be expected to cooperate in the Cepheids. 

Kind oi' energy Kinetic Radiant l
lIoiiization F \ y 

Amount, e rg : gr. a) (1 —ß) — 0.003 
b) ( 1 - - ^ ) = 0 . 0 5 

1,667 : 1,333 | (>) 1,000 — — 
14-,1.10 14 , 0,09.10 14 j 1,14.1014 1,615 1,613 
13,5.1014! 1,5.1014 i 15,0.1014 1,462 1,448 
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c. Giant and dwarf energy generation. 

To account for the puzzle of g iants which produce more 
e n e r g y at a low temperature than d w a r f s at a h igh one At-
k i n s o n 1 2 a s sumes two main processes of energy generat ion by 
t r a n s m u t a t i o n s ; one w o r k i n g intensely at Jow temperatures 
(hypothetical ly identi f ied as He Li B e 8 -> He) and stopped 
at high temperatures (rapid t ransmutat ion of Be 8 into heavier 
nuclei), when a second, or several, new sources come automat-
ically into action. 

The Situation is exact ly the same as discussed in Sec-
tion 2.b, "process (/?)", and the conclusion is ident ica l* : 

from the genet ic s tandpoint i t is inconceivable how the 
d w a r f s (all d w a r f s ! ) , in the process of contraction, could ever 
reach the second, hot-temperature s t a g e ; the contraction must 
stop as soon as the f i r s t , " g i a n t " source of e n e r g y comes into 
action, a source which, on the short time seale, should be 
inexhaustible for d w a r f s ; for g i a n t s and d w a r f s the same g r o u p 
of processes of atomic s y n t h e s i s m u s t exist, which come into 
action step by step as the temperature increases ; the s ta r t is 
made at approximately the same Tc (in g i a n t s h igher than in 
dwarfs) , and in g iant s exhaust ion b e g i n s earlier and the tem-
perature has to r i se in order to open up the next source of 
energy . Giants cannot g e t enough e n e r g y at all unless their 
central t e m p e r a t u r e s are h i g h e r than those of the d w a r f s , 
this can never be attained for a homologous s t r u c t u r e of 
g i a n t s and d w a r f s . Thus, g i a n t s m u s t p o s s e s s s u p e r -
d e n s e c o r e s , probably formed by the collapse of the cent-
ral portions a f t e r the exhaustion of the original source of 
energy (exhaustion of hydrogen in the central region, cf. be-
low). W e thus arrive at the conception of Milne's superdense 
cores, only in g iant s of course, but on a d i f f e r e n t bas i s of 
reasoning than Milne's 2 3 , who thought that subatomic energy 
can be e f f ic ient ly released only at temperatures exceeding 
1 0 1 0 degrees ; we know that this is not correct. A s to 
Riissell 's "g iant s t u f f " , it may be most probably identi f ied with 
gravi tat ion. 

* At stellar temperatures Be8 is apparently never formed directly from 
Li, and Be8 seems to be stable (cf. below); thus regeneration of He4 follows 
without delay, and Atkinson's mechanism, by which dwarfs had to escape the 
regeneration of He, does not work. 
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d. The lithiii m - hydrogen reaction. 

The poss ib le chain of processes of atomic s y n t h e s i s Iead-
i n g to the l iberation of subatomic e n e r g y has been d i scussed 
by A t k i n s o n 1 2 ' 1 3 ; however , there is l i t t le certainty in the de-
tai ls, a l though the g e n e r a l picture i s more 01* less c lear ; ex-
perimental data, could only set t le the question, 

A t ransmutat ion of considerable e n e r g y generation, well 
i n v e s t i g a t e d in the laboratory, is the hydrogen-l i thium reac-
tion. We may inquire into the probable importance of th is 
reaction in the e n e r g y budget of the sun. In the reaction 
L i 7 - f - H 1 == 2 He4, the rate of e n e r g y generat ion is pro-
portional to the amount of hydrogen present multiplied by 
its rate of decay; the ra te of decay is g iven by equation (3) 
w h e n Q2 i s the dens i ty of l i thium. A c c o r d i n g to Russell'-2, 
the abundance of l i th ium amounts to 3,8.10 s of mass in the 
solar atmosphere, which is 1 OOO times less than in the e a r t h ' s 
e r u s t . If the scarc i ty of l i thium in the sun is caused by atomic 
t ransmutat ions , the relat ive amount of this metal in the 
solar a tmosphere cannot be Iess than in the interior of the 
s u n ; a s s u m i n g Russel l ' s value, we poss ib ly overes t imate the 
rate of the generat ion of energy . On the other hand, by as-
s u m i n g a minimum value g = O.ül for the probabi l i ty of nu-
clear c a p t u r e 2 4 , we u n d e r e s t i m a t e the rate of the reaction. 
Further, a l though w e consider the capture of only one proton 
in our reaction, it is clear that the supply of l ithium must be 
continually replenished, unless lithium were allowed to dis-
appear w i t h i n a r a t h e r short interval of t ime ( ~ IO5 years , 
for the actual sun) ; w h a t e v e r the chain of the s y n t h e s i s of 
l i thium, if the s y n t h e s i s s t a r t s f rom hydrogen it, means seven 
protons more captured; the total energy released for each cap-
ture Li 7 -}-H 1 = 2 He4 i s thus equivaient to the m a s s defect 
BH1 — 2He 4 , w h i c h corresponds to 6,4. IO i s e r g per g r a m of 
h y d r o g e n . Similar ly, for the rate of decay of hydrogen w e 
have to take e ight t imes the va lue which directly fol lows from 
(3); for the lat ter w e u s e d Sterne ' s table (cf.6, p. 774) of the 
va lues 

for the hydrogen-l i thium reaction. 
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A c c o r d i n g to B. S t r ö m g r e n 2 1 , w e a s s u m e -°7 per cent of 
hydrogen and /1 = 0.98 (corresponding to a = 2.5 for the mass-
luminosity re laf ion). The temperature and densi ty, for the 
f i r s t approximation, w e take according to the polytrope n = 3 
(Emden's t a b l e s ; also cf.1, pp. 83, 85 and 136). The computa-
tions are as f o l l o w s : 

Fraction of 
internal 

mass 
Mr 
M 

T 
IOtl deg\ 

d 
density 
gr/cm3 

( ^ f ) 

sec—1 

Life of 
hyd rogen, 

years 

Energy, erg 
per gr of 

solar mass 
and second 

0.0000 
0.0025 
0.0192 

19.1 
19.0 
18.3 

76 
74 
67 

1 —13.38 
-13.42 
— 13.62 

8.IO5  

8. IO5 

1,3.106 

250 
1300 
1600 
1000 
520 
170 
42 

6 
1 

0.0595 17.4 58 — 13.97 3. IO6 

250 
1300 
1600 
1000 
520 
170 
42 

6 
1 

0.125 16.3 47 — 14.37 OD
 

O
 

250 
1300 
1600 
1000 
520 
170 
42 

6 
1 

0.212 15.0 37 ; ' —14.88 2,4.107 

250 
1300 
1600 
1000 
520 
170 
42 

6 
1 

0.312 13.7 28 — 15.44 9. IO7 

250 
1300 
1600 
1000 
520 
170 
42 

6 
1 

0.418 12.4 21 — 16.10 4. IO8 

250 
1300 
1600 
1000 
520 
170 
42 

6 
1 

0.498 11.1 15 — 16.83 2.109 

250 
1300 
1600 
1000 
520 
170 
42 

6 
1 1.000 0 0 

250 
1300 
1600 
1000 
520 
170 
42 

6 
1 

Sum . . . . . . . j 4889 

For 1 is a s s u m e d the va lue Hq o- where P is the life 
£>, at P 

time as tabula ted by Sterne (graphical interpolation used) ; 
here 8 q Q = 8.0,01.3,8.10 - 8 (5 — 3.10~ !' d is taken (the factor e ight 
a l lows for the e ight protons f inal iy bound a f t e r the Li- f-H 
reaction is accomplished). The contribution lo the e n e r g y per 

g r a m of solar m a s s is 0,37.6,4.101 8 . / \. f 1 for a 
\ M J Î 1 dt J 

g iven shell c o n t a i n i n g the fract ion A of the total mass . 

The computat ions g ive a total of 4 900 e r g per g ram of 
solar mass and second as the energy developed by the hydro-
gen-helium s y n t h e s i s wi th the H-J-Li react ion as the f ina l 
phase for a polytropic model « = 3. This is 2500 t imes l a r g e r 
than the actual radiation of the s u n ; a reduction of the internal 
abundance of l i t h i u m in such a rat io would lead to agree-
ment, but it appears f rom the fo l lowing that so l a r g e a reduc-
tion is not n e c e s s a r y . From the table we i n f e r that 50 per 
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cent of the e n e r g y is developed by the centra l f ract ion 0.03 
of the whole mass, at an e f fec t ive temperature of energy ge-
neration Tt:= 17,4.106 K = 0,94 Tc. Such a concentration of 
the energy sources corresponds closelv to the mathematical 
point-source case; practically this leads to convective adiabatic 

equi l ibr ium, wi th n = - 1 ^ (cf. below), for which Tk is lower 

than for the " s t a n d a r d " model n = 3. A s s u m i n g 7 = 1.015, 
n = 1.63 (cf. Subsect ion b), the temperature (according to 
Table 2 below) amounts to 0,651 of the above. A second cor-
rection in the same direction i s required to account for the 
d i f f e r e n t e n e r g y output (at « = 1.63, « = 2.2, cf. Table 2, in-

1 
terpolation of — ) ; as compared w i t h the case a = 2.5, the po-

lytrope n = 1.63 requires a s l i ght ly l a r g e r hydrogen content, 
corresponding to a f u r t h e r reduction of Tc by 2.0 per cent. 
Thus, for Te, the e f fec t ive " w o r k i n g " temperature of the sun, 
we g e t at n = 1.63 only 0.638 of the f i r s t adopted value, or 
T t = 1 7 , 9 . I O 6 . 0 , 6 * 8 = 1 1 , 4 . 1 0 6 ( T e = 1 2 , 1 . 1 0 6 ; 3 8 , 5 p e r c e n t 

hydrogen ins tead of 37), which, according to Sterne ' s table, 
leads to a decrease in the rate of the reaction in the ratio 
2 0 0 : 1 (the exponent s in (3') becomes 13,3). Further, the cent-
ra l dens i ty for n = 1.63 is 7.6 t imes l e s s than for n = 3. On 
the other hand, a 4 per cent increase fol lows from the increas-
ed hydrogen content. The corrected rate of e n e r g y genera-
tion in the sun from the L i - ^ H reaction becomes now 

4^OO = e r ^ / / ^ r ' s e c -> w ^ i c h is very close to the actual 

ra te (1,9 e rg/gr . see.). 
Thus, the hel ium s y n t h e s i s t h r o u g h l i thium is able to 

account for the e n e r g y generat ion of the s u n : the d i f f e r e n c e 
between the computed and observed f i g u r e s is smal ler than 
the uncer ta inty involved in the computation. This does not 
preclude the poss ib i l i ty of f u r t h e r s y n t h e s i s ; e. g., if oxygen 
is the last step, s ix teen protons instead of e i g h t are incorpor-
ated, and the Li s y n t h e s i s s tep will share only about one-
half of the total e n e r g y output ; in such a case, however, the 
central temperature m u s t be higher (central condensation), 
and the interna l abundance of lithium much smal ler than as-
sumed (cf. Section 7). 
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The L i - f - H - ^ ž H e reaction w a s considered by A t k i n s o n 1 2  

a s a low t e m p e r a t u r e reaction, c h a r a c t e r i s t i c of the " g i a n t " 
source of e n e r g y : he, of course, pos tu la ted B t 8 as the f i r s t 
product, but B e 8 s e e m s to be produced as a resonance e f f e c t 
only at h i g h r e l a t i v e e n e r g i e s of the collision, of 4,5.105 and 
9.10"' volts, e n e r g i e s which cannot come into ques t ion at 
T —2.IO 7 K. A t k i n s o n ' s " g i a n t s t u f f " actual ly w o r k s in 
d w a r f s ; as w e have seen above from g e n e r a l cons iderat ions, 
the ex i s tence of a special " g i a n t s t u f f " is improbable. 

e. Probability of the direct deuteron synthesis. 

In the chain l e a d i n g to the s y n t h e s i s of Li, some of the 
react ions m u s t be ex t remely r a r e ; such should be the reaction 

= w h i c h A t k i n s o n 1 3 considered as the most 
probab le s t a r t i n g react ion of the s y n t h e s i s ; to keep pace wi th 
the format ion and decay of l i thium, this reaction should occur 
a t an equal a b s o l u t e rate wi th the Li 7 -I-H 1 r eact ion; consider-
i n g the comparat ive e a s i n e s s of the react ion (Z1 = ^T2 = I, cf. 
(3)), the speed of which is c o m p a r a b l e to the l i thium reaction 
at a t e m p e r a t u r e n ine t i m e s h igher , a va lue of 1,3.10-1 9  

must be p o s t u l a t e d : such a smal l upper l imit to the probabil-
i ty of the capture of a proton by another i s indicated b y the 
f a e t that the sun actual ly does not explode from this reaction. 
In such a case, there is no hope of d i s c o v e r i n g the reaction 
in the l a b o r a t o r y : for canal r a y s the f ract ion of e n e r g y dissip-
ated in central coll is ions b e i n g of the order of IO - 4 of all 
coll isions, 1 in IO23 collisions of protons w i t h h y d r o g e n a toms 
is expected to yield a deuteron n u c l e u s ; a whole g r a m of 
h y d r o g e n canal r a y s y i e l d s less than s ix atoms of H2. 

/'. Equilibrimn of abundance for intermediate stejis. 

A s to the intermediate m e m b e r s of the chain of atomic 
s y n t h e s i s , no s u c h l imi ta t ions of the value of q can be der ived 
for them from solar o b s e r v a t i o n s ; the equi l ibr ium abundances 
of the d i f f e r e n t i n t e r m e d i a t e e lements wi l l automatical ly se t t le 
t h e m s e l v e s in rat ios inverse ly proportional to the s p e e d s of 
the cor responding react ions ( A t k i n s o n ' s theory of a b u n d a n c e ) ; 
and there i s apparent ly no certain w a y of t e s t i n g the abund-
ances even when the s p e e d s of reaction are k n o w n f rom ex-
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periment, b e c a u s e the observed a b u n d a n c e s refer to the solar 
atmosphere, not to the i n t e r i o r ; a l though, as fol lows f rom the 
case of l i thium, perhaps in the sun (if not in all s ta r s ) m i x i n g 
m a y be complete, and the observed composition is indicat ive 
of the conditions in the interior. Only the f i r s t element in 
the chain (H1), and the last e f f e c t i v e one (He4, or O1 6, perhaps 
both), will not p o s s e s s equi l ibr ium abundance: the f i r s t will 
g r a d u a l l y disappear, the last will s teadi ly accumulate. Some 
of the l i g h t nuclei which are k n o w n to read;; easi ly in the 
laboratory (such are H2, Li 6, Li7, also the neutron), m u s t be 
extremely rare in the interior of the sun. The neutron m u s t 
be pract ical ly a b s e n t (cf. below). 

g. The starting reaction. 

The s t a r t i n g point of the s y n t h e s i s is the most important 
one; the approximate constancy of the central temperatures 
of the main sequence s t a r s m u s t be the direct consequence of 
the Iaws g o v e r n i n g this f i r s t reaction, wi thout regard to the 
fo l lowing s teps (the rate of* the s u b s e q u e n t reactions is com-
pletely determined by the rate of the f i r s t reaction, cf. above, 
equi l ibr ium of abundance). The dependence of the a v e r a g e 
e n e r g y generat ion upon tempera ture is also entirely deter-
mined by the f i r s t reaction. However, for short period f luc-
tuat ions of the temperature (pulsations), d u r i n g which the 
absolute abundance of the e lements has not time enough to 
c h a n g e cons iderably, all the l inks of the chain of s y n t h e s i s 
contr ibute to the dependence of e n e r g y generat ion upon tem-
perature . Unfortunate ly, we do not know a n y t h i n g def ini te 
wi th respect to this f i r s t step. A t k i n s o n 1 3 ' 1 2 has made certain 
hypotheses which may remain unproved f o r a long while. 
There are pract ical ly three poss ibi l i t ies to be consider* d. 

(et) The reaction J1H
1 4- XHX = XH2 -j- ß+ 4 - (0.4L + 0.05) Me v\ 

a l r eady m e n t i o n e d above. The p robab i l i t y of cap tu re m u s t be 
as smal l as q < 1,3.10 - 1 9 , to a c c o u n t for t h e ra te of t h e g e n e r -
at ion of so la r ene rgy , a n d t h e r e i s no hope of ever d e t e c t i n g 
the r eac t i on in the l a b o r a t o r y ; we are here c o n f r o n t e d w i t h a 
d i l e m m a : if t he r eac t i on w e r e de t ec t ab le exper imen ta l ly , t h e 
s u n would blow up f r o m the i m m e n s e energy g e n e r a t i o n ; or, 
r a t h e r , t he sun could exis t only as a d i f f u s e s t a r of s p e c t r u m 
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AI of about nine t imes i t s present r a d i u s (Atkinson n f i n d s 
that the probabi l i ty of the reaction "should be much too h igh 
a t main sequence t e m p e r a t u r e s ' ' ) ; if, however, the reaction 
takes place in the sun, there would be an upper l imit to the 
probabi l i ty of the reaction, which m a k e s it undetectable ex-
per imental ly . The wel l-known m a s s d e f e c t s of H1 and H2  

cannot allow of much change in the e n e r g y developed b y the 
react ion; and even if th is w e r e zero (which is impossible), 
the Uberated posi tron would soon combine wi th an electron, 
t h u s re leas ing about one million vol t s of e n e r g y ; t h u s the 
e n e r g y of the reaction alone would be s u f f i c i e n t to make the 
s u n explode if q is not as smal l as a s s u m e d above, not counting 
the much l a r g e r e n e r g y re leased in the s u b s e q u e n t s teps of 
the s y n t h e s i s a f t e r H2 is formed. 

Another poss ib i l i ty is the absence of h y d r o g e n in the 
interior of the s u n ; w i t h q of the order of f rom 0.01 to 10~(i 

for our reaction, hydrogen m u s t be a b s e n t f rom 95 to 90 per 
cent of the internal m a s s ; in th is case, of course, not much 
e n e r g y from atomic s y n t h e s i s could be o b t a i n e d ; however , 
such a poss ib i l i ty m u s t be m i e d out by the hydrogen content 
known to be large, f rom 0.30 to 0.37 of the whole m a s s 2 0 ' 2 1. 

(ß) The reac t ion + /?_ = — E, or the format ion of 
n e u t r o n s in the collision of a proton with an electron at the 
expense of a y e t not very accurately known e n e r g y E. This 
is an endothermic reaction and, as such, it can occur only 
when the re lat ive energy of the collision exceeds E ; on the 
other hand, apparent ly there e x i s t s no potential barr ier, and 
the rate of the reaction is proportional to the Maxwell f re-
quency of k inet ic energ ie s e x c e e d i n g E, multiplied by an 
unknown probabi l i ty q. Negat ive r e s u l t s of some exper iments 
(cf. 1 3 , p. 79 f.) are not conclusive, at most they show that q 
is smal l . The v a l u e of E, w h i c h depends upon the m a s s 
excess of the neutron, is not well determined. From recent 
data we m a y t r y to e s t imate it anew. Some of the atomic 
w e i g h t s of the l i g h t e s t atoms determined by d i f fe rent methods 
a r e as f o l l o w s * : 

* The weights refer to the neutral atoms; to get weights of the nuclei, 
such as they occur in atomic transmutations, 0.00054 must be subtracted for 
each bound electron; failure to observe this may lead to misunderstandings 
(such as in 4, p. 65). 
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H1 H2 H3 He:: 

Üliphant, Kempton 
and Rutherford 2 5 1.00807 ±.00007 2.0142 ±.0002 3.016] ±.0003 3.0172= oo03 

Bethe 2 0 1.0081 ±.0001 2.0142 ±.0002 3.0161 ±.0003 3.()170 = .()005 
Bainbridge and 

Jordan * 2 7 . . 1.00815±.00002 2.0147S±.00003 . . . . . . 

Weighted mean 
adopted . . . . 1.00814±.00002 2.01476±.00003 3.0161 ±.0002 3.0171 =J 

He4 Lili Li7 

Oliphant, Kempton 
andRutherford2 5 4.0034 ±,0004 6.0163±.0006 7.0170 ±.0007 

Bethe2 6 4.0034 ±.0002 6.0161 ±.0005 7.0169 ±.0005 
Bainbridge and 

Jordan*'-7 . . 4.00395±.00007 7.01 S22±.00014 

Weighted mean 
adopted . . . . 4.00390=.00007 6.0162±.0004 7.01811=.00014 

Similarly, for the other nuclei : 
Xucleus Be0 P,10 B n C12 

Atomic weight . . 9.0150±.0002 10.0161 ±.0001 11.0127±.0001 1 2.0040 =JHHII 

Nucleus C1:! NTU Xv> 0 1 , : 

Atomic weight . . 13.0078±.0002 14.0076=.0002 15.0050±.0003 16.00<m • 

Nucleus . . . . O17 pii' Ne20 Ne21 Ne--
Atomic 

weight . . 17.0040±.0010 19.0000±.001 19.9992±.0002 21.0001 ±.0003 21.9987=.0004 

The data of Bainbridge and Jordan are of much greater 
weight than the rest, as indicated by their probable errors. 
The weighted mean values may be used with more confidence 
in the computations of mass defects. The mass of the proton 
is thus 1 . 0 0 7 6 0 ± 0 . 0 0 0 0 2 , and of the deuteron jH- (nucleus of 
H2) 2 . 0 1 4 2 2 ± 0 . 0 0 0 0 3 . The mass of the neutron cannot be 
determined with present methods directly; it has been computed 
several times from energy considerations. A recent determin-
ation by Livingston and Hoffmann 2 8 , partly based on their 
own experimental data ( 3 L i ° - | - o n l ->2He4-^1H

3-I- 4 . 6 7 ± 0 . 0 5 Mev), 
ass igns to the neutron 1 . 0 0 8 8 4 , with H1 = 1 . 0 0 7 9 8 . In such 
calculations, however, it is advisable to use directly deter-
mined atomic weights for the charged part ides, in order to 
reduce the error of the indirect method as much as possible. 

* From measures of doublets. 



A XXXIII. 9 Stellar Structure 

W e take the wel l s tud ied reaction, which also s e r v e d as a 
bas i s for Livingston and Hoffman, 

Y W + on l -* XH 2 - f (2.22 ± 0.06) Mev. 

With the mean atomic w e i g h t s ci ted above this g i v e s for the 
mass of the neutron 1.00899 ±.00007, and for E in the hypothet-
ical reaction 

E = (0.79 ± 0.07) MeV. 

This is only s l ight ly less than the value considered by 
A t k i n s o n 1 3 , and his conclus ion that the neutron formation 
cannot proceed at 2.IO7 K remains v a l i d ; our computat ions 
point to a temperature about 1/2.IO8 K, with s ~ 60—70 in 
f o r m u l a (3')- Thus, neutrons may be general ed in such a w a y 
in overdense cores only, but not in the inter ior of s t a r s if 
these are bui l t more or less accord ing to a polytrope n < 3. 

(y) Reactions s t a r t i n g from a heavier n u c l e u s which must 
be a s s u m e d to have exis ted in s u f f i c i e n t amount " f rom the 
b e g i n n i n g " , or to be continual ly regenera ted by d i s integrat ion 
of nuclei of h i g h e r order (cf. A t k i n s o n 3 3 ) . Cons ide i ing the 
fact that l i thium has not completely disappeared from the sun, 
and that from calculat ions made above it is v e r y l ikely that 
l i thium react ions form part of the main process of e n e r g y 
generat ion in the sun (if built more or less polytropically), 
the nucleus s t a r t i n g the chain of react ions must be l i g h t e r 
than Li7. The only possible one is ev ident ly He4 (pointed out by 
A t k i n s o n already), as may be in fer red from i ts abundance, 
and i ts tendency t o w a r d s regenerat ion revealed in m a n y 
nuclear react ions. Li7-I-H1-*- 2 He4 would in this case represent 
the r e g e n e r a t i v e process for helium. However, for He* to be 
a s t a r t i n g point at T ~ IO7 without the inter ference of l ighter 
nuclei except protons, it should be able to form suf f ic ient ly 
s tab le atoms by proton capture; now, He5 is unstable, h ä v i n g 
a life of 6.IO - 2 0 sec. (cf . y 9 ), too shor t to form a step in the 
continued s y n t h e s i s ; also, the energy (2,93 Mev, computed 
from 2 He 5 -> 2He 4 -j- o n l H- ° - 9 3 Alev, cf. -s)) * is fa r too high for 
He5 to be formed at stel lar temperatures (107). Li 5 does not 
seem more promis ing 1 3 (there m a y sti l l be a loophole on the 

* Tlie mass of Her' is thus 5.0138lJ, according to our standard masses of 
2He4 and 0n

x. 
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assumption of the exis tence of the u n k n o w n Li5). In such a 
case, the s y n t h e s i s cannot s tar t f rom He4 w i thout a s teady 
supply of d e u t e r o n s i a , and we have to go back to cases (a) or 
(ß) ( n e u t r o n s , of course , eas i ly lead to the f o r m a t i o n of deu-
terons) . A n o t h e r poss ib i l i ty is H e 4 - j - H e 4 - > Be8 as the s t a r t i n g 
react ion , w h i c h however r e q u i r e s T<— 3,5.107 (cf. Section 7), 
thus no longer a polytropic (n <c 3) s t ruc ture for main sequence 
s tars . 

Prom the p r e c e d i n g discussion we conclude that, if at 
least the main sequence s t a r s are bui l t more or less according 
to E d d i n g t o n ' s model, i. e. w i t h o u t superdense cores, the only 
s t a r t i n g reaction for atomic s y n t h e s i s can be the formation of 
a deuteron from two protons, wi th the expulsion of a positron. 
The law of energy generat ion (3') in dwarf s t a r s m u s t in this 
case be represented by s = 6.4 (at 1\ = 1,)2.107), thus b y a much 
s lower dependence upon temperature than hitherto supposed. 

If, however, the main sequence s t a r s p o s s e s s central 
condensat ions and h i g h e r central temperatures , the piocess of 
neutron formation may come into ques t ion; in this case the 
direct deuteron s y n t h e s i s from protons would be prohibited. 

Atk inson supposed that the deuteron s y n t h e s i s m i g h t be 
character is t ic of g i a n t s only, b e i n g for some reason prohibited 
at the higher t e m p e r a t u r e s of the main sequence (cf. 1 3, p. 81); 
such prohibit ion may happen only in a process of thermody-
namic equi l ibr ium, w h e n the reaction becomes r e v e r s i b l e ; now, 
for the reaction lH1 -f- -» jH2 -j- ß+ - f E, t h e a tomic w e i g h t s 
a s s u m e d above give for t h e ene rgy of reac t ion 

E = 0.41 ± 0.047 Mev. 

Reversibi l i ty of the reaction at Tr- 2.IO7 may be expected only 
when E is small, i. e., about 0.02 — 0.03 Mev. The smal lness 
of the probable error above pract ical ly excludes such a possi-
bi l i ty . Bes ides, the r e v e r s e reaction would require a supply 
of f r e e positrons, which is ra ther unlikely to ex i s t at T ^ 2.IO7, 
because the positrons would be a b s o r b e d by f ree electrons and 
converted into radiat ion. In the present case, too, the 
"g iant s t u f f " and "dwar f s t u f f " hypothes i s is not supported 
by our physical k n o w l e d g e . 
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S e c t i o n 4. 

Abundance of Elements and Mixing. 

a. Equilibrium of atomic synthesis. 

There have been a few attempts to explain the relat ive 
abundance of the elements theoretically. A t k i n s o n 1 2 considers 
the abundance to be the resul t of the equilibrium of atomic 
synthes i s reactions and, without doubt, for the intermediate 
members of the chain of reactions such an equilibrium must 
happen (cf. above), except for nuclei of a large initial abund-
ance (oxygen, carbon?) for which the time seale may be too 
short for equilibrium to be established. Por the s ta r t ing (hydro-
gen?), and the f inal (helium, carbon, or oxygen?) members the 
age also comes into play, of course. At T ~ 2.IO7, however, 
only the relative abundance of the l ighter nuclei can be ex-
plained in such a manner. It is true that neutrons, which are 
probably transient ly formed in the process of the synthes i s , 
may react with heavy nuclei; but the increase of the atomic 
w e i g h t by neutron capture alone is rather limited, and there 
cannot be seen any possibil ity for the formation of heavy nuclei 
f rom the l ighter ones without the capture of positively charged 
p a r t i d e s ; such a capture, however, is practically impossible 
at values of Z^> 8, when T ~ 2 . 1 0 7 . 

b. Dissociative equilibrium. 

S t e r n e 0 considers the abundance of elements as the re su l t 
of thermodynamic (dissociative) equilibrium at high tempera-
tures, of the order of 3.IO9 K. The relative abundance is deter-
mined by temperature, density, and by the energies of forma-
tion of d i f fe rent nuclei (corresponding to the paeking f raet ions, 
or mass defects). Increas ing temperature f a v o u r s the abund-
ance of nuclei with smal ler mass defects, thus of the l ighter 
nuclei, and vice versa . A t T = 2.109, or lower, the equilibrium 
condition is practical ly all iron (or similar nuclei); at T > 4.109> 
it is all hydrogen (according to our present v iews, all neutron); 
o x y g e n must remain scarce ( ~ IO - 1 6 ) under any c ircumstances . 
It is clear that matter in stel lar atmospheres is not in thermo-
dynamic equil ibrium, because here we observe an abundance 
of hydrogen and oxygen, instead of their complete absence, 

3 
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and instead of 100 per cent of Fe and related elements. The 
explanation is that the rate of approach towards thermodynamic 
equilibrium is too slow at low temperatures (the rate being 
exactly the speed of Atk inson ' s t ransmutat ions) . If we assume 
high temperatures inside the s tars , and dissociat ive equilibrium 
there, we must have at Tc ~ 2.IO9 an iron core extending out-
w a r d s until T0 — 4.108 is reached, when the rate of reaction 
becomes too s low; the formation of such an iron core, from 
material which originally contained plenty of hydrogen (as 
stel lar atmospheres and nebulae do), could have been attained 
only a f ter the lapse of a s u f f i c i e n t l y long int ei vai of time on 
au atomic synthes i s basis, to allow all the mass excess of hydro-
gen to be radiated into space; a fur ther rise of the central 
temperature (Tc >> 4.IO9), which can be attained only through 
continued contraction, inver t s the process : an amount of energy 
equal to the amount formerly spent on radiation would have to 
be regenerated by gravi tat ion (dur ing an actual collapse) and 
absorbed in the process of the dissociation of iron back again 
into h y d r o g e n ; there would be now a hydrogen (actually neu-
tron) core, surrounded by a pure iron shell where the tempera-
ture would be ~ 2.10° with intermediate composition in be-
tween. It i s inconceivable how a Single l ighter nucleus from 
the central region could ever reach the boundary of a star with-
out being incorporated in the heavier elements of the inter-
mediate shell, as the rate of reaction for Li — H is defined by 
a l i fe of the order of 10~6 sec, and even for Fe -f- H it i s 
about 1 hour, at T — 2.IO9 (cf.6, p. 774, and our formula (3)), 
and for o — 1 0 (Sterne's a s sumpt ion; the density in the col-
lapsed core must be much higher and thus the reaction much 
faster). Thus Sterne's dissociat ive equil ibrium would lead to 
pure iron (or someth ing similar) at the surface, as in the case 
of Tc 2.IO9, contrari ly to what is observed. * 

Sterne's considerations need to be corrected so fa r as the 
neutron instead of hydrogen, being the p a r t i d e of h i g h e s t 

* There is no (langer of an atomic explosion of the coliapsing nucleus, 
if the history of the stars is as described here: the gravitational "pit" into 
which the star has contracted and radiated itself, is deeper than the subatomic 
energy of the dissociated mixture, by an amount equal to the total energy 
radiated into space; thus the star cannot ''jump out of the pit" (no matter 
whether it contracted as a whole, or only in its central core). 
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internal energy, is the dominating nucleus at very high tempera-
tures. The energy of binding, E = 0.79 Mev (cf. above), 
being relatively low, protons with electrons are rapidly trans-
formed into neutrons in dissociative equilibrium at tempera-
tures of the order of 7.IO8K; at such temperatures, however, 
protons must have been already completely absorbed by atomic 
synthesis (reactions observed in the laboratory suf f ice to ac-
complish this, cf. Section 7), thus there is no chance for such 
au "ear ly" formation of free neutrons to happen. 

There is another interest ing point to be considered in 
connection with the dissociative equilibrium of the elements. 
During the transition phase, when the state of dissociative 
equilibrium changes rapidly with the temperature, the ratio of 
specific heats, y, is chiefly determined by the enormous amount 
of energy involved in the atomic reactions (at 4 . I O 9 K, the 
translatory energy of the p a r t i d e s is — 5 . I O 5 volts, whereas 
the subatomic energy is ^ 8 . I O 6 volts), for which y — 1 . 0 . There-
fore y < i, and an unstable state is reached: the contraction 
is rapidly converted into a real collapse (cf.1, p. 142), which is 
stopped only after dissociation has been completed; the value of 
7 >> i- is expected to remain after that stiil close to i on account 
of the closeness to dissociative equil ibrium; in that case the star 
must be vibrationally unstable 1 8 , and wTe may safely suppose that 
non-pulsating stars cannot have collapsed cores of the dissoci-
ative type (T , > 2 . I O 9 ) . Curiously enough, the argument of 
vibrational instability, which S t e r n e 6 thought to speak against 
Atkinson's mechanism of energy generation, turns out to be 
harmless to the transmutation theory of stellar energy, pre-
senting instead an argument against Sterne's dissociative 
energy generation (disregarding other dif f icult ies, cf. Section 1), 
as well as against the existence of collapsed cores in s tars of 
the main sequence which are known to be, as a ruie, vibration-
ally stable. In any case, the dissociative equilibrium hardly deter-
mines the internal composition of these s tars — simply be-
cause the time seale is too short for dwar f s to have radiated 
away all their supply of subatomic energy stored in free hydro-
gen, a radiation which must have been accomplished before 
the f i r s t " iron" s tage (T < 2 . I O 9 ) is reached. 

So far as to Sterne's qualitative picture, where the effect 
of pressure (or density) upon dissociation is disregarded, as a 

3* 
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f i r s t approximation. S u r p r i s i n g conclusions, however, are reached 
when the inf luence of densi ty is cons idered.* W e l imit our-
s e l v e s to the two-phase dissociation F e - »-He ; f r o m S t e r n e ' s 
ca lcu la t ions for a more complex case i t a p p e a r s t h a t t h e m o s t 
i m p o r t a n t d i s soc ia t ion He H fo l lows soon t h e d i ssoc ia t ion 
Fe -* He, so t ha t t he s t a r t of Fe -> He is ac tua l ly the s t a r t of 
r ap id comple te d i s soc ia t ion a n d collapse if s u c h can h a p p e n . 
F r o m S t e r n e ' s f i g u r e s we e s t i m a t e t h a t a d e g r e e of d issoc ia t ion 
x = 0.01 is r eached a t T = 2,2.109, Q = 10 g r / c m 3 ; we use t h e 

S a h a f o r m u l a for o r d e r - o f - m a g n i t u d e ex t r apo la t i on s t a r t i n g 
f r o m th i s p o i n t ( the approx ima t ion is m u c h b e t t e r t h a n m i g h t 
appea r a t f i r s t g l a n c e ; t h e d i s soc ia t ion does not h a p p e n sud-
denly acco rd ing to 2( iFe56 1 42 He4 -j- 2 /?_, b u t g radua l ly , as 

2 üFe 5 6 -> 2 He 4 + 2 4 C r 5 2 , wi th the absorption of about 3.5 Mev; 
thus it i s not, only a two-phase reaction, but the n u m b e r of 
r e a c t i n g p a r t i d e s is the same as in the Saha case of ioniza-
t ion); the e f fec t ive "ionization potent ia l" r e s u l t s as I= 3.0 Mev 
(in good a g r e e m e n t with the p a c k i n g f ract ion of one incorpor-
ated a-particle, cf. above), and the dissociation formula for 
x = 0.01 = const. b e c o m e s : 

Now Iet us consider a contract ing superdense nuc leus of 
m a s s M, central dens i ty QC, molecular w e i g h t /"/, = 2.11 (exhausted, 
no f r e e h y d r o g e n , all ~ iron), and ß = ra t io of g a s pres-
s u r e to to ta l p r e s s u r e ; t he source of e n e r g y is g r a v i t a t i o n , and 
t h e n u c l e u s is so dense in c o m p a r i s o n w i t h the r e s t of the 
s t a r t h a t i t behaves Iike an i n d e p e n d e n t polyt ropic mode l 
n = 3 (cf. below). The cen t r a l t e m p e r a t u r e (cf.1) is then g iven by 

w h e r e ß is d e t e r m i n e d f rom E d d i n g t o n ' s qua r t i c equa t ion (cf.3, 
p. 137, Tab le 14). 

* At T — 2,2.109, the black-body radiation has a material density of 
—• 200 gr/cm3; the energy stored in radiation equals the subatomic energy 
of transmutations at a density of matter —- 3.IO4 gr/cm3. Sterne's calculations 
of the equilibrium of transmutations, for a total density of only 10 gr/cm3 (!) 
neglecting radiation, are an example of mathematical abstraction which disre-
gards physical realities (cf.6, p. 715). 
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B y s o l v i n g t h e p a i r of equations (a) —(b) , wi th T=Tc, Q = QC  

in (a), the unknowns, Tc and QC, corresponding to the degree of 
dissociation » = 0.01 are found. Now, equation (b) i s equiva lent 
to the l inear equation 

log QC = 3 log Tc 4 - const (b'), 

the constant depending solely upon the mass, w h e r e a s (a) 
approaches asymptot ica l ly the s t r a i g h t Iine 

log o = J log T - | " const (a'). 

This pair of equations, (a) and (b), as shown by the accompany-
i n g f i g u r e , y ie lds either two solut ions (b3 on the f igure) , 

Kig. 1. Conditions of nuclear dissociation. Ii1, b2, bn = equation of state for 
different stars (log —- 3 log Tc + const.); au a2 = equation of state for 

x = const. 

or none (bx). The case is s imi lar to the conditions of degen-
eracy i n v e s t i g a t e d by C h a n d r a s e k h a r 5 . In our case, the con-
dition of maximum dissociation a t ta in ing x = 0.01 (ft2 on the 
f i g u r e ) is g i v e n by 

4,2.10 7 ( \ ' ß = 1,25.108. 
\MOL 
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This g i v e s M = 1 9 Q ; f o r collapse, x ^ 0.01 is r e q u i r e d ; 
t h u s only m a s s e s m u c h l a r g e r than 19Q arr ive, in the process 
of contract ion, at a s u f f i c i e n t d e g r e e of d issociat ion to cause 
a col lapse. For other m a s s e s , the m a x i m u m a t t a i n a b l e d e g r e e 
of d i s s o c i a t i o n (x ) is * : x viax./ 

Mass M/MQ. . . 50 19 
X max 0.014 0.01 
Energy of dissoci. 

erg : gr . . . . 8. IO15 6. IO15 

(>r, gr/cm3 . . . . 3. IO8 6. IO8 

T  0 4 1()10 2,4.1010 

10 i 
0.0081 

8 ! 
0.007; 

5 
0.005 

5.IO15, 4.IO15! 3.10 lä 

9.IO8 ! 1,2.IO9 2.IO9  

2,4. IO1012,5. IO10! 2,5.1010 

3 ; 
0.004! 

2,4.1015  

4. IO9 

2,6.1010 

0.0031 
1.5 
0.002 

1,8. IO15 1,2.1015  

6.IO9 j 1,2.1010  

2,6.1010l2,7.1010 

' 1 * 

p r e c e d i n g contract ion | ^ = 1 , 2 . 1 0 1 5 | ^ j s e r g / g r j and that 

W e see that the m a x i m u m e n e r g y a b s o r b e d b y the dis-
sociat ion i s only a smal l f r a c t i o n of the e n e r g y lost d u r i n g the 

Qc 

{7Qj 

the " c o l l a p s e " t h u s a m o u n t s to only a n e g l i g i b l e d e c r e a s e in 
t h e r a d i u s : no real col lapse t h u s t a k e s place f r o m nuclear 
d i s soc ia t ion f'or e x i s t i n g s te l lar m a s s e s , and no appreciable 
a m o u n t of d i s s o c i a t e d mater ia l , to f e e d f u r t h e r radiat ion, can 
be f o r m e d . P o s s i b l e d e g e n e r a t i o n (for M <C 1.6) i s an addi-
tional factor to p r e v e n t dissociation.. 

In the p r o c e s s of d i ssociat ion d e s c r i b e d , the small , b u t 
percept ib le e q u i l i b r i u m c o n t e n t of the n e u t r o n m u s t collect 
by d i f f u s i o n at the c e n t r e ; u n f o r t u n a t e l y , no pure neutron 
core can be f o r m e d in s u c h a m a n n e r as i m a g i n e d b y A n d e r -
s o n 4 , b e c a u s e t h e s a m e Iaw of thermodynamic. e q u i l i b r i u m , 
w h i c h Ied to the f o r m a t i o n of the small p e r c e n t a g e of neutron, 
wi l l pro vi de for t h e c o n s t a n c y of the p e r c e n t a g e and conver t 
the e x c e s s of neutron col lected at the centre into the heavier 
nuclei . There is no escape f rom the conclus ion that n u c l e a r 
dissociat ion as wel l as p u r e n e u t r o n cores cannot play an 
appreciab le roie in the e n e r g y ba lance, s t a b i l i t y , and s t r u c t u r e 
of actual s ta r s . (Dissociat ion b y p r e s s u r e , of course, i s pos-

All our conclusions, derived from Saha's formula log 
x-

1 — x • 
A 
T + 

-\- p log T -f- C with p — Y, remain essentially correct also for the case of possible 
deviations from the formula at very high temperatures, if these deviations are 
such that f) 3. 
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sible, as it does not involve absorption of e n e r g y ; the form-
ation of electron-positron pairs from radiation is more l ikely 
to occur in the col lapsing core; involv ing an energy of only 
IO6 volts, and depending üpon the dens i ty of radia t ion , ins tead 
of the mater ia l dens i ty , t h u s solely upon the t empera tu re , it 
may be an impor t an t process in the core, especial ly as it 
increases the opacity, and lowers the molecular w e i g h t , t h u s 
r educ ing the luminosi ty) . 

c. Initial distribution of abundance. 

I t is the quest ion w h e t h e r wre have any r i g h t at all to 
der ive t he observed a b u n d a n c e of e l emen t s f rom condi t ions 
prevai l ing a t p r e s e n t in s te l lar in te r io r s . A more or less 
s imilar d i s t r ibu t ion of the e l e m e n t s is revealed by the ear th , 
the meteor i t e s , and the s te l lar a t m o s p h e r e s (cf .3 0 , and 2 2 ) , w i th 
except ions wh ich are easily explained by the h i s to ry of the 
ce les t ia l bodies (e. g., escape of hyd rogen f rom small bodies), 
w i thou t r ecourse to t r a n s m u t a t i o n s becoming necessary . Even 
if the ea r t h was f o r m e d f r o m ejec ted por t ions of the pr imit ive 
s u n (Chamber la in and Moulton), the re la t ive a b u n d a n c e of 
t he e l ements in i t canno t correspond to equ i l ib r ium condi t ions 
i n s ide t he p r e s e n t s u n . There seems to be no escape f r o m 
the conclus ion t h a t the me teo r i t e s , the ear th , and to all 
a p p e a r a n c e the s te l la r a t m o s p h e r e s re f lec t the composi t ion of 
pr imordia l m a t t e r which m u s t have been well m i x e d ; p resen t 
p rocesses in s tel lar i n t e r i o r s may in f luence the a b u r d a r c e of 
t h e less a b u n d a n t l igh te r e l e m e n t s (e. g., l i t h ium, beryl l ium, 
boron in the sun , cf . 2 2 , and Sect ion 3. d, f ) . In some s t a r s (if 
no t in the sun) , on accoun t of impe r f ec t m i x i n g of t he s te l lar 
mater ia l , the in t e rna l c h a n g e s in t he compos i t ion m a y b u t 
s lowly (perhaps no t a t all) become ref lec ted in the i r a tmo-
s p h e r e s (g iant s t a r s ; "compos i te" ad iaba t i c - rad ia t ive model , 
cf . below). The observed a b u n d a n c e of the m o r e a b u n d a n t 
l i g h t e r e l e m e n t s , such as oxygen, and (especial ly) t he abund-
ance of the heavy ones, m u s t have i ts or ig in in cond i t i ons 
which prevailed in the u n i v e r s e be fo re the p r e s e n t s t a r s were 
f o r m e d (neu t rons if f o rmed a t all can i n f luence the heavy 
e l e m e n t s only to a l imi ted extent ) . 
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d. White dwarfs. 

White dwarfs, such as Sirius B, <92 Eridani, represent 
cases where we are forced to conclude that the mixing of 
their material is rather inefficient. Possessing internal tem-
peratures doubtiessly higber than those of the main sequence 
stars, and densities that are much higher, these stars should 
develop much more energy than they actually do, if there is 
a trace of hydrogen in the interior; hydrogen must be com-
pletely absent from the interior of the white dwarfs (where 
the temperature exceeds ~ 7 . I O 6 K); on the other hand, 
spectroscopic evidence points to a not inconsiderable abund-
ance of hydrogen at the surface of these stars. We are 
forced to conclude that there is practically no mixing in 
these white dwarfs . If red giants exist for 3 . I O 9 years, the 
hydrogen in their central portions must have become exhausted 
(cf. below), whereas their atmospheres seem to show a rather 
abnormal abundance of hydrogen; thus mixing must be in-
complete in the giants, too. The white dwarf A. C. + 70° 
8247 according to Kuiper 0 5 is devoid of spectral l ines; the 
writer has s h o w n 6 6 that its colour as estimated by Kuiper 
implies an effective temperature of 12 700°; the absence of 
Balmer lines in such a case can be explained only by the 
absence of hydrogen; AC + 70° 8247 is thus aninstance where 
the mixing has been complete (as in the sun) and where the 
internal exhaustion is reflected in the atmosphere. 

e. Calcium. 

The remarkable constancy of the relative abundance of 
calcium in stellar atmospheres 3 1 seems lo speak in favour of 
the stellar atmospheres reflecting the composition of a prim-
ordial uniform mixture, although the equality of calcium 
content for stars of similar spectrum and absolute magnitude 
may be the result of similar conditions and history (the ab-
solute amount of calcium cannot change much from trans-
mutations, but its relative amount may change when the 
amount of hydrogen changes). The comparison of the relative 
abundance in g iants and dwarfs made by the writer 3 1 gener-
ally leads to an ambiguous interpretation: the colour-absolute 
magnitude effect, partly or entirely due to a pressure broaden-
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ing of Ca 4227, may partly, to an unknown extent, be due 
to a real Variation of mean composition with absolute magni-
tude. However, there is one case when the ambigui ty dis-
appears : for a weak spectrum line, on the margin of appearance, 
the p r e s s u r e e f fec t m u s t be absent . For Ca 4227, this corre-
sponds to spectrum Fo; the absence of the colour-absolute 
magnitude e f fect at this spectrum indicates that at least the 
atmospheres of Fo g i a n t s and d w a r f s possess an almost equal 
relative calcium content (ratio"of Ca to hydrogen plus all the 
other elements), wi thin ± 5 per c e n t ; such a co inc idence of 
the expected and the observed d isappearance of the colour 
e f fec t is not very likely to be acc iden ta l ; t h u s it appea r s 
h ighly probable t h a t t he re is l i t t le s y s t e m a t i c d i f fe rence in 
the compos i t ion of the a t m o s p h e r e s of g i a n t s and dwar f s , 
a l though the i n t e r n a l composi t ion is ve ry likely to be d i f f e r -
e n t : S t römgren ' 2 1 f i n d s for the in te r ior of g i an t s a smal ler 
ave rage h y d r o g e n con ten t t h a n for the main sequence s ta rs , 
wThereas the da ta of the w r i t e r 3 1 (if the p re s su re e f fec t is dis-
regarded) would requ i re an inc reased hyd rogen c o n t e n t in 
the a t m o s p h e r e s of the g i a n t s (smaller relat ive a b u n d a n c e of 
calc ium), except Fo. The s ame was found by R u s s e l l 2 2 for 
red g i an t s . Thus , w h a t e v e r the in t e rp re t a t ion of the observed 
colour-absolute m a g n i t u d e e f fec t , t h e conclus ion is the same, 
namely, tha t the composi t ion of stel lar a tmosphe re s is no t 
a lways d e t e r m i n e d by the composit ion of the in te r ior . T h e 
m i x i n g of t h e s t e l l a r m a t e r i a l m a y i n s o m e 
c a s e s b e r a t h e r i n e f f i c i e n t . 

/'. Rotational currents and convection. 

This conclus ion appears to be at the f i r s t s igh t in con-
flict wi th ce r t a in theories r e q u i r i n g ver t ica l c i rcula t ion . Thus , 
in r o t a t i n g s t a r s convection c u r r e n t s inevi tab ly arise, as shown 
by von Zeipel3 2 . B ie rmann , Rosse land, S teensho l t have shown 
t h a t in s t a r s g e n e r a t i n g ene rgy by atomic syn thes i s , or gener -
ally by a process of a speed rapidly inc reas ing wi th the tempe-
ra tu re , the m a t h e m a t i c a l theory of the model leads to nega t ive 
dens i ty g r a d i e n t s i n w a r d s ( s imi lar to the poin t -source model), 
which of course canno t pers i s t as such, and give r i se to con-
vect ion c u r r e n t s instead3 3 '1". Thus the re canno t be the least 
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doubt as to the exis tence of convection currents in s t a r s . And, 
never the less , the mix ing of the material may be incomplete. 
Fol lowing a s u g g e s t i o n made by B jerknes , Eddington a d m i t s 
" that a circulation of th i s k ind tends to become s t ra t i f ied, so 
that i n s t e a d of one circulation b e t w e e n the cent re and the 
outs ide we may have two or three layers of circulation. Each 
layer wil l then be thoroughly mixed, but there will be l i tt le 
i n t e r c h a n g e between consecutive l a y e r s " (cf.1, p. 286). Rosse-
I a n d 3 3 r e m a r k s , with r e g a r d t"o the centra l convective z o n e : 
"If . . . the s t a r s are convect ive ly u n s t a b l e even without rota-
tion, the roie of the rotat ion is less that of i n s t i g a t i n g con-
vection than that of d e t e r m i n i n g the type of the e n s u i n g cur-
r e n t s " . In fact, the vert ical c u r r e n t s in a r o t a t i n g star are 
def leeted horizontally by the d i f f e r e n c e of the linear velocity 
of rotat ion in d i f f e r e n t zones, exact ly as happens to the wind 
on the e a r t h ; the def lect ion increases wTith decreas ing fr iction 
(which i s re lat ively much smal ler in s t a r s than on the earth), 
and is a l ready cons iderable wrhen the d i f f e r e n c e of rotational 
velocity (between the g i v e n and the " s t a r t i n g " point of the 
current) is comparable to the veloci ty of the current . For von 
Zeipel's e f f e c t E d d i n g t o n 4 7 e s t i m a t e s a veloci ty of vert ical con-
vection. l e s s than 2.1.0 - 4 cm/sec for the sun, which would require 
about ten million y e a r s to t ravel from the centre to the s u r f a c e 
if u n d e f l e c t e d ; appreciable deflection s t a r t s , however , a l ready 
a f t e r a path of 100 cm only. 

For the centra l u n s t a b l e region the calculated n e g a t i v e 
dens i ty g r a d i e n t is, of course, only a mathematica l f i c t ion; i t 
means the b r e a k d o w n of the assumpt ion of radia t ive equilib-
r ium there ; adiabat ic equil ibrium and a heat t r a n s f e r by con-
vection supplernenting radiat ion take place (radiat ive equil ibrium 
may p e r s i s t in the outer port ions of some stars , g i a n t s for 
e x a m p l e ; p r o b a b l y not in the sun). The region of the convec-
tional t r a n s f e r of heat may extend beyond the computed region 
of a n e g a t i v e dens i ty gradient , in some cases over the whole 
s tar (cf. Section 5). The equations of adiabat ic equi l ibr ium 
m u s t be a lmost s t r i c t l y fu l f i l l ed in the convect ive region be-
cause, as shown in Section 5, a su f f ic ient t r a n s f e r of heat t a k e s 
place at such low velocit ies of the current that the ensu-
i n g deviat ions of p r e s s u r e and dens i ty f rom their s tat ic equi-
l ibr ium values are neg l ig ib le . indeed, we obtain a m a x i m u m 
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stream velocity of convect ion by a s s u m i n g that the transfer 
of heat is accounted for b y the mere k inet ic e n e r g y of the 
current, d i s r e g a r d i n g the heat transfer by an excess of tempe-
rature (only in the absence of v i scos i ty or turbulence, and for 
adiabatic c h a n g e s of state, our assumpt ion w o u l d cease to be 
an overes t imate ) ; for the central region of the sun, the m a x i m u m 
ve loc i ty w e f i n d << IO4 cm/sec (Section 5. a). A n ascend-
i n g current of v = IO4 cm/sec w i l l experience sens ib le def lec-
tion on ly af ter t rave l l ing the cons iderable f ract ion - 0 . 0 5 of 
the sun ' s rad ius ; it is therefore probable that the ent ire inner 
core of convect ional instab i l i ty f o r m s one system of circulation, 
w i t h complete and rapid mix ing . On the other hand, in the 
outer shel l of radiat ive e q u i l i b r i u m (probably absent f r o m the 
sun) on ly the w e a k currents d u e to rotation can exist ; these 
m u s t form a large n u m b e r of superposed she l l s ( th ickness of 
the order of IO3 cm) w i t h a more or less complete circulat ion 
in each; the m i x i n g in such a case is practically nii, if the 
in terchange b e t w e e n sur face and inter ior is cons ide ied . How-

ever, peculiarit ies of ionization I r e d u c i n g the value of y = 

m a y produce local ins tab i l i t ies a n d convect ion zones (cf.34), 
such as w e probab ly observe in sun-spots; probab ly all the 
m i x i n g in the outer layers of the sun is due to such causes. 
Thus, rotation favours m i x i n g only to a n e g l i g i b l e extent, a n d 
prevents it e f f i c ient ly by d e f l e c t i n g the more p o w e r f u l central 
and ionization currents ; however, in complete ly adiabatic stars 
(cf. Section 5) the roie of rotation, by o v e r c o m i n g a certain 
"dead zone", m a y be important, l e a d i n g to complete mix ing . 

Por d w a r f s w i t h their s low rate of e n e r g y generat ion a 
cons iderable c h a n g e in composit ion w i t h age m a y be expected 
only a m o n g the br ighter ones, of c lasses A and B ; "compos-
i te" models (Sirius A, Procyon?, cf. Section 7) s h o u l d s h o w 
an u n c h a n g e d or ig inal composi t ion of the i r atmospheres, 
whereas complete adiabatic models shou ld exhib i t a consider-
ab ly d e v i a t i n g d i s t r ibut ion of the l i g h t e r nucle i (up to o x y g e n ) 
(such as exempl i f i ed b y the low a b u n d a n c e of l i t h i u m and 
b e r y l l i u m in the sun). Giant stars w i t h rad iat ive shel ls con-
ceal their i n n e r composit ion. Perhaps g i a n t s of except ional 
composit ion (such as R — N stars) are those wThere the m i x i n g 
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is (or has been more or less recently) complete, so that their 
atmospheres reflect the internal changes. In this respect we 
may suppose that the relative excess of carbon, as compared 
with oxygen, postulated by Curtiss and investigated by Kussell 
in the N stars ("carbon" stars), is the result of atomic synthe-
sis in the stellar interiors. The equlibrium of abundance, for 
intermediate members of the atomic synthesis, can be reached 
only when the life-time of the atom is short as compared 
with the life-time of both the star, and the hydrogen in it. The 
last nucleus which has a life comparable to, but greater than, 
the life of the hydrogen in the star, will accumulate from the 
more rapid transmutations of the lighter nuclei; the abund-
ance of the next heavier nucleus, however, will not appreci-
ably increase before the life of the star has approached the 
life of the nucleus. From Sterne's tables we derive the follow-
ing f igures, for o = 10 gr/cm : 5 *, ¢ = 0.01 (except hydrogen, 
for which q = l,3.10~ l s is assumed, cf. above): 

Life time for proton capture 
Hydrogen Boron Carbon N i t r o g e n Oxygen 

TT - 13,8.10 (i K IO10 y e a r s 2 .10 9 y e a r s 3.10 11 y e a r s IO 1 4 y e a r s IO l t i y e a r s 

T e = 1 8 , 6 . 1 0 6 K IO 9 „ 2.IO 7 „ 1 . 1 0 9 „ 2 . I O n „ 3 . 1 0 1 3 „ 

Both temperatures are higher than the probable adiabatic 
temperature of the sun (cf. above); Tt = 18,6.106 gives on the 
Li-f- H synthesis several hundred times more energy per gram 
than is produced by the sun, thus this case may correspond 
to a supergiant in its early, non-eollapsed (main sequence) 
stage (cf. below); T e = 13,8.106 gives 35 times more energy 
per gram than the sun and may correspond to the case of a 
normal giant. 

We see here that the lives of carbon and hydrogen are 
of the same order of magn i tude; also, that for the normal 
giant (first case) boron falls below the limit of 3.10 9 years, 
whereas carbon exceeds considerably the limit and may be 
considered the last element accumulating in the chain of the 
synthesis, whereas nitrogen, and still more so oxygen are 
"inert". Nitrogen must accumulate in the supergiant. Tnus, 
it is very l ikely that in the interior of giant stars carbon has 

* Por another va lue of Q, the f i g u r e s l i t t le c h a n g e if TT i s chosen so 
a s to keep the r a t e of e n e r g y generat ion per unit m a s s constant . 
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increased in amount, whereas oxygen has remained unchanged; 
if the original mixture contained more oxygen, the final 
composition may show an excess of carbon; in stars where the 
mixing is eff icient* the excess of carbon may extend to the 
atmospheres. 

g. Neutron. 

There have been attempts to attribute to the neutron an 
important roie in the structure of all stars (W. Anderson, 
cf.4). In superdense cores the neutron as shown above cannot 
play a conspicuous roie. Outside the superdense cores the 
neutron must possess a rather short life (cf. Atkinson 1 3 ) and 
can never have a chance to accumulate; the penetrability of 
matter by neutrons has been largely overestimated by F l ügge 3 6 

(observed target —• IO - 2 4 cm 2, instead of his 10~27 cm'2 for 
elastic collisions of fas t neutrons; slow neutrons have a 100 
times larger target), and his conclusions as to the possibility 
of a diffusional Separation and concentration of the neutrons 
at "ordinary" stellar centres are untenable. Thus, the only roie 
of the neutron in stellar interiors is that of a short-lived, 
highly active link in atomic synthesis ; the amount of free neu-
tron must be vanishingly small, just on account of its high 
activity. 

S e c t i o n 5. 

The Composite Adiabatic-Radiative, and the Complete Adiabatic 
Stellar Models; Giant and Dwarf Structure. 

a. Transfer of heat by convection. 

It is known that the point-source model leads to a decreas-
ing density towards the centre (cf. \ p. 126); physically this 
means that convection currents arise, and that the calculated 
point-source state of equilibrium is replaced by another kind 
of equilibrium. Rosseland, Biermann, and Steensholt have 

* But stil l incomplete ; wi th complete mixing, according to our v iews 
exposed below, p lanetary nebulae and Wolf-Rayet s t a r s are l ikely to be formed, 
i n s t e a d of g i a n t X s t a r s . The mix ing may perhaps be considered the result 
of some c a t a s t r o p h i c event (as p e r h a p s the " s w a l l o w i n g " of a companion by 
the e x p a n d i n g g iant , cf. Section 7. i). 
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shown that, for the law of energy generation e — QK Ts (Q = 
density, T = temperature), there will be formed a convective 
core for as low a value of s as 3 (with k = O)33. As Cowling 1 8  

truly remarks, the transfer of energy in the interior of the 
star is in this case by convection, not by radiation. Actually 
convection takes place wherever the temperature gradient 
tends to exceed the adiabatic value, $o (absolute values); in 
such a case adiabatic equilibrium sets in, with a slight excess 
of the gradient A £ = | — f a , suf f ic ient to keep convection 
going. The extent of the convective core is thus larger than 
would appear from the extent of the calculated negative 
density gradient. 

The convective transfer of heat (per unit of time and 
cross section) between two surfaces may be set equal to 

Qc ~ VQ cpAT (4), 

where v is the velocity, o the density, cp the specific heat, JT the 
excess temperature of the current. The transfer by radiation is 

,. (Ti

l-Ti) 
' ~ iox" ' 

where T1 and T2 are the temperatures, Tc the coefficient of 
absorption, Q the density (supposed to be constant), x the depth. 
For surfaces separated by a large TCQX the advantage of convection, 
as compared with radiation, is obvious; if the depth of the 
convection current is of the order of the radius of the star, 
convection is much more efficient than radiation. Take for 
the sun, at one-sixth of the radius from the centre, a net 
transfer of 5.IO12 erg/see per cm2 of the convection current 
Ithis is supposed to give one-half of the energy output of the 
sun, provided by a central fraction of 0.03 of its mass, corre-
sponding to a highly concentrated source of energy about 
e ~ o T1 2 (cf. Section 3. d), if the r i s ing current covers one-quarter 

of 4JTR2\; further, take Q = 10 gr/cm3, cp = 3.IO8 ^ * . 

Formula (4) then g i v e s : v A T = 1700. * 
* For n e g l i g i b l e f r ict ion (viscosi ty and turbulence), such as m u s t obtain 

in the case of a l a r g e - s c a l e c u r r e n t in a s tar, is of the order of '-c D'J ; 

this g i v e s vr1 — , or, with our adopted data, v 8 0 0 0 cm/sec, and JT — 0°.2: 
Q 

the deviat ions from adiabat ic h y d r o s t a t i c equil ibrium a r e of the order oi 
l o - - Ior T, and about the saine for the p r e s s u r e . 
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For AT = 1 0 0 ° (or ~ I O - 5 T 1 ) , v = 1 7 cm/sec. It is obvious 
that convectional transfer is very efficient, and that it requires 
such small deviations of temperature and pressure from the 
static values that it is legitimate to assume for them adiabatic 
equilibrium values. Thus, the convective region may be 

assumed to be built according to the polytrope n == — 1 y 

where y is the ratio of specific heats, for almost any concent-
ration of the energy sources. An exception is presented by 
the true point-source, for which convection becomes inadequate 
at a small distance from the centre, at about 10 - ( i of the 
radius (for the sun). Also, in the outer layers of a star (the 
sun), when Q -< 2.IO-5 gr/cm3, convection may be incapable of 
transporting the net flux of heat. 

Heat that has escaped from a shell of radius r inside a 
star, containing a fixed mass Mr, cannot get back (because 
free convection cannot transport heat in the direction of the 
gravitational force; convection forced by rotation is too slow, 
and too weak, to work against the excess of the adiabatic 
temperature gradient required for a reversal of the transport 
of heat). Also, there are no subatomic processes able to a b -
s o r b energy at temperatures below IO9 K. Therefore, all the 
net flux of heat (radiation convection) which has once 
passed outside of r, must make its way through to the surface 
(with the exception of a mostly small or zero fraction spent 
upon the heating of an expanding star). On the other hand, 
the temperature gradient cannot perceptibJy exceed its adiabatic 
value £a; if radiation at the maximum possible value § = $a is 
incapable of transporting all the heat, convection comes into 
play to supply the difference. 

The net flux of radiation passing outwards through a 
shell of radius r is 

here | ac = Stefan's constant of radiation. 
In the case of pure radiative equilibrium, this is also equal 

b. Thc net flux of radiation in a polytrope. 
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to the net flux of the energy, Lr\ in the presence of con-
vection, however, 

Qr < I', ' 

Por Krämers ' law of opacity Jc = Jc0 Q T ~ . (6) (Ä-0 = 
intrinsic opacity depending upon composition, priirarily upon 
the hydrogen content), and for a polytropic model 

Q = Q0U
H (7), 

T where u= (o and Tc = central density and temperature). 
X c 

Equation (5) becomes, after appropriale substitution: 
1:5 - 1 d u 

Qr-A W2 ~ 2 n j — Z1 j . . (8), 

where 
R' du Mr , 2 = 7. »')—^ , — M , , , and 
R dz M 

15 
. 16 JvacRT r Z . .. 

= 3 Jr0 R'(Q IQ )2»A' U \ w c I ^ ^ m 

R is the radius, QM the mean density, M the mass of the s tar; 
R' and M' are constants of Emden's tables (final values of 5' 

and — depending as well as '' upon the polytropic index, 
d~ J Qm 

and 

m R' O ß ii M 
1 • n . V O i // < 1 0 ) 

(cf. Eddington 1 , pp. 79—85); ,a is the molecular weight, O 
the constant of gravitation, 9¾ the gas constant , ß is the 
e f f e c t i v e ratio of gas pressure to total pressure which for 
a given n differs slightly from the value given by Eddingt 011's 
qnart ic equation (derived for a particular model, v = 3).* 

* If ßz is t h e v a l u e for n = 3, t h e a v e r a g e va lue for (10) is g i v e n by 

t h e fo l lowing t a b l e : 

n 3 2.5 2.33 2.0 1.5 

\—ß 
9 1.00 0.82 0.82 0.83 0.90 

1 - ih 
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c. Condition for convection to start at the centre. 

For one and the same star A is a constant; equation (8) 
determines the distr ibution of energy sources in the star only 

13 
2 n 

in the absence of convection, in which case JedMr— u -
In the case of convection, however, the distribution of energy 
sources is independent of Qr, and is determined by Lr\ for 
convection to start it is evidently necessary that 

Qr < Lr (11) , 

which means that radiation alone is unable to transport all the 
energy liberated inside a given shell. The inequality (11) 
determines the minimum degree of concentration of the true 
energy sources for producing convection*. Setting 

Lr = £ Mr, Qr- T~~~ nMr, 

and fi - o T s - y 5 + " f o r n 3/25, 

(11) leads to the "min imum law of energy generation" for 
convection (for this purpose, £ must increase inwards faster than 

s >> — Sn (12). 

(The use of a mean value, t, instead of e, introduces little 
difference.) 

Por n = 1.5 (minimum value), ,s- > 2 appears to be suffici-
ent. Actually, for the mixture of ionized gas -j- radiation, 
n = 1.6:3 seems to be a fair estimate for the sun (with 
T, ~ 1,9.107, /6 = 0.98, cf. Section 3. 6); s >> 1.6 is only re-
quired in this case. There cannot be any doubt that any k i n d of 
subatomic processes will satisfy this condition (Atkinson estim-
ates s — 20), and that convection is inevitable in such a case. 

* WlHin Qr > Lr (subatomic), the balanco is made up by g r a v i t a t i o n a l 
contraction ; the contraction soon stops, when t h e rapid ly i n c r e a s i n g Lr ex-
ceeds Qr (which v a r i e s little). 

We notice that on account of convection the s t r u c t u r e is a lmost 
e x a c t l y polytropic (cf. above), and an objection of J. Tuominen, Z e i t s c l i i ' . 
f. A s t r o p h y s i k J), 2(K), 1936, a g a i n s t u s i n g ^ ^ T n in the formula for t i s 
thus inval idated. 

4 
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For gravitational contraction, e ~ T (cf.1, p. 123); convec-

tion would start when 1 >> — 2 h , or 

1 
= n >> 2.75, or 7 < 1.364. 

This can happen, except under peculiar conditions of ionization, 
only when 1 — ß ^ > 0.81, thus in stars of exceptionally large 
mass ; the gravitational source of energy for "normal" s ta r s 
probably never leads to convection. 

d. The luminosity of a polytrope. 

Let us consider a complete polytropic model of constant 
n. For all values of n < 3.25, Qr as given by (8) increases from 
the centre outwards to a certain maximum value, Q , at r = rn, ' m̂ax) 0» 
and then drops down to zero at the surface (r = R). Byreason 
of our postulate (Subsection b, non-reversibilily of the flux of 
heat), the luminosity of the star, L0, must sat is fy the inequality 

A) ^ Qmax (13)-

The minimum luminosity is Lmin = Q,mnx. On account of the 
probable absence (weakness) of energy sources outside r0, the 
true luminosity must be very near its minimum value. The 
mass-luminosity function of the complete polytrope is then 
determined by 

L = 0,,,«= Q"i' • A <») . 

where ^m a l c is computed from (8) by the aid of Bmden's tables 
A 

( G a s k u g e l n , Leipzig 11. Berlin 1907; cf.1, loe. eit.); for a 
constant polytropic index, Eddington's mass-luminosity func-
tion results, with a certain divisor a of the luminosity (cf.1, 
p. 124) depending upon the polytropic index. The following 
table contains the data for different polytropic indices: 
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T a b l e 2. 

Divisor of luminosity, ci [L — -a~ f (M1R)]. 

n = 3.25 3.0 2.5 2.0 1.5 0.0 

O
 

p Il 0.457 0.378 0.375 0.383 0.433 

O
 Il ö O

 

0.85 0.54 0.37 0.25 0.24 
Q max/A — 1.96 0.996 0.480 0.302 0.211 0.309 

CO
 

2.64 3.67 3.31 2.02 0.057 
TC ( M, IXJ II = const.) — 1.12 1 . 0 0 0 0.822 0.705 0.632 0.584 

Por constant mass, radius, intrinsic opacity, and molecu-
lar weight, the luminosity is inversely proportional to a. The 
standard value of a = 2.5 chosen by Eddington (loe. eit.) f i t s 
well for 1.5 < n < 2.0. 

e. The adiabatic model. 

Now it is proposed to prove in a rather simple way that 
the complete adiabatic polytrope (n < 3.25) may actually be a 
persistent form of stellar structure. For r < r 0 , Q < Qmax, condi-
tions (11) and (12) are fulfilled, convection takes place, and the 
state is one of adiabatic equilibrium. For r>>r0, Qr<C Q-max<LLmjn, 
the same holds as far as formula (8) is valid, or as far as a 
polytropic distribution may be used for a satisfactory (not 
necessarily exact) representation of the state of stellar matter. 
The extra heat, Qmax — Qr, is transported by convection, and 
convection maintains the adiabatic structure almost rigorously. 
Thus, a star can be built completely on the adiabatic model 

with n = - 1 - (w may, of course, be s l ightly variable), but for 

a thin outer layer which more or less "shines through to space", 
and where the density becomes too small for an efficient trans-
port of heat by convection. At r = r0, the radiative, and the 
adiabatic states of equilibrium coincide, and the transport of 
heat is by radiation only. Nevertheless, the mixing of the stel-
lar material which is complete inside and outside of r0, may 
be efficient also in the narrow "dead" zone at r = r0, on ac-

i; Tlie central temperature has a minimum : 
n = 1.5 1.0 0.5 0.0 
TR = 0.632 0.584 0.567 0.584 

4* 
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coiint of von Zeipel's rotational currents which, although weak 
for the star as a whole, may be suff icient to f i l l out the nar-
row link required for complete mixing of the whole stellar 
material. There may be cases, however, where the interchange 
of matter through the shell r0 is weak, or absent; with pro-
gressing atomic synthesis in the interior the molecular we ight 
becomes larger inside r0 than it is outside, a circumstance of 
great importance in stellar evolution (cf. below). 

f. The composite model. 

Another possible form of the equilibrium of a star with 
a concentrated source of energy is an adiabatic-convectional 
core inside, surrounded by an envelope (of considerable mass 
and extent) in radiative equilibrium. AVhich form of equilibrium 
a model actually assumes can be settled only by computations 
of stellar models by the method of trial and error; some general 
principles and qualitative criteria are formulated below. 

The condition of the stability of radiative equilibrium is 

n ^ y J ~ (lä), 

where n is the "local" polytropic index, n0 the adiabatic poly-
tropic index of the material. We choose to dei'ine n by 

T dP 
)i —[— 1 p 

(which follows f rom P ~ T"+]), where P is the total pressure. 
If computations on the basis of the formulae of radiative equi-
l ibrium lead to 

n<n0 (17), 

radiative equi l ibrium is unstable, and convectional-adiabatic 
"equil ibrium" governs instead 

The possibil ity of f i t t ing a shell in radiative equi l ibrium 
on the top of a convective shell of radius r depends upon 
dri • calculated from the formulae of radiative equi l ibrium: when 
dr 

:i: In ac tua l computat ions, Hio index 1-(- 1 '-' . . . (l(j') may be 
tl J' (lo 

preferred as a ei 'iterion of convectional s tabi l i ty . On account of the presence 
of radiation, the two indices (1(5) and (1(5') a r e not identical. 
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the derivative is positive at n = n0, (15) holds, and radiative 
equilibrium is possible; when the derivative is negative, (17) 
holds just outside, and adiabatic equilibrium continues; a 
transition to radiative equilibrium at the given value of r for 
which. (17) holds is impossible. 

Prom (8), together with (16) and the well known equations 
of radiative equilibrium, 

cIP G Mr o T.
 qR Q T d Mr = , P= — , = 4 71 Q 

d r jj /(. dr 

and P — T''"1"1 (because the structure is polytropic with n = n0 

at the value of r chosen), we find 

—j— 1 = -0- I- x const., and 
P 

1 d" (V — - n0) drT 1 dM, ,'''(,') 
(w0 4- 1) dr T dr Mr dr dr 

For r = r0, = 0 , because there radiative and adiabatic 
dr 

equilibrium merge one into the other (cf. above). For r <C r0, 

calculations give > 0 , whereas for r r 0 , <0(?i 0 <3.25). 
(IV CLT 

Thus, for a star of uniform composition, a radiative equi-
librium envelope can be fitted to an adiabatic core only when 
the radius of the core is smaller than the radius r0 of the 
maximum radiation, Q!max. In such a case, for r <C r0, as con-
vection is absent from the envelope, L = Qr = Lr <C Qmax; the 
luminosity of the whole star must be less than the luminosity 
of the complete adiabatic polytrope (of which the core repre-
sents the central portion). 

The condition r <C r0 is nec-essary, but not sufficient for 
the fitting of a radiative equilibrium shell to an adiabatic core ; 
this question will be discussed in more detail in another paper. 

g. Regulation of luminosity for the adiabatic model. 

For the complete adiabatic model the minimum lumino-
sity is Qmax', on the other hand, a larger luminosity is also 
possible, because convection currents can transport an almost 
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unlimited amount of excess energy to the surface. However, 
it is extremely improbable for a star to get into a state of 
being actually able to radiate into space more than QMAX. In 
the process of original gravitational contraction the star settles 
down at a certain equilibrium radius, when the subatomic 
energy sources exactly balance the amount directly required, 
Qmax (the total heat is balanced; the impossibility of detailed 
balancing of radiation and subatomic sources leads to convec-
tion). To obtain more, the star must be compressed further, 
so that T, Qc and e (subatomic) may increase, and the star 
must be kept in the "overcompressed , , state until the con-
vection currents transport the extra liberated heat to the 
surface, and until the extra potential energy of contraction 

happen, the star rebounds to its original equilibrium state 
L = QMAX. Now, the time during which a star can be kept 
without interruption in an "overcompressed" state is of the 
order of one-half of the period of its free pulsation. The extra 
amount which may be radiated into space during so short an 
interval (a few hours, or days) is extremely small, correspond-
ing for r) Cephei to a relative decrease in the radius, or an 
increase of TC of about 10~7, which is too small to be of a 
perceptible influence upon the energy generation. There can-
not be a cumulative effect for a whole pulsation period: the 
star sets its average luminosity in balance with the average 
energy generation during the whole pulsation. An equally 
important hindrance for a pulsating star to settle into an 
overcompressed state is the delay in the transport of heat to 
the surface: it is obvious from elementary mechanical con-
siderations (even disregarding the numerical estimates of the 
velocity of the current as made above) that the period of the 
circulation of a convection current must be large as compared 
with the period of the pulsation of a s tar; therefore the extra 
heat of compression has no chance to get to the surface of 
the star. To obtain a permanent overcompression of 0.1 of the 
radius (which would increase the rate of subatomic energy 
generation Q TS by 1.0 —2.5 mag, for « = 6 — 20), Õ Cephei 
should be kept in the overcompressed state for 7 000 years, 
with free radiation into space allowed. Evidently, overcom-

is radiated into space: if the latter does not 
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pressed stars are practically impossible; a monotone mass-
luminosity relation (L == Qmax) for adiabatic stars of the same 
composition must hoid, as it holds for the purely radiative model. 

h. Model of non-homogeneous composition. 

So far stars of uniform composition throughout have been 
considered. It is, however, not l ikely that all stars are of a 
homogeneous composition (we do not consider here, as of 
minor importance, the change of mean molecular w e i g h t due 
to the variable degree of ionization considered by Eddington). 
In the composite, but originally homogeneous model exhaustion 
of hydrogen leads to an increase of molecular we ight jn the 
core; for the purely adiabatic model (massive stars), the l ink 
between the central, and the marginal convective systems may 
in some cases be inefficient, leading to the same result. A 
core containing less hydrogen (condensation of meteoric 
material, cf. Iater on) than the envelope may appear in some 
stars from the very " b e g i n n i n g " ; perhaps a very small core 
of such an origin is present in all stars. It is easy to show 
that quite a small di f ferentiat ion of composition would prevent 
any further convectional interchange of matter between the 
core and the envelope, leading thus to further differentiation, 
the extreme case of which is a complete absence of hydrogen 
from the core. For the surface of demarkation between core 
and envelope (we assume schematically a sudden change of 
molecular weight), the condit ions of mechanical stability and 
of the f initeness of the f lux of energy require equality of 
temperature and total pressure (thus ai J-O of radiation pressure 
and ß) on both sides of the surface; there is a discontinuity 
in density, 

and in the temperature gradient. Here the index ?'refers to the 
inner, e to the outer side of the surface of demarkation. Assuming 
first that there is no convection, and that the opacity is 
given by (6) (Je0 is the intrinsic opacity, depending upon 
composition), the ratio of the temperature gradients becomes 
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dT 
dr I, ZoiV- ^ 

(rZ 7'\ \o, j Ic 
dr 

(20). Kurther 

UlP 
di I Oi 

dP\ oe 

dr 

(21). 

Hence, from (16), the ratio of the polytropic indices is 

n + 1 o k 
' - = + (22). 

ne -|- 1 o. Z\ 

The intrinsic opacity, defined differentiy from the usual 
definition, for variable hydrogen content varies as follows*: 

Hydrogen content, X 0 0.25 0.333 0.50 0.75 0.90 0.99 
fJL 2.24 1.21 1.063 0.836 0.631 0.546 0.500 
10--:! Jc0 288 146 116 71.3 26.3 9.27 0.853 

The actual opacity is then given by 

Ic = Jcq O T 2 -j— 0 . 2 (1 —j— X) ( 2 3 ) , 

including the correction for electron scattering. 
For 25 per cent hydrogen in the envelope and none in 

the core, (21), (22), and the above table give 

(Me+ 1) = 3.6 (n{ + 1). 

In other words, n e ^ n f ; as the latter cannot fail below the 
adiabatic value, the adjacent envelope is always in stable 
radiative equilibrium. 

If the märgin of the core has definitely settled to radia-
tive equilibrium (?ii ~ 3), ne ~ 13: the envelope starts almost 
isothermally. 

If the core is adiabatic up to the surface of demarkation, 
nt. >• 1.5, ne^> 8, which makes little difference as compared 
with the preceding case. In addition to the radiation 
emerging from the core, the adjacent envelope containing 

* Computed f rom Iüddington 's da ta in 1!l. 
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25 per cent hydrogen is able to take up and transport by 
radiation a much greater amount of heat supplied by con-
vection from the core, without starting convection itself *. 
Assuming 7. = 7 - 1 . 5 , Hi = Ue = 2, the maximum amount 
which the envelope is able to transport by radiation alone 
equals 3.6 times the radiation from Ihe core [cf. (16), 

may be fitted to an adiabatic core with r > r0. Bventual 
convection currents reaching the boundary of the core cannot 
rise by inertia any farther into the envelope, because of the 
di f ference of density in the core and the envelope **. Our 
conclusions remain unchanged in principle also in the case of 
the existence of a gradual transition (staatification) from core 
to envelope, instead of that of a sharp boundary. 

i. Collapse of the exhausted core of a composite model and giant 
structure. 

A core devoid of hydrogen, thus presumably devoid of 
subatomic sources of energy, is doomed to collapse on a 
"Kelvin" time seale, i. e., with gravitation as the source of 
energy; high densities can be attained, and a super-dense 
core*** may be formed. The hydrogen-containing envelope 
cannot be sucked into the core as long as traces of hydrogen 
are present, because the corresponding immense increase of 
temperature and density would lead to an instantaneous 
release of the whole store of subatomic energy, suff ic ient to 
disperse all the envelope into space. Actually no such 

* Actual ly such an extra supply of heat is n e c e s s a r y ; a s shown in 
another paper, the necessary condition (as suming Krämers ' opac i ty) for a 
f ini te Solution is ne < 3.25. 

** For a veloci tv < IO1 cm/sec (cf. above). and - = 2, the h e i g h t to 
Ve ' 

which t he c u r r e n t m o u t h i n t r u d e s in to the envelope is of t he o rder of 

< 10—20 meters , for the interior of the sun. 
*** We avoid the term "centra l ly Condensed", as it, has been attached 

by Miine -3 to a certain mathemat ica l model which is a mathematical , and 
probably also a physical impossibi l i ty, leading to the central s ingu lar i ty which 
can be removed only by an appeal to unknown phys ica l propert ies created 
a d h o c , cf. 5 . 

such an envelope 
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catastrophe happens *, the contraction of the core being a 
gradual one; instead of b l o w i n g up, the envelope gradual ly 
expands and ad justs itself to such low values of the e f fect ive 
dens i ty and temperature that the release of subatomic energy 
remains more or less normal (it may be even less than the 
"normal", as the gravitational energy of the core supplies 
now a large fraction of the star's needs). In spite of the h i g h 
gravitational force exerted by the core, the transition f rom 
the superdense core to the envelope of "normal" density and 
temperature is made possible by the peculiar d istr ibut ion 
of the energy sources, and the smaller molecular w e i g h t of 
the envelope**; the presence of subatomic energy sources 
suddenly b e g i n n i n g to work outside the core creates radiation 
pressure that "b lows away" the matter of the shell, leav ing 
a small dens i ty of matter just suf f ic ient for the subatomic 
sources to work. The condit ions are similar to those in the 
mathematical point-source model (cf. !, p. 126), except that 
here the subatomic source of energy is not concentrated in 
exactly one point, and that an addit ional point-source of energy 
and a considerable point-mass complicate the problem. 

At a certain distance from the core adiabatic equi l ibr ium 
mav set in ; it may be s h o w n that for the distance RE, w h i c h 
halves the subatomic energy sources, convection is a lways 
ef fect ive, and adiabatic equi l ibr ium takes place. W e omit the 
proof, as th is result obv ious ly fol lows from the fact that R e  

and QE are of the order of RQ, and QQ, for w h i c h case the 
numerical estimates made at the b e g i n n i n g of this section 
apply. As to RE, the ef fect ive radius of energy generation, 
and Q£, the e f fect ive density, they may be est imated in the 
fo l lowing way. Let LX be the energy output of the core, L2  

the additional energy f rom the subatomic energy sources 
outside the core; MC and M — MC, the mass in the core, and 
outside the core respect ively; TE the temperature at RE. For 
constant ß, the temperature represents the potential; for a 
small distance from the centre, and a considerable mass in 

* HIxcept for t h e "d i s soc i a t ive co l l apse" d i s c u s s e d in t h e p r e c e d i n g 

sec t ion , w h e r e t h i s w a s shown to be i n s i g n i f i c a n t for all a c t u a l s t a r s . 

** Wi thou t a d m i t t i n g s u c h pecu l i a r cond i t ions , the c e n t r a l d e n s i t y a n d 

t e m p e r a t u r e of a s t a r of f ixed o u t e r d i m e n s i o n s c a n n o t exceed c e r t a i n 

" m o d e r a t e " l imi ts , cf. Kdding ton 48. 
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Mc M, 
the core, the potential is close to + , thns T1 —1 . The law 

JtC, J X r !• I-

of energy generation we assume to be Q T4 (cf. Section 8 .g, 
where s ~ 6.5 is estimated for the deuteron synthesis at 
Te <—> 1,1.107; s = 4 seems to be better a value, allowing for 
higher temperatures — 5.IO7 and more in our present case, 
even when the deuteron synthesis is replaced by a reaction 
of higher order). Approximately, for a constant fraction of 
active mass, we have 

L2 ~ (M — Mc) o£ T1

e ~(M- Mc) Qe Ml R~*. 

In Section 3.d we estimated for the active mass an effective 
density of = lo gr/cm3 ,and Re= 0.16 RQ in the sun. If 
mass and radius are measured in units of the sun, for a con-
stant ratio of active mass to total mass we have 

n _ 10 (M- Mc) __ MriM 

X f AV 
0.16 j 

This gives for L2, in units of the sun's luminosity, 

(M-MC)*M$ Q£ La = ; hence we Imd 
25 Re 10 

Re = OAK (M-Mc)I MJ V • . . . . (24), 

all in units of the sun, 
and ofc = 0.4 (M—Mt)'1 Mc '7" L2

 7 . . . . (25), 

the density in gr/cm3. 
For a typical case of Mc = 0.25 M (when the non-col-

lapsed no-hydrogen core has approximately a luminosity equal to 
the luminosity of a hydrogen-containing star of mass M), and 
for extreme limits of L2 

0.01 ilI3 < L2 < M3 (the subatomic energy 

sources cannot give much more than the "normal" luminosity 
of a star which is — M3 empirically); we have 

0.25 M1' > Re > 0.125 M1 , 
and 

2 M 7 < o£ < 16 M 7 , 
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thus rather narrow limits for such a wide raiige (IOO: 1) in 
the subatomic energy output, L2. For M = 1 — 10 G we have 
RE — 0.2 — 0.6 RQ, thus Jarge and almost invariable, as com-
pared wi th the small and widely variable radius of a super-
dense core (io~- — IO - 4 RQ) ; QE = 2 — 5 gr/cm3. As shown in 
the fo l lowing section, the outer radius of the star in such a 
case may be subject to considerable Variation (for small varia-
tions in the luminosity), and may be large in some cases 
(when LI is large) as compared with RS. A typical giant 
structure results, consisting of a vast extended envelope of 
low density in radiative or adiabatic equil ibrium, an interme-
diate zone in adiabatic (convectional) equil ibrium, of a density 
about the central density of main sequence stars, eontaining 
active sources of subatomic energy, and a contracting super-
dense core of zero hydrogen content and no subatomic energy. 
The intermediate zone, with active atomic synthesis, is sup-
posed to contain a decreased amount of hydrogen and to get 
in this way def initely separated from the outer envelope (cf. 
above); if not, the whole outer mass except the core may be 
stirred by convection currents (as in the purely adiabatic model), 
and the outer radius becomes little sensitive to eventual changes 
in the luminosity (corresponding to the changing mass of the 
core which must increase with the progress of time from the 
exhausted material of the shell, and decrease as the result of 
energy losses)*, in which case an apparently "main sequence" 
star with a superdense core may result. 

S e c t i o n 6. 

The Course of Stellar Evolution. 

a. Presumptions. 

Let us consider the course of stellar evolution determined by 
the most probable condit ions which follow from our preceding 
discussion: atomic synthesis and gravitation as the only sour-
ces of stellar energy; absence of complete mixing in some 

* Some kind of equi l ibr ium for tlie m a s s of the core m a y r e s u l t : in-
c r e a s i n g m a s s leads to rap id ly i n c r e a s i n g e n e r g y Output and radiat ion p r e s s u r e 
at the b o u n d a r y of the core, which r e s i s t s the f low of exhaus ted mater ia l 
i n w a r d s . 
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stars; complete mixing- for all stars (without superdense cores) 
in a central portion of considerable extent, without necessarily 
an eff icient interchange of material with the outer shell; ori-
gin from condensation of d i f fuse matter (nebula), which also 
determines the original composition. 

b. Condensation from a diffuse state. 

The f irst stage of a star's l ife consists of a comparatively 
short interval of contraction from a d i f fuse state; the struc-
ture of the star approaches closely Eddington's radiative model 
(polytrope n = 3; e ~ T), the rate of generation of gravitational 
energy is automatically equal to the "preseribed" loss by 
radiation; convection currents are practically absent (the rota-
tional currents are too much stratif ied); the central tempera-
ture increases dur ing contraction inversely to the radius, and 
Qf = 5 4 õ (with slight uncertainty as to the definition of the 
boundary of a star); the f irst stage may last ~ Iu7 years for 
M = O, ~ lüB years für M ~ 10O. 

c. Stage of atomic synthesis. 

As the central temperature rises, processes of atomic 
transmutation come gradually into play; a second stage of the 
star's life starts when an outwardly steady state is reached, 
subatomic energy balancing the "preseribed" losses by radi-
ation; contraction becomes extremely slow (just enough to 
balance exhaustion of hydrogen by an increase of the central 
temperature); for the sun, this stage may last for IO10 years, 
for M ~ 10 O perhaps IOm years. 

d. Evo lution of the adiabatic model. 

If the star is of the completely adiabatic structure, with 
complete mixing (sufficient rotation to overcome the dead zone 
at r = r0, cf. preceding section), it remains a "main sequence" 
star of more or less "normal" density; with the gradual ex-
haustion of hydrogen its luminosity increases (cf.1^0 and Sec-
tion 7). At the same time slow changes in the radius occur 
which may be estimated in the following way. 
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For the energy generated by atomic synthesis we assume 
further the expression 

L ~ X2MQT6

C (cf. Section 3 and 5). 

With the aid of (10) and M R - 3 this becomes 

Z 2 (ß\a)s i t r ' + 2  

RS 

^ YTJ ±YL /oß\ • L ( 2 6 ) ' 

here X is the relative proportion of hydrogen (for a composite 
model the formula holds w h e n X refers to the core); the 
second power of X fol lows for the reaction H1 -j- H1 -• H2; for 
the neutron synthesis the f irst power of X should be used. 

On the other hand, wi th Kramers' law of opacity (disre-
gard ing electron scattering) we have 

1 15 
_1 

L ~ k0 R 2 M (ß . . . . (27) 

(26) and (27) Iead to 
15 

1 2 S~ ~i> s—3.5 
R — Ä0

s+2-r' (ß FN)S+--'° M8+2-5 . . . (28). 

With Eddington's quartic equation this becomes 
1 2 2s—15 2 s+l 

R ~ k0

s+2-5 Zs'+2 5 (1 — ß) 8H-̂ o jlfls-t-iõ . . . (28'). 

The deviation from the preseribed radius may be considered a 
measure of deviations froin uniform homologous structure. 

For the interval 0 < C Z < 0 . 5 0 , the intrinsic opacity as 
tabulated in Section 5. h is satisfaetorily represented by 
Te0 ~ (1 - Z)3. 

Thus, for constant mass and changing hydrogen content 
the radius changes according to 

2 2s~ lo 

R ~ [(1 — X) ZJ *+2:ž (l — ,.,')-;2". 

In Section 3.g we estimated s — 6.5 for the most probable 
process of atomic synthesis. AVith that, 1 — ß influences the 
radius but slightly [ ~ (l — ß)~0M], and in the same direction 
as X. With sufficient approximation the change of radius for 

* Tliis e q u a t i o n is equ iva l en t to E d d i n g t o n ' s m a s s - l u m i n o s i t y r e l a t i o n ; 

i t is i n d e p e n d e n t of t he p o l y t r o p i c index , w h e n h o m o l o g o u s s t r u c t u r e is p r e -

s u m e d . 



Ste l lar S t r u c t u r e 63 

an adiabatic star is then [(1 — X)X] 0 22 . The change is 
rather slow. For X ~ l per cent, the radius is about one-half 
of its original value at X = 3 3 i per cent. Thus for 5 = 6.5 a 
slow contraction proceeds during the atomic synthesis; after 
its exhaustion, the star starts rapid contraction, relying upon 
gravitational energy alone. A superdense O-type or Wolf-
Rayet star results. 

For s = 19 (cf. S e c t i o n 7), R <—\{1— X ) X ] 0 1 0 ( 1 — ß ) " - U ; 

with increasing molecular weight (1—ß) { U i increases faster 
than X u o decreases, and the radius starts very slowrly expand-
ing; after reaching a maximum (for the sun, at X = 0.069, 
R= 1.2 RQ) just before exhaustion, the radius begins to de-
crease and ends in a collapse as described before. 

e. Evolution of the composite model. 

If the star possessed originally a core of smaller hydrogen 
content, or should acquire such a core as the result of incom-
plete circulation and atomic synthesis, or if it originally 
settled into a Compound radiative-adiabatic state, it will, 
during the second stage of its life, maintain the typical 
Compound s t ructure ; in this stage the star is supposed to 
consist, of a more or less extended convective core, built 

adiabatically according (o a polytrope of n = - 1 (cf. Sec-
7 — 1 

tion 5), above which an outer shell in complete or partial 
radiative equilibrium is placed; at f irst no energy is produced 
in the outer shell. For such stars there is little, or perhaps 
no interchange of matter between the inner core and the 
surface. With the short time scale, composite main sequence 
stars of solar mass and less may at present still be in this 
stage of evolution; if larger masses also should be found in 
this stage (Procyon, cf. Section 7), this could be explained by 
their age being less than 3.IO9 years. 

With the exhaustion of hydrogen in the convective core 
the third stage of evolution for the Compound model s tar t s : 
the contraction of the core which gradually is transformed 
into a superdense nucleus. An inner core devoid of subatomic 
sources of energy assumes a structure very similar to an 
incomplete polytrope n = 3 (built up from the centre), gener-
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at ing gravitational energy according to T; the persistent 
contraction of such a nucleus is unavoidable (the only non-
col lapsing form w o u l d be an isothermal structure. where the 
loss of energy is zero; this, however, could not maintain 
i t se l f : w i th the f i rst increase A P of the external pressure 
over its original equi l ibr ium value the conf igurat ion departs 
from isothermity, and the net f lux of energy which arises 
then st imulates progressive contraction and progressive de-
parture from isothermity, unti l the polytrope n = 3 is approxi-
mately reached). The change of the radius r of the nucleus 
w i t h time may be represented by 

Outside the nucleus the material is not exhausted ; with 
the progress of the central condensation the temperature of 
the shell adjacent to the nucleus rises, and subatomic energy 
is released in an intermediate shel l ; the rapid increase of 
energy generation with increasing temperature and density 
in the intermediate shell prevents it, and the rest of the 
star from being drawn into the overdense nuc leus; 011 
the contrary, if the outmost shell is in radiative equil ibrium, 
by a process described below, it is forced to expand, 
and a g iant star is formed. (For adiabatic equi l ibr ium in 
the outer shell, a g iant structure is also possible.) Let 
Fig. 2 show the scheme of a g iant star; C is the 
exhausted nucleus, of radius r, mass Mc, and a net output 
of gravitational energy Lx transported by radiation; A is the 
region of release of the subatomic energy and of convective 
circulation (at least in its outer portion), of radius B 1, mass 
1/, — Ä£c, aud a net output of energy L 2, transported to the 
top of the shell partly by convection; B is the region of 
undisturbed radiative equi l ibr ium wi th a temperature T1  

at the bottom, extending to the surface of the star of radius 
B and mass M; no energy is generated in B (gravitational 
energy at eventual changes of radius be ing there negligible). 
The condition for secular stabi l i ty is 

L j — j — L.) = IJ (30), 

The a l t e r n a t i v e oi' a d i a b a t i c equi l ibr ium we do not consider h e r e now. 
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where L is the l u m i n o s i t y . The v iolat ion of this condit ion, 
l e a d i n g to an increase or decrease of the energy content, 
a f fects p r i m a r i l y the outer shell, B. The nucleus l iberales 
automat ica l ly the practically f ixed a m o u n t which it spends, 
and it is doomed to gradua l col lapse: there is 110 secular 
s tab i l i ty for the nuc leus ; but, if r j R is small, changes in r 
do not m u c h ref lect directly upon Ji, and the star may keep 

the outer appearance of b e i n g u n c h a n g e d , w h i c h w e descr ibe 
as secular stabi l i ty. The i n t e r m e d i a t e shel l A, w i t h convec-
tional transport of heat, transports, u n d e r all c ircumstances, 
all the heat L1 -{- L2 to its top (cf. Section 5. a, 6), and no 
accumulat ion is poss ib le there. The shell B in a g i v e n f ixed 
state, however, with its radiat ive transfer of energy, is able 
to transport, and actual ly does transport, a f ixed a m o u n t . 
equal to L, and un less IJ is apt to vary with the radius, secular 
s tab i l i ty cannot take place. The expansion of B, of course, 
causes mechanical ly the expansion of A, and in a minor 
degree of C*. For h o m o l o g o u s changes of structure, L can indeed 
change but s l o w l y w i t h the radius, the c h a n g e b e i n g of a 

* Pur c, only a s l o w i n g down of the cont rac t ion is a c t u a l l y i m a g i n a b l e . 

Fig. 2. S c h e m e of g i a n t s t r u c t u r e . 
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non-stabilizing character ( ~ R 2, thus opposite to the 
required direction, cf. l), so that secular stability can be 
attained only by an automatic adaptation of the energy 
sources. Por our model, L1 is not much apt to vary; as to L2, 
although an increase of it is able to prevent collapse in the 
case L1 4- L 2 < L , it is unable to prevent expansion if alone 
L1 >> L. In spite of that, as shown below, secular stability 
may be attained, because the changes iii our complex model 
are not homologous, and L may vary so as to f it almost an 
arbitrary amount of energy generated in the interior. 

To derive the luminosity we apply a simple method 
suff ic ient for our qualitative purposes. The Hux of radiation 
between two spherical surfaces Iiu M1, T1 and Iiv, M2, T2, may 
be represented with suf f ic ient approximation by 

(T1--Tt)Iil R2 , , 
L 1 ' 2 (31). 

Jco (R1 - Ri) 

This fol lows from the equation of radiative transfer with 
Jco = const., when sources of energy inside the shell R2 •—Ri  

are absent; when such sources are present, the proportionality 
remains valid, wi th a variable proportionality factor depending 

upon and (relative internal masses), and upon the 

relative amount of energy developed inside the shell. For Jc, 
the coeff icient of absorption, and Q, the density, certain mean, 
or effective values for the given shell must be assumed. 

For stars of a homologous series, when and are 

kept constant, we have : T1 — T0 — M ^ ^ ^ ^ R. 

Jc ~ o T 1^r1 (Krämers); o — R~H ; l — ß ~ M-ß4 (Edding-

ton's quartic equation for the radiation pressure 's'); L ~ R2 T\\ 
with these proportionalities, (31) is easily transformed into 

L ~ M* ( \ —ßY il tr', 

which is exactly Eddington's mass-luminosity relation8?, 

:i: Valid for h o m o l o g o u s s t a r s , wi th the coef f i c i en t of p r o p o r t i o n a l i t y 

d e p e n d i n g upon s t r u c t u r e . 
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derived of course 011 the assumption 1 — ß — const. throughout 
the star. This may be considered as a check of rel iabil ity of 
formula (31). 

With the more general law of absorption 

the mass-luminosity relation for stars of a homologous series 
(not necessarily polytropic) becomes (the in f luence of the 
molecular w e i g h t upon k and luminos i ty is not considered 
now, as it is a more complicated function of the composition, 
cf. iy- and Section 5; it cannot be represented by simple 
proportionality): 

L ~ J1
 ' 

where ß is an effective value for the whole star, depending 

upon its mass. For the Krämers formula a = — ] , for rela-

tivistic non-degenerate matter u = u. To degenerate matter 
the formula does not apply. 

The "giant' ' model of Fig. 2 cannot und ergo homologous 
changes; the nucleus, an incomplete polytrope (n — 3), when 
hav ing reached a su f f i c i ent degree of compression, is practically 
independent of changes oceurring in the outer shells. For an 
example take a nucleus of about the mass of the sun, /< = 2.1 
(no hydrogen), Tc = l,ß.l(V\ ß— l ; the radius of the complete 
polytrope is 0 . 0 2 5 UQ. The boundary of the incomplete poly-
trope coincides w i t h the ef fect ive "centre" of the outer conti-
guration : i :, for which a temperature of 1, 0.107 < T <i 7 . I O 7 may 
be est imated; for these "boundary" temperatures from Emdeivs 
tables (n = 3) we f i n d : the radius of the incomplete polytrope 
equal to from 0.94 to 0.87 of the "complete" radius; the mass 

equal to 1.000 of the "complete" mass. If T - our estimated 
JX 

f igures correspond more or less to the fo l lowing relation 

Whicli means that the central t e m p e r a t u r e and d e n s i t y of a polytropic 
conf igurat ion, devoid ol' a s u p e r d e n s e nucleus, may be a s sumed to be of t h e 
same order of magni tude as the temperature and densi ty are at the boundary 
of the s u p e r d e n s e nucleus, when the m a s s and external radius in both c a s e s 
are equal. 
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between the radius of the core, and the radius of the star: 
i p 0 . 0 5 r Ii 

The exponent here decreases with increasing density of the 
core. Thus, from the standpoint of external changes, the 
nucleus is almost incompressible. On the other hand, for 
regions near the outer boundary of the star the changes of 
radius in a shell must follow closely the changes in R. Gener-
ally, for an intermediate shell Iike A, we may write the inter-
mediate formula 

Ry ~ Rx~p (33), 

with (0.05) < 1 — p<C l. Öubstituting (33) and (32) into (31), 
with R2 = R, T, = 0, Q ~ (R3 — R\) l, T1 — R ^ 1 (the approxim-
ation is sufficient, as for inner points the major part of the 
potential is due to the central condensation, if it is consider-

Mc able, thus Tx ^ ), and assuming with sufficient precision Kx 
R3 — R3

1 ~ R3, R Rx ~ R (RJR and p being small, just i fy 
this simplification), we get for the dependence of luminosity 
upon the radius: 

L ^ J^1.+r.  

A comparatively small deviation p of the exponent in (33) from 
unity suffices to make our model secularly stabilized by changes 
in the radius; (34) must for this purpose give increasing lumin-
osity with increasing radius, thus the stabilizing condition is 

6.5 p >> — a. 

Por a = — (Krämers), j> >> 0.077 is required (for the 

non-degenerate relati vistic coefficient of absorption a = 0, p^> 0 *). 
Por an increase of the luminosity in the ratio 2 :1 , different 
changes in the radius are met by different values of p as 
follows: 

Ratio of R 
Ratio of density õ 

Ih (« = — * ) 

2%, (a = 0 ; or k = const.) 
Ratio of R, 

2 10 50 OO 

0.125 0.001 GC
 1 0 

0.23 0.123 0.104 0.077 

0.15 0.046 0.027 0.000 
1.70 7.5 33 OO 

* The same condition />>0 is val id l'or k — const., which corresponds 
to a predominant roie of electron s c a t t e r i n g in Ilie opacity (mass ive s ta r s ) . 
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Thus, for a small value of p, or for a slight deviation from 
proportionality of R1 and E, the outer radius may be extremely 
sensitive to changes in the energy generation; the doubl ing 
of the internal source of energy may produce a typical giant, 
of any degree of di f fusion, from an originally dense star. 
Now, a progressive increase of the internal generation of heat, 
above its original normal (original regulated) value may be 
actually expected, when the exhausted central core starts its 
collapse. This core, practically a complete polytrope as far as 
mass and rate of heat generation are concerned, being devoid 
of hydrogen, radiates more energy than if hydrogen in the 
normal proportion were present (cf. i!''-°) (up to 100 times more 
for a solar mass; the difference, however, is greatly reduced 
for large masses and high central temperatures, on account of 
electron scattering). 

If L 0 is the "preseribed" luminosity of the original "main 
sequence" star, no great expansion of the radius can start 
before L1 is a considerable fraction of L0 (cf. formula (30)), 
because a moderate expansion reduces the subatomic energy 
L-2 and makes a balance ; but when the energy output of the 
nucleus L, approaches, or even exceeds, L0, the expansion of 
R must be large, and the star enters the giant s tage (especi-
ally because L2 can never drop to zero, or even to a very 
low value; at the boundary of the nucleus a rather peculiar 
zone exists where the exhausted material of the adjacent outer 
shell continually is driven into the nucleus, adding the released 
gravitational energy to L.> \ the nucleus thus increases steadily, 
probably until a certain equilibrium size is reached, when the 
outwards directed resultant of the radiation pressure, being 
large on account of the sudden increase of the energy sources 
outwards, produces at the boundary of the central core a 
sufficiently small material density, so that the amount of 
inflowing material becomes equal to the radiation losses of 
the nuclear mass). For the exhausted core, containing no 
hydrogen, the amount L1 may be read off from Eddington's 
table in 3 7 (or ', p. 137), with the mass Mc of the nucleus as 
argument, and by making the bolometric magnitude 4.6 magni-
tudes brighter than tabulated (except when the mass is l a rge ; 
c f i9,2°)_ p o r a c o r e ()f J1Lgi1 density, and thus of large theore-
tical effective temperature Tr, the correction 2 log T is un-
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necessary on account of electron scaftering. Take M = 5.0© 
(Eddington's case of the point-source, cf. \ p. 126), for which 
the central region of the convectional transfer of heat 
(Q<C Qma.,, cf. Section 5) during the original "main-sequence" 
stage may be estimated to reach to — o.3 R, iricluding 0.25 of 
the total mass; taking this as the mass of the futiire central 
core, Mc = 1.25Q. we have: "normal" absolute magnitude of 
the star, m0 = — 0.8; absolute magnitude of the core, 
m = 3.5 -- 4.6 = — 1.1. 

Thus, the original core alone, without further accretion of 
mass, may produee more energy per unit of tiime than the 
original non-exhausted star (the collapsed core may be even 
more efficient); in our case, L1^ 1.3 L0, so that Ll-Ar L2^ 2 L0, 
or more or less as in the above given table. 

Our discussion is but qualitative: a more definite picture 
can be obtained only with the aid of laborious calculations. 
Nevertheless, it appears highly probable that the structure of 
the giants, and the riddle of their energy generation, can be 
explained as above, where only such physical Iaws as are 
known at least in principle have been applied. The picture 
does not change essentially if at high temperatures and pres-
sures something Iike annihilation of matter occurs; this would 
put a limit to the collapse of the central core, whereas the 
externa! phenomena would remain the same. In the process 
of the collapse, there may indeed be opened up an auxiliary 
source of energy, by the transmutation of helium and other 
light nuclei into heavier ones (chiefly into the group of iron), 
which may yield perhaps lo per cent of the energy of the 
original synthesis of hydrogen. After that, if not stopped 
by the interference of some unknown source of energy, the 
core enters the stage of perpetual and gradual contraction, 
without actual collapse: as shown above (Section 4. b), 
nuclear dissociation can never start appreciably; the contrac-
tion ends when the upper limit of density of matter and radi-
ation is reached, if such a limit exists (o — lo 1 5 gr/cm3 may< be 
such a limit, corresponding to a close packing of the atomic 
nuclei). The exhausted material of the envelope is gradually 
absorbed by the core, and there will be reached a stage when 
no envelope is Ieft: Wolf-Kayet stars, or planetary nebulae 
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with their overdense central stars perhaps represent the f inal 
stage of the giant evolution, too. 

/'. The imaginary eatustrophic collapse. 

Although we have shown that nuclear dissociation cannot 
be of importance in actual stars (M < 200 O), we might for a 
moment forget this conclusion, and try to imagine the conse-
quences if dissociation existed. The stage of nuclear dissoci-
ation, as already mentioned above (cf. Section 4. ?>), must assume 
the form of an actual cataclysm; the subatomic energy radi-
ated previously must now be paid back at the expense of the 
gravitational energy (all the preceding radiation into space 
b e i n g thus a "credit account" to be cleared at the collapse); 
the energy of contraction is absorbed by the nuclear dissoci-
ation, and the collapse stops only w h e n all the matter is trans-
formed into neutrons; the duration of the collapse must be 
very short, of the order of one second. As a consequence the 
non-exhausted outer shell .4 (Fig. 2) follows, the temperature 
and density suddenly increase there, so that an actual atomic 
explosion (sudden transformation of hydrogen into heavier 
elements) follows, releasing (in a small fraction of the mass, 
of course) almost instantaneously an amount of energy which 
normally might have lasted for mil l ions of years; a sudden 
expansion of the outer shell starts, and a part of the shell is 
dispersed into space: thus, the phenomenon of a Nova may be 
well explained as a secondary effect, fol lowing the collapse of 
the inner nucleus. We notice that this picture of a Nova phe-
nomenon bears some outer resemblance to Milne's theory B 8 , but 
actually the two conceptions have little in common. Unfortu-
nately, by reasons explained in Section 4. b, this picture of a 
N o v a m u s t also be abandoned. A l though we probably have to 
do here with a subatomic explosion, we do not f ind any better 
explanation than an old hypothesis of ours (cf.10, p. 35 f.), accord-
ing to which the "explosive" (hydrogen) mixture is driven 
into the interior by some external force, or by the upset of 
radiative equil ibrium. 

g. E f f e c t of degeucracy. 

All the above said refers to massive stars, for which the 
core is supposed to remain non-degenerate; for smaller masses, 
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the core may become partly, or completely, degenerate, which 
in the first place means a decreased energy output of the core. 
The value of L1 approaches zero, and thus the cause which 
Ied to the formation of the d i f fuse envelope in massive stars 
is greatly reduced, or even absent, for the smaller ones. The 
chief reason for the absence of d i f fuse stars among small 
masses seems to be, however, a question of the speed of evo-
lution. During 3.109 years, the hydrogen in dwar fs did not 
get exhausted, whereas in giants ii did. 

h. Snni-(jIaut stage of the composite model. 

After häving sketched the supposed course of the evolution 
of a giant in broad outline, a few details may be considered. During 
the "main sequence" stage of a composite model, the gradual 
exhaustion of hydrogen in the central convective (adiabatic) 
region increases the mean molecular weight there, as the 
result of which the amount radiated outwards increases consi-
derably (up to a maximum of about 100 times the initial value 
for a solar mass of the core; actually much less, because the 
imaginary mass of the "complete" polytrope ot the core de-
creases*); as shown in Section 5. h, the increased internal radiation 
never d isturbs the radiative equil ibrium of the outer shell; the 
excess of heat accumulating in this shell at first produces 
expinsion and re-adjustment to the new conditions of radiative 
equil ibrium. Formula. (28) above was derived for a complete 
polytrope, but the formula practically represents the tendency 
of the change in radius Ior an incomplete polytrope, as wel l ; 
thus, for .5' — (i a verv slow contraction with increasing mole-

1 5 cular weight (exhaustion) fol lows; foiw = the radius remains 

constant. We assume for a moment the constancy of the radius of 
the core, and imagine its molecular weight tohave been increased 

suddenly in a ratio >('- ; to support the extemal pressure the 

temperature in the entire core, thus also at the surface of 
?. K , 

d e m a r k a t i o n , s h o u l d i n c r e a s e in t h e r a t i o ' 2 ' 2 . T h u s , t h e 
/'i 

A problem Io be e o n s i d e m l iii another paper, 
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temperature at the bottom of the envelope (with unchanged 
[I = Iil) increases, too, and the temperature gradient decreases 
[cf. Section 5.h, formula (22) ff.j by the condition of radiative 
equilibrium; to meet the change of temperature, the condition 
of mechanical equilibrium requires the density at the bottom 
of the envelope to decrease in the ratio (because the internal 
density of the core has remained the same), which by itself 
means an expansion of the envelope; but the expansion 
must proceed further, as the result of the decreased weight of 
the envelope (after the first imaginary expansion), which no 
lotiger balances the pressure at the surface of demarkation. 
As a result, the surface of demarkation must also expand 
somewhat, and a steady state will be reached when the tempera-
ture at the surface of demarkation exceeds by less than 

J ßi fh 
times its original value (which it had before the change of /*). 
Thus, with progressing exhaustion, the outer layers of the star 
show a definite expatiding tendency, whereas the core cannot 
adequately follow (form. 28), because its subatomic energy 
sources work only at a certain degree of compression: the 
picture is in principle the same as that described for the giant 
model above. With a maximum estimated increase of ~ 20:1 
in the heat output of the convective core due to exhaustion, 
and a corresponding expansion of the envelope and decrease in 
the mean density, "semi-giants" may be produced; the maxi-
mum luminosity-, for a given mass, of such stars may be 
higher by about 3 magnitudes than the "normal", or the appar-
ent (computed) hydrogen content may be smaller (RT Lacertae, 
cf.-l; Proeyon, ß Aurigae, cf. Section 7); of course, according 
to our conceptions, typical giants with a collapsing core may 
also show a similar excess of luminosity, though smaller 
(because of electron scattering) and depending upon the frac-
tion of mass in the core. 

With progressing exhaustion of the core the luminosity 
increases ; therefore, exhaustion proceeds more and more rapidly 

* The luminos i ty Iiere is chief ly p re se r ibed by the st r u c t u r e o f t h e i n n e r 

core w i thou t much in f luence of the s u r r o u n d i n g enve lope ; a more l imited 

case of the in f luence of an a t m o s p h e r e h a s been cons ide red by Eddington4 1 1 , 

wi th s imi l a r conc lu s ions . 
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and the last transition phase towards a real giant, wrhen the 
himinosity excess is conspicuous, cannot last for long, and the 
representatives of the "semi-giants" cannot be very numerous ;i;. 
When the giant stage finally is reached, the luminosity may 
decrease again (although the extent of the envelope, with decreasing 
r and p, may increase considerably), because the core, now an 
almost complete polytrope, has a smaller net output of radia-
tion than the former, very incomplete, adiabatic polytrope, 
which radiates almost at the rate of a much larger mass, of 
which it is an imaginary portion. 

/. White dwarfs. 

To explain the low rate of energy generation in white 
dwarfs, we are forced to conclude (as Atkinson does, cf.1-) 
that their interior is devoid of hydrogen (and of neutron, too, 
of course); the hydrogen observed in their atmospheres must 
be a superficial feature, and cannot reach into regions where 
the temperature exceeds IO7 K (cf. Section 4.d). On the short 
time seale it would be hard to understand how a star of less 
than the solar mass could ever get exhausted, unless it fon-
tained from the beginning a relatively smaller proportion of 
hydrogen (about 26 per cent of original hydrogen content for 
Sirius B, according to Table 4 below, which would have made 
the star originally by 1.0 mag. more luminous than the sun, 
thus speeding exhaustion; o2 Eridani B would require an ini-
tial amount of 16 per cent of hydrogen). In double stars the 
components might have got such widely different proportions 
of hydrogen (Sirius A >> 0.40; Sirius B = 0.26, etc.) perhaps as 
the result of the unequal differentiation of meteoric material 
at an early stage of the primordial nebula (cf. Section 7.1). 

Another suggestion is that the white dwarfs are perhaps 
remnant cores of composite models after Nova explosions, where 
the greater portion of the original mass (the hydrogen con tain-
ing shell) had been thrown awav. 

* Tlie same m u s t hoid for the complete a d i a b a t i c model of an adviinced 
degree of exhaust ion, before i ts f inal collapse. 
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Section 7. 

Theory and Observation. 

a. Hydrogen content and mass-luminosity relation. 

A mass-luminosity relation based on Krämers' general 
opacity corrected for electron sca t te r ing according to (23), may 
be wri t ten as follows: 

L - - \M0> . . . . . (35), 

QQI VjO 

where C and F depend upon composition and structure. For 
F=O, (35) corresponds exactly to Eddington's mass-luminosity 
relation; the formula differs from Eddington's by the factor 

1 

l -|- ""-11 , which is mostly close to 1 except for massive 
Ic 

stars. For the mean opacity of a star, the following expressions may 
/. i - i 

be assumed: , = 1.31 QR Tc ' for N = 3, and 2.42 QcTc ' for Zc0 
n = 2. VVhen the sun is taken as the unit of luminosity 
(mhnl = 4.65), the constants are (in agreement with 19): for Z = O 
(no hydrogen), n = 3, a = 2.64 (gravitational collapse), 0 = 1 0 7 , 
F = 0.033; for Z = 33;'; per cent hydrogen, n = 2, a = 3.31 
(adiabatic model), 0 = 1 . 0 2 , F = 0.0054. It is understood that 
the formula refers to homologous models of homogeneous 
composition, more or less of a polytropic structure; it may be 
applied to centrally situated incomplete polytropes, in which a 

correction factor ® (cf. Section 5./;) is required, when r < r 0 

and none, when r > r0. Thus, for the collapsing core formula 
(35) applies (until the relativistie change of the absorption 
coefficient comes into plav) with Z = o; in this case I ° ) r' 

TO/ 
may be neglected, and the limiting formula for the luminosity 
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of the eollapsing core at high density becomes (in solar units 
of luminosity): 

(M V3 

.1/ ) ßl  

where ß may be taken from Eddington's table in37; the rela-
tivistic absorption coefficient at T~ 2. H)10 leads to practically 
the same result. The luminosity may be reduced by the in-
creased opacity due to "Paarbildung" and inereased electron 
scattering, which, however, may have only a small influence, 
because the density of radiation remains small as compared 
with the density of matter (verified by computations of nuclear 
dissociation, cf. Section 4.b). Thus it appears that the collaps-
ing core exhibits an enormous luminous efficiency, and that 
only a small core can persist without making the outer shell 
expand to infinity (cf. Section 6. e; as explained already, the 
size of the core is probably subject to automatic regulation). 
To get, a total luminosity of the order of the empirical, or more 
or less Iike Eddington's mass-luminosity curve, the size of the 
core (Mc) according to (36) must be as follows: 

M l 2 4 9 2 0 O 

L1 ~ 1 13 LOO 6 0 0 2 5 0 0 O 

M 0 . 0 8 0 . 1 9 0 . 3 3 0 . 6 1 0 . 9 9 © 

Mc: M 0 . 0 8 0 . 0 9 5 0 . 0 8 0 . 0 7 0 . 0 5 

Thus, the core, if it exists and if it is not degenerate, can 
amount to only a few per cent of the stellar mass. It must 
be emphasized that Chandrasekhars criterion of degeneracy5, 
for our complete polytropic core which behaves almost Iike an 
independent star, applies to the mass of the core, not to that 
of the whole star. These cores are so small that they can be 
degenerate, even when increasing in mass (M1-=C 1.6); L1 must 
be in this case much smaller, formula (36) appiying only to a 
transition phase (contraction before degeneracy is reached). 
We notice that Biermann50 has considered somewhat similar 
stellar models. 

Below are given some examples (all computed with the 
same a = 2.5 for the sake of simplicity) of the application of 
formula (35). Por £ Aurigae br. (not in Strömgren's list), an 
eclipsing binary consisting of a Kl supergiant and a B com-
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panion, TE = 3360° according to the colour-index (cf.55, Table I5  

H. R. 1612, C= 1.66 = corrected colour of the Kl star), and 
Q/QQ = 2,1.10~,! have been adopted. 
S t a r O S i r i u s 

A 

Algol U Oph. 
br. 

U Her. 
br. 

Y Cygni 
br . 

'C1 A u r 
br. 

MHOL o b s e r v e d . . 4.6 0.« - 1.1 —2.0 —3.6 — 5 . 3 — 4 . 5 

Mass 1.0 2.45 4.7 5.4 10.0 17.3 15.5 

m b o l , X = 0 % • • 
mbol.X = '^k% • 

Dif ference . . . . 

0.0 

4.6 

4.6 

—3.S 

- 0 . 2 

3.6 

—5.7 

- 3.3 

2.4 

- 6 . 2 

— 4.0 
•) O 

— 7.7 

- 6 . 4 

1.3 

— S.S 

—8.0 

O.H 

— 7.2 

- 6.1 

1.1 

X % , S t r ö m g r e n 2 ] 37 40 53 +9 (70 ± ) ( SO ^ ) 

S p e c t r u m . . . . CiO AO IiS B5 [53 (><).;, Kl 

T r u m p l e r ' s 
S t a r //. /). 1337 br. t y p i c a l O s t a r 

m w o b s e r v e d . . . — S.5 — 6.0 

Mass 36 91 
h W j

 X = u % • • • - 9 . 2 11.6 

ii C
O

 
C

O
 

--8.() — 12.9 

D i f f e r e n c e . . . . 0.6 — 1.3 

X % , S t r ö m g r e n . . (30 ± ) 

S p e c t r u m ()8.r> 0 9 

Por massive stars, the influence of hydrogen content 
upon calculated luminosity is small (cf. also Strömgren'-1), and 
even may change the sign (Trumpler's star): the hydrogen 
content for massive stars cannot therefore be determined with 
confidence; mostly the observed luminosity is found to be 
rather low for the mass, which requires a high hydrogen 
content (Y Cygni, sp. Oi); V Puppis, sp. Bl, cf. Ström-
gren21; the Kl supergiant £ Aurigae behaves in the same way, 
opposite to what Strömgren finds for the fainter giants in 
his list). Certainly 110 hydrogen content can satisfy Trumpler's 
0 stars; there must be some reason for the strongly reduced 
luminosity of very massive stars (at least of those of early 
spectra), perhaps an increase of opacity from an unforeseen 

* Ct'.51. The t y p i c a l s t a r i s j u s t an e s t i m a t e , 011 t h e b a s i s oi' t h e s e v e n 
O s t a r s of l a r g e m a s s . T r u m p l e r ' s a v e r a g e m a s s is g r e a t e r than our adopted 

y p i c a l . 



78 E R N S T ÖPIK A X X X I I I . » 

source ("Paarbildung" in a -collapsing core?), of which Trump-
ler's stars present an extreme case; the apparently high hydro-
gen content found by Strömgren-1 for a number of massive 
eclipsing binaries (E. D. 1837 br. for which data are given 
above is an accidental exception to the general ruie, within 
the observational uncertainty) may therefore be illusory, the 
depressed luminosity of these stars presenting perhaps the 
start (at M = 5 O already, cf. Algol in the preceding table) of 
a phenomenon which for Trumpler's extreme masses already 
amounts to 6—7 magnitudes. Nothing forces us to accept the 
suggested high hydrogen values of other massive stars, and 
the most simple hypothesis seems to be at present the follow-
ing: the stars are originally built of a material containing 
— 40 per cent hydrogen; the amount may decrease with time, 
but it can never exceed the original value (except by stratifi-
cation in the original nebula, cf. below condensation of mete-
oric material). 

Por the few g i a n t s (semigiants) occurring in S t r ö m g r e n ' s 
Iist'21, the hydrogen con ten t falls below the normal va lue : 

Star Capella Capclla U Sge Z Vul RSVul rFVCas Z Hei- KTLac RT Lac Star 
A B rt, ft ft lt ft ft ft 

Sp. . . . GO F 5 G 2 (K 2) (F4) (F -V) (G 5) (G 9) (K 0) 

''tiIoL • • - 0 . 4 I 0.2 + 1.5 +0.2 0.3 + 1.9 +2.8 +2.7 +2.9 

E:KQ . J 2.(> Ö.() 54 5.(> (5.0 2.9 3.3 4.9 4.9 

Mass . . 4.2 3.3 2.0 3.0 1.7 1.2 1.3 1.0 1.9 

X% . . 30 31 19 27 3 7 15 •> 28 

[However, as already inentioned, C Aur. br., mass 15.5Q, 
requires a high hydrogen content (~ 70—80 per cent).] 

In other words, the luminosities of most of these g i a n t s 
are too high as compared with the usual one for their m a s s e s ; 
this exactly may be expected from our conception of the g iant 
s tructure, where the outer shell is forced to expand by excess-
ive luminosi ty Crom an " independent" core; in which case, 
however, the mass-luminosity formula does not hold any more: 
these giants, therefore, may — or may not — contain a more 
normal amount of hydrogen; apparently we find again that 
there is no reliable method of determining the hydrogen con-
tent in g iants . Only "normal" main sequence stars, built ac-
cording to a more or less polytropic model, permit of the 
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determination of the hydrogen content from the observed 
mass-luminosity relation. How many such stars exis t? In 
Strömgren ' s I i s t 2 1 we f ind the following f i g u r e s for main sequ-
ence s t a r s fa in ter than absolute magni tude zero: 

The spread is comparatively small, which explains the 
fact that normal dwarfs fit excellently into a single-valued 
mass-luminosity relation; in these stars, with their moderate 
luminosity, the exhaustion of hydrogen cannot as yet have 
proceeded very far, whence their relative uniformity of appar-
ent composition. Thus, for dwarfs the small spread around 
the mass-luminosity relation is explained by the shortness of 
the time seale. If the more massive stars "do not play havoc" 
with the mass-luminosity relation, it is because the influence 
of the hydrogen content upon luminosity decreases with increas-
ing mass (cf. above); if all stars are of the same age (3.109y.), 
an equal degree of exhaustion of hydrogen may be expected 
for equal masses, which would result in an almost exact mass-
luminosity relation for the massive stars as well. This appar-
ently is not the case; the apparent hydrogen content is vari-
able (cf. Strömgren's data21, also above; unfortunately, for 
M > 10 O, the variability cannot be wrell detected), thus these 
stars show a sensible spread around the mean mass-luminosity 
relation. Either the stars are not all of the same age; or the 
deviations are due to difference of internal structure. 

The effect of variable hydrogen content upon the disper-
sion of the mass-luminosity relation is not so great as it seems 
at the first glance. If the change in hydrogen content is the 
result of evolution, in a steady Statistical state the number of 
the representatives of a given mass must be inversely pro-
portional to the luminosity; therefore, large deviations of the 
luminosity, corresponding to a small hydrogen content , are 
rare. Por a solar mass starting with 36 per cent hydrogen 
we have: 

X % 3 H - - 30 30 — 24 24 — 1« 1 8 — 1 2 12 — 6 6 — 0 
mIwi 4 . 6 4 . 2 3 . 4 2 . 5 1 . 6 0 . 5 

r e l a t i v e frequenc.y . 100 63 33 14 6 2 

0,8 4.6 5.3 4.8 2.9 1.1 1.4 0.5 0.9 1.3 2.2 2.6 

40 37 28 37 22 32 28 24 24 35 34 32 
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The ari thmetical mean lnminosily is m = 4.0, and the 
individual mean deviation from this luminosity is only ±0.59 mag.; 
actually a solar mass cannot have passed through such a com-
plete evolution during the short time scale, but larger masses 
can. For these the mean deviations from an average empiri-
cal mass-luminosity relation, due to evolution on a hydrogen 
synthesis basis, are: 

M IMQ 2.5 5 10 20 

deviation • • • ±0.46 ±0.28 ±0.17 ±0.09 
The deviations are so small that Eddington's fear that a 

widely variable hydrogen content might "play havoc"' with the 
mass-luminosity relation is not just i f ied. It is a trick well 
known to observers: the probable error of the observations 
seems to be surprisingly small as compared with the extreme 
range of the measures. 

b. Atomic synthesis and stellar structure. 

IVl. Schwarzschild 5- recently made a purely formal attempt 
to explain the stellar energy generation by a Single process, 
in correlation with the polytropic (n = 3) central tempera-
ture, density, and the apparent hydrogen content. He sets 
E <— MijX'1 QM TN (X = hydrogen content) and derives empirical 
correlations from forty stars (Strömgren's da ta 2 1 ) : 

p = 2.29 -j- 1.34 m — 0.05 n ; 
q = — 0.77 — 1.64 m - 0.32 •)/. 

If we abandon the formal procedure, and consider the 
problem from the physical standpoint, it is almost beyond doubt 
that p = 0 and m = 1. Hence n = — 73, and q = — 25 (!). Now, 
q also should be equal either to 2,1, or to 0. The result for q 
is absurd. Further, from these values of the exponents a ratio 
of luminosity of Capella: sun = 10 24 (!) results, which needs no 
further comment. If we set q= l as a more reasonable value, 
we get two values for n: n = -f 73, and n = — Ll ; thus enorm-
ously contradic.tory results for the temperature dependence 
of F. In view of such catastrophic discrepancieswe do 

* Wliich cannot be reinoved by other, even unreasonable combinations 
of the exponents: the observational data are iutrinsically contradictory. 
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not think that even pure mathematical reasons can justify the 
absence of the most primitive physical insight from the above 
mentioned paper. There is, nevertheless, one useful conclusion 
(which the author failed to draw): for a single process of 
energy generation the stars cannot be homologous polytropic 
structures; the calculated polytropic central temperatures may 
differ considerably from the true central temperatures. 

We may invert the problem; the Iaws of atomic synthe-
sis are perhaps better known than the internal structure of 
the stars; häving adopted a law of energy generation we may 
pick out stars of similar structure, and mark those of a differ-
ent one. 

For stars of the main sequence, especially for the less 
massive ones, we may expect a priori a more or less uniform 
structure resembling a polytropic one. The radius in this case 
is given by formula (28), wich holds for homologousstars when 
the law of energy generation £) Ts, and Krämers' opacity are 
valid. In (28) the main change in radius is due to the mass, 
wrhereas for any probable value of s the influence of X is very 
small, and that of ßfi is also small. Further, for non-massive 
main sequence stars {M<i 5), ß is so near to 1 (ß >>0.98), and 
the hydrogen content and yt change so little (cf. Strömgren's 
data21, and above), that the mass alone determines the radius. 
We may thus write 

s—3.5 

E ~ l/s+25 (37), 
for the "main sequence". 

Densities of visual binaries furnish the most extensive 
Statistical material for the test of relation (37). A Iist of 
such densities based upon our actual knowledge of the colour 
temperatures has been published by Gabovitš and the writer58. 
As the density of a visual binary is very sensitive to the 
adopted colour, deviations from a normal spectral energy 
distribution due to Iine or band absorption may introduce 
systematic errors into the calculated densities. For the 
spectral interval Fo-Mo, no serious influence of Iine absorption 
upon colour index (Ä 440—550 /J,) exists, and for this interval 
the directly determined highly accurate colour temperatures 
are certainly to be preferred to average estimated values 
(such as those given by Russell-Dugan-Stewart, partly based 

6 
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on the ionization temperatures which contain the hypothetical 
element of pressure; besides, the effective temperatures of 
Russell-Dugan-Stewart are somewhat too high for giant stars, 
which has Ied to not inconsiderable systematic errors in 
computations based upon them) (cf. 31'53). For spectra later 
than Mo, the effect of TiO absorption has been taken into 
account in 53 (cf. also Gabovitš,54); for spectra earlier than FO 
the effect of the crowding of the hydrogen Balmer lines 
(wings of the lines) towards the violet must produce a 
depression of the colour index, which, as well as the space 
reddening of the distant B stars, is not taken into account 
in 53 (the effect of the Balmer lines is practically the only 
one to be considered in the case of the brighter A stars). 
Systematic corrections are estimated from the following data: 

H. D. Sp FO A 5 A 3 A 2 AO B 9 B 8 B 5 
Observed colour, C0 0.19 0.04 0.03 —0.07 —0.14 —0.18 —0.24 —0.25 
Assumed T e . . . . 7300 8700 8900 10000 11000 12000 13000 15000 
True colour, C1 . . 0.09 —0.12 —0.15 —0.27 - 0 . 3 6 - 0 . 4 3 - 0 . 4 9 - 0 . 5 9 
ac - 0 . 1 0 —0.16 —0.18 —0.20 —0.22 —0.25 - 0 . 2 5 - 0 . 3 4 
J l o g ^ +0.17 +0.27 +0.31 +0.34 +0.38 +0.43 +0.43 -0 .58 

Here the second Iine gives the mean observed colour 
index (in a special system) for naked-eye stars (mostly brighter 
than 5.0 mag, cf.,55, p. 50); the third Iine — the adopted "true" 
radiation temperature, assumed to be 15 000° at Bõ, and made 
to approach gradually the colour temperature towards Fo; 

the fourth Iine gives the "true" colour index, C(=—^0-—1.24 

(cf. 8 1 a , p. 180); the fifth, AC==Ct—C0; the last Iine gives 
the resulting correction of the log density of a binary computed 
with the apparent colour: 

A log Q = — 1.71 A C (38)*. 

After applying these corrections, the mean density 
logarithms and other data for main sequence visual binaries, 
according to 5S, Table IV, are as follows: 

* Cf. 53, p . 4, form. (8). 
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Table 3. 
Mean Densities and Radii of Main Sequence Visual Binaries. 
Mean sp. M 2 K 4 G9 G 4 F9 F5 F l A 5 A l B 3 

n 6 13 9 13 31 28 24 10 21 2 
logp/pQ ° ' 2 2 ° - 0 9 ° - 2 7 0.25 —0.21 —0.24—0.55—0.19—0.55 (—0.67) 

log M/MQ —0.40 —0.22 —0.12 —0.05 0.04 0.15 0.20 0.28 0.36 ( 0.74) 
log II/KQ - 0 . 2 1 —0.10—0.13 - 0 . 1 0 0.08 0.13 0.25 0.16 0.30 ( 0.47) 
p. e. ±0.04 ±0.03 ±0.03 ±0.03 ±0.02 ±0.02 ±0.02 ±0.03 ±0.02 ±0.07 

The iast Iine gives the observational probable error in the 
mean log R. The data of the table are well represented by 
the linear correlation 

log R = (0.72 ± 0.06) log M^R 0.03 . . . (39)*. 
The individual spread around this correlation is considerably 
greater than expected from the observational probable error, 
indicating real causes of the deviation ("inflation" of the 
atmospheres at Fl, "deflation" at G 9, G 4, and A 5). Comparing 
(37) and (39), we find s = 19, within the probable limits from 
15 to 25, thus an exponent for the temperature Variation of 
subatomic energy close to the value suggested by Atkinson. 
but in conflict with the hypothesis of H1 -j- H1 H2 as the 
basic process, which requires s = 6.5. 

With this value of the exponent (s = 19), formula (28) is 
transformed into 

R ~[(1 — X) XJ010 
{ßIIY™ M0-72 (40). 

Also, as 

(Eddington's quartic equation), we have 

R~ [(I-Z)Z]010 (1 — ß)01* MQAb . . . . (40'). 

Fig. 3 represents the correlation; in addition to the mean 
data of Table 3, individual values for five nearby binaries and the 
sun are given; for Sirius A the correction of log Q for Balmer 
wings is applied. The radii for Sirius A, Procyon, and a 
Centauri A are based on directly observed colour indices, and 

* We take the opportunity to point out that the correlation of mass 
and radius has been already successfully studied by K. Lundmark, cf.67. 

6* 
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for a Centauri B on a mean adopted colour index. Further, in 
Fig. 3, all "main sequence" individual components of eclipsing 
binaries are plotted which occur in Strömgren's Iistyi (for 
equal components, one point representing the average is 
plotted): for these the masses and radii are directly observed 
quantities, independent of the adopted temperature and the 
data are especially valuable for the correlation *. 

As shown by Fig. 3, the individual data including even 
the massive stars V Puppis and Y Cygni, agree excellently 
with the linear correlation derived from the visual binaries. 
Some stars, such as Procyon (P 5), Sirius A (A 0), ß Aurigae 
(AO), TV Cas br (B 9), u Her ft (B8.5) show definitely inflated 
radii (from 25 to 60 per cent, and 2.5 times for u Her ft), 
which perhaps represent a transition toward giant structure. 
A slight depression at large masses (B stars) is indicated, 
which however is well accounted for (with Strömgren's data) 
by the factor (ß )̂0-54 which becomes important at these 
masses; however, we did not make a correction for this factor, 
because we do not consider the hydrogen content, nor/i and ß, 
as being well established for the massive stars (cf. above). 
Trumpler's typical O star falls decidedly below the Iine of 
correlation, which, however, must be explained by the failure 
of our luminosity formula (with Kramers' -f- electron scatter-
ing opacity), in which case formulae (28) or (40) are no 
longer valid. 

Thus, practically all main-sequence stars from M = 0.2 
to M = 20o appear to form one continuous sequence, corre-
sponding to a homologous structure and to a law of energy 
generation with s = 19. In such a case the hypothesis of 
H1 -j-H1 -*• H2-f-ß+ being the starting reaction of the atomic 

* The hydrogen content, X, computed by Strömgren 2 1 is based on lu-
minosities derived from mean adopted temperatures, and, therefore, X has 
lost somewhat of its individual value. If we keep Te constant for a given 
spectrum, a larger radius (for eclipsing binaries) leads to a greater lumino-
sity and thus to an apparently smaller hydrogen content ; such a correlation 
is prominent in Strömgren's data, and part of it may be spurious: for 
constant mass, a larger radius means smaller pressure, and lower Te for a 
given spectrum; thus, the luminosity is overestimated, A' underestimated in 
such a case. 



85 

3» oo <6 o 

Ö .S C 
Il fco cc 

i 1 — K*S O O 03 

O T3 
CQ •£ 
-O C 3 cS Cm 

OJ1 
jI £> 

E—1 

3 -Oh O Q 

C <ii 
^ 03 O td o* 

3 co 
t£ Q- - T ^ -Q P 

Ö w ® O cž o ^O"-

OJ O 

•2 « 3 P o3 °o ° S 
•+• c^ S D 
fcc bC < 
Ovl s ^ ~ QO n 

0Q. 

cc ^ 
bC fco & ° :0 G 3 .is T3 

synthesis must be abandoned; for the main sequence, this 
reaction requires s~6.5; assuming this, we should have, 
instead of (40), the correlation: 

R~ [l — X) XJ0 2 2 (ß ju)~0-n M0-33 . . . . . (a), 

which cannot be made to satisfy the correlation of Pig. s. 
An escape may be found in the assumption that the correla-
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tion of R and M in Pig. 3 is the combined effect of a law of 
energy generation with s ̂  6.5 and a progressive Inflation of 
the radius with increasing mass; the cause of the inflation 
may be the formation of an exhausted core causing an expan-
sion of the envelope, as considered in Sections 5 and 6. The 
sudden increase of log R at about the sun's mass (cf. Table 3 
and Pig. 3) may perhaps be regarded as an indication of the 
starting of such a core, which would seem to bein agreement 
with estimates of the time (~ 3.10°) required for the exhaus-
tion of a limited central region (cf. below). If a superdense 
core, it need not be large, a few per cent of the total mass, 
and probably cannot be very large (cf. the table in Section l.a). 
Such a small core need not be in contradiction to the small 

Russell40 for Y Cygni, or by Walter50 and Kopal58 for eclipsing 
binaries from their ellipticity, and by WTalter57 from libra-
tions in ß Lyrae and W Ursae Majoris; if most of the mass 
is little concentrated, the influence of the small core is im-
perceptible. The observed small apparent concentration of 
mass in the B type eclipsing binaries indicates for them 
either a complete mixing with complete adiabatic structure 
throughout, or practically the same with a small superdense 
nucleus at the centre. An effective polytropic index n ~ 2 
would result in a good agreement with RusselFs data for 
Y Cygni 16. 

The interpretation of Pig. 3 as partly the result of 
"inflation" is not very attractive; it has been proposed to save 
the hypothesis of hydrogen — deuteron synthesis by setting 
s = 6.5, but the postulated superdense core becoming an 
independent source of energy makes this escape illusory: 
formula (28), as based on a purely subatomic source of energy, 
loses its meaning in such a case, and the regulär correlation 
shown by Fig. 3 cannot bear the theoretical interpretation 
which we have given; in this case the value of s would 
probably have little influence upon the correlation ofÄandil/, 
which should be chiefly determined by the properties of 
the core. 

A few words with regard to Kopal's paper58 as containing 
the most numerous data referring to the ellipticities of 

effective degree of concentration of mass 16) derived by 
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eclipsing binaries. It has been pointed out r i g h t l y 5 9 that 
Kopal's material is not homogeneous. Indeed, little definite 
meaning can apparently be attr ibuted to the conception of the 
mean ellipticity of a binary with largely d i f fe r ing radii, 
masses, and luminosities. Nevertheless, when retaining only 
the homogeneous data in Kopal's list, the change of the cal-
culated concentration of mass with spectral class remains the 
same as found by him from the entire material : the concent-
ration increases for the later spectra. As the later eclipsing 
variables are chiefly giants, this fact seems to be in agreement 
with our conceptions of g iant s t ructure (formation of a super-
dense core and inflated envelope). Kopal's absolute values of 
the effect ive polytropic index seem to be systematically in 
error, as for the early type stars he f inds persistently n=0 
to 0.5, which is less than the minimum adiabatic value (n — 1.5), 
and would lead to catastrophic convection; we have seen 
that convection in stellar interiors (except quite near a super-
dense core) is of such high efficiency in transporting heat that 
no perceptible deviation from adiabatic equilibrium can occur. 
Therefore Kopal's f igures can be regarded only as of a more 
or less qualitative character. To get reliable absolute data 
for the ellipticities, the elements of the eclipsing variables 
should be rediscussed with such a special purpose in v i e w ; 
the Iimb darkening should be taken as variable according to 
effective temperature, as follows from Schwarzschild's theory 
of the radiative equilibrium of the outer layers of a star. 

Our above result with respect to the probable value of 
the exponent s = 19 (15 to 25) forces us to attempt some 
revision of our former a priori views concerning the basic 
process of subatomic energy generation. The hydrogen — 
deuteron synthesis requires s 6.5 only; further, it must 
have as small a probability per collision as g < 1,3.10-19, to 
work reluctantly enough at the actual adiabalic (minimum !) 
temperatures of the main sequence stars, and it can never be 
detected in the laboratory; if the probabilily of the reaction is 
even smaller than that — the reaction loses its importance in 
the stellar energy budget (the reaction is theoretically possible, 
but the probability may be too small to exert a practical 
influence). From considerations put forward in Secticn 3.g, 
the He4-* Li0-* Li7 -j- H1 -*• FIe4 regenerative process cannot very 
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well be considered as the starting point of the atomic syn-
thesis (althongh it may occur as a lateral reaction), because 
it requires deuterons or neutrons which must be supplied by 
a reaction of higher order which is split necessarily into 
different branches and yields, therefore, too small a number 
of deuterons for He4 -j- H2 -*• Li6. s = 15 — 25 corresponds, accord-
ing to the theory of atomic synthesis, to proton capture of a 
probability q <~ o.l to 0.01 (as observed in the laboratory) by 
a nucleus of charge z ~ 4 — 8, thus from beryllium to oxygen. 
The process must be regenerative in Atkinson's sense, if the 
original abundance of the starting phase is not very great. 
Existing physical experimental data (we eite from a compilation 
made by Pleischmann and Bothe60) seem favourable to this 
suggestion — indeed, there are a number of observed reactions 
which must occur with great intensity; stars in any case 
cannot settle down to higher central temperatures before the 
possibility of these reactions is exhausted. 

Observed proton captures with a release of energy : 

Reaction 

s for T e = 1,4.107 . . . 

T e required for the sun . 

Reaction 

s for T f = 1,4.107 . . . 

T e required for the sun . 

Li6 + H1 -• He4 - f He3 

Li7 + H1 2 He4  

12.5 

1 , 1 . 1 0 7 

B 1 1 + H1 3 He4 

B 1 H-H 1 -^He 4 + Be 8  

17.2 

> 2,4.107 

B e9 + H1 B 1 0 

Be9 + H1-V Lit' +He 4  

15.0 

1,8.107  

Ciü Hi _> Ni3 XHjOie 
N« C13 + 

19.6 

2,1.107 

In the last line, the t empera tu re TE = 0.94 TC is given, 
for which the reaction a i o n e is able to cover the radiation of 
the sun, on the assumption of a relative abundance as found 
by Russell22 for the solar atmosphere. Of course, the abund-
ance may be quite different in the inter ior ; if carbon is 100 
times more abundan t in the interior, Te becomes 1,9.107  

for the 4th reaction, instead of 2,1.107. The abund-
ances häving been assumed as for the above table, only 
the carbon reaction represents an important store of energy, 
lasting for about 5.IO8 years in the case of the sun; if this is 
insuff icient even 1'or the short time seale, it is important to 
realize that the C1 2 -J- H1 reaction makes the atomic synthesis 
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an observed reality, and not a mere speculation based on pro-
babilities. The s tars m n s t have gone through this s tage of 
atomic synthesis, at least. The central temperature of the sun 
for 37 per cent hydrogen content and adiabatic s tructure with 
n = 1.63 is 1,2.107 (cf. Section 3.d), thus too low for the carbon, 
boron, and beryllium reactions; if these are to happen in the 
main sequence stars, the temperatures of the latter must be 
higher, which can be accounted for only by a t t r ibut ing to 
them a non-homogeneous structure (some degree of condens-
ation towards the centre). It is disappointing to realize that 
at the temperatures of these reactions no exothermic processes 
of generation of neutrons or deuterons can occur, except the 
H 1-j-H 1-" H2 reaction, and that without the help of deuterons 
and neutrons no experimental continuous chain of atomic syn-
thesis can be traced; the above reactions stand thus at present 
isolated; neither are regenerative processes not leading to 
helium indicated. 

With helium, and without the intervention of neutrons or 
deuterons, we must admitstil l higher temperatures; asmall central 
core, due to s l ight exhaustion of hydrogen and complete exhaus-
tion of the C -f-H reaction (if no regenerative process exists) 
may be formed, with temperatures of 3,5.107 which may 
render the fol lowing reaction important (cf. Atkinson): 

oHe4 -j- 2He4
 4 Be 8 -}- 0.36 Mev. 

It has been the belief that this reaction is endothermic, 
and that Be8 is therefore unstable (cf. Kronig 6 1 ) ; however, with 
the more accurate atomic weights (cf. Section 3 .g and 2 7 ) the 
result is di f ferent. The observed reaction 4Be 9-j-1,3.10 6 volts 
(y radi.) 4 Be 8 - j- 0 w 1 g ives 4 Be 8 = 8.0074, against 22 He4 = 8.0078: 
thus it appears that the nucleus of Be8 is stable, after all, with 
a small binding energy of 360 000 + volt. At T ~ 3,5.107, Be 8  

leads to a rapid cycle of reactions (those not definitely observed 
are in brackets, and not observed nuclei in parentheses) (all 
exothermic): 

[2He4 + 2 He 4 -* 4 Be 8 ] ; [ 4 Be 8 + ,H1 - (5B9); (5B
9) - 4 Be 9 + ß+\; 

hence the principal branch fol lows: 

4 Be 9 - j - ,H 1 -^ 5 B 1 0 ; f5B10 + , H 1 - 6 C 1 1 ; eC11 - ,B11 + ß+]; 
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5B
L1 + ,H1 - 3.2 He 4; 5B

U
 + jH1

 - 4 Be 8 -f 2He4; 
[ b B 1 1 + I H l - 6 C 1 3 ] ; 6 C l 2 -j- -* 7N 1 3 -• ßC13 -j- ß± , etc.; 

Iatera branch : 

4Be» - f !H1 - 3Li6 + 2He4 ; .,Lie + 1H1 -* 2He3 + ,He 4 . 

Thus , the cycle involves an ef f ic ient regenera t ion of helium (cf. 
Atk inson) , and heavier e lements are also fo rmed th rough C12. 

If th is m e c h a n i s m does not work, at still h igher tempera-
tu res observed reac t ions involving a-part icles and resu l t ing 
par t ly in neu t ron s y n t h e s i s come into play, such as 

4 Be°- f 2 He 4 -* 6 C 1 2 + ^ + 5.5 Mev (at r > i o 8 ) ; 

direc neutron synthesis, however, should also begin at this 
stage, and with neutrons the atomic synthesis is well pro-
vided for. 

From all the preceding it is clear that the synthesis of 
heavier elements out of hydrogen must inevitably occur at a 
certain stage of the evolution of the star; observed reactions 
are able to absorb all the hydrogen content of a star when the 
central temperature is allowed to rise over IO8. However, the 
apparent homogeneity of structure of the main sequence (cor-
relation and Fig. 3) does not seem to favour such high tempera-
tures and condensations; it is more likely that the important 
cycle of processes takes place at T0 ~ 2.IO7; on account of lack 
of experimental data we cannot decide yet upon this question. 
After all, it is not impossible that H1-I-H1-^H2 is still the 
basic reaction, and that our correlation of B and M reflects 
chiefly the effect of a progressive inflation of the stellar enve-
lope with increasing mass, so that 5 — 6.5 may still be valid. 

Another escape able to remove some contradictions may 
be proposed. The direct reaction H 1-I-H 1 may be prohibited 
for the protons in their ground states, but may become pos-
sible when one of the protons is excited to a certain level 

5040 H 

of H volts. The fract ion of excited nuclei is f = 10 T~ 
(thermodynamic equilibrium); therefore, the rate of the reac-
tion is equal to the rate computed from the absolute abund-
ance of hydrogen multiplied by f. The apparent probability 
of capture, q = 1,3.10-19, which we est imated in Section 3.g, 
is in this case equal to the product g f . 
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- 5 0 ! 0 ^ _iq 5040 H Thus, q. 10 T =1,3.10 • With ¢ = 0.01,— —^— = 

= — 16.9. This holds upon the assumption that the energy 
generated in the sun at Te = 1,1.107 equals its observed heat 
output. Thus, with T =1,1.107, H = =36000volts. DUiXU 
Such should be the hypothetical nuclear excitation potential of 
hydrogen to account for the energy generation of the sun 
(adiabatic model) and of the main sequence stars, and which 
is in harmony with the observed absolute abundance of lithium 
in the sun: the hypothetical rate of the deuteron synthesis in 
the sun is then in equilibrium with the rate of the Li -|-H 
reaction, calculated from experimental data. 

The rate of the reaction as given by formula (3) must be 
multiplied by f iii this case. For T= 1,1.107, the effective 
value of the exponent in the temperature dependence of s is 
then s = 44, which is now too high for the trend of Fig. 3. 
With a smaller value of q, s may be reduced; thus, for 
q = IO^s , i f = 24 000 V., s = 32 ; for q = 10~16, H = 6300 V., 
s = 13. An agreement with the "observed" value (5 = 19) may 
be obtained by a suitable choice of the constant q. Although 
the procedure is somewhat artificial, and the question quite 
problematic, the importance of the above speculations consists 
in de nonstrating that an apparent disagreement between the 
"observed" and the theoretical values of s cannot be a reason 
for denying the possibility of the direct deuteron synthesis in 
stellar interiors. It might be worth while to attempt the 
synthesis in the laboratory, in a hydrogen medium "activated" 
by radiation of 10 000—50 000 volts (for the lower limit, the 
yield of the reaction may be too small to be detected in the 
laboratory if our calculations as to q are correct). 

c. Stellar statistics and stellar evolution. 

Under the above heading fifteen years ago the writer 
published an attempt to explain the observed frequency func-
tion of stellar luminosities on the basis of a recurrent cycle of 
stellar evolution, by assuming Statistical equilibrium between 
the "rate of cooling" and the frequency of Nova catastrophes, 
which were supposed to bring the star back to the start of a 
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new evolutional course with high initial luminosity and gra-
dual "cooling". At present it stands without doubt that such 
a conception does not represent the state of our present stel-
lar universe: the stars do not change much in luminosity (as 
once considered by Eddington, on the basis of a "Van der 
Waals degeneracy" of dwarf stars), except the white dwarfs; 
for an evolution of mass, the time seale is too short (studies 
of double stars by the writer62, cf. also2). The Russell-Hertz-
sprung diagram is not a diagram of evolution, but a diagram 
of stellar structure. 

Now, from the fact that the hydrogen content is smaller 
in giants than in main sequence stars, Strömgren21 concludes 
that the course of evolution with practically constant mass is 
at right angles to the main sequence Iine of the diagram : 
main sequence stars change into giants. Our preceding theo-
retical discussion points to the same possibility. Belowr, a com-
parison with S ta t i s t ica l data seems to impose c e r t a in restric-
tions upon this type of evolution also: some m a i n sequence 
stars become giants; many, howrever, cannot. 

d. Evolution of the sun and geologic temperatures. 

Evolution with decreasing hydrogen content requires 
increasing luminosity, and in the case of the sun some vague 
information regarding such an evolution can be obtained from 
the geological history of the earth. The mean temperature of 
the earth must be chiefly determined by the intensity of solar 
radiation; unfortunately, local conditions during past ages 
obscure the general climatic picture too much ; but certain 
conclusions can nevertheless be drawn. There seems to be 
no doubt that, during the Cambrian and Ordovician, the mean 
temperature was about the same as it is now; it was consid-
erably warmer since the Silurian, up to the Iate Tertiary. 
The last Diluvial relapse of temperature, the ice age, which 
lasted with interruptions for about half a million years, is so 
short as compared even with the Tertiary (60 million years) 
that its influence upon the mean geological temperature 
is negligible; we may consider 20° C at present as the 
normal mean temperature of the earth, corresponding more 
or less to the conditions prevailing at the end of the Tertiary; 
the present actual temperature (-)- 15°) is still below the 
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normal, not häving as yet recovered from the relapse of the 
ice age. Allowing for the cooling effect of an ice -j- snow-
covered area, an ice age with glaciation reaching to about 45° 
latitude (zero annual isotherm writh sufficient snow in winter) 
should correspond to as high a mean temperature of the 
wThole earth as -J- 9° C. There can be hardly any doubt that 
the last ice age, which was bipolar, was caused by a decrease 
in solar radiation (speculations upon the eccentricity of the 
earth's orbit cannot produce a bipolar effect, and the unipolar 
effect must be rather small even for the affected hemisphere), 
and probably most preceding ice ages were, too [there were 
mighty glaciations * in the Algonkian (South Australia; 
synchronous in South Africa and Canada), in the lower Cam-
brian (bipolar, Australia and Greenland), some glaciation in 
the Middle Ordovician, in the lower Devonian, and an enormous 
glaciation in the Permian (perhaps the Iate Carbon already), 
apparently restricted to the southern hemisphere, with traces 
Ieft in Australia, Africa, East India, Brazil, and the Falkland 
islands; absence of Permian glaciation from the northern 
hemisphere may perhaps be explained by special circumstances 
of the distribution of continents and mountains]. Betwreen 
the Permian and the Diluvian there are no ice ages known. 
Although Wegener's theory of Continental drift, postulating a 
corresponding displacement in latitude, cannot explain the 
last ice age, and the amount of the drift required for such a 
purpose is not verified by astronomical observations, there can 
hardly be any doubt about the reaiity of large-scale horizontal 
displacements (Alpine foldings) in the earth's crust; these 
displacements cannot reach the scale of Wegener's theory, 
but, nevertheless, they summon to caution Mith respect to a 
generalization of local peculiarities of a geological climate: 
the latitude where at present a fossil is found may considerably 
differ from the latitude of its origin. With due allowance for 
all such circumstances, the general trend of temperature seems 
to be an increase, highly irregulär, interrupted by sudden 
minima of short duration, the ice ages; the apparent absence 
of these from the Mezozoicum and Tertiary is perhaps due to 
the increase of the "normal" temperature of the earth (or of 

* Professor A. Öpik, geologist, has checked upon these geological data. 
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the mean solar radiation), so that only rare exceptionally deep 
minima, such as the Diluvial, lead now to glaciation; whereas 
in the Palaeozoicum and Praecambrium, with their lower 
normal temperature, moderate and therefore more numerous 
minima of the solar radiation already produced glaciation; 
thus, the relatively greater frequency and extent of glaciation 
in these early periods seems to be in agreement with the 
gradual warming up of the earth following the increase of 
solar radiation with the gradual exhaustion of hydrogen. 
Jndging from the oldest Archaic rocks, of an age — 2.IO9  

years, in spite of changes from metamorphism, it seems to 
be certain that a permanent ice age could not have taken 
place even at this early age: the traces of ice in the Archaicum 
are scarce, probably mostly destroyed, but still suggestive of 
intermittent ice ages, as observed in later ages * A minimum 
estimate for the mean "normal" temperature of the earth. 

Table 4. 
Luminosity of the Sun (Adiabatic Model, Complete Mixing), 

and Terrestrial Temperatures. 
Hydrogen content, 

x % 40 39 38 37,5 

Age, IO8 years . — 31.5 — 20.2 — 9.7 — 4.8 — 3.2 - 1.2 - 0 . 6 — 0.2 
(Ordovician) (Silur.j (Jurassic) (Palaeocene) (Miocene) 

mboi 0 , computed 4.84 4.75 4.67 4.62 

t0 C Earth, com-
puted . . . . + 30 -f 9° + 14° + 17° + 180 + 190 + 20° + 20° 

t° C Earth, geolo-
gical estimate >-j-9° > + 90 -f 15°: -f- 22° + 17° + 25° + 20» 

Hydrogen content, 
x % 37,0 37 36 30 

OO 12 6 0 
Age, IO8 years . — 0.01 0.00 0 + 9.0 + 49.0 + 74.0 + 87.2 + 92.8 + 95.2 + 96.0 

mboi O > C 0 m P u t e d 

(Diluv.) 
4.58 4.58 4.49 3.93 3.28 2.53 1.58 0.58 — 0.47 

t° C Earth, com-
puted . . . . + 20° + 200 + 20" + 26° + 620 + 1170 + 191° + 3050 -J- 458° -f 655° 

t0 C Earth, geolo-
gical estimate + 8° + 150 

* Here a most important problem for Archaean geology presents itself. 
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Fig. 4. Mean temperature of the earth (ordinates), and geologic time (abscissae, unit = 1 0 0 million years). 
Crosses and füll curve = estimated mean temperature in the pas t ; broken arrows directed vertically down-
wards = ice ages; crossed circles with arrows directed upwards = estimated minimum mean temperature 
during the Archaean. Dotted Iine = theoretical "normal" temperature of the e.-irth, for complete mixing 

and atomic synthesis in the sun. 
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2.IO9 years ago may thus be > -{- 9° C. Above, the table gives 
the theoretical change of the luminosity of the sun on ä hyd-
rogen synthesis basis with complete mixing, with the computed 
and "observed" mean terrestrial temperatures. The present 
hydrogen content is assumed to be 37 per cent, conventionally, 
and the present "normal" absolute magnitude (4.58) by 0.07 
brighter than the present observed one (4.65). The data for 
the past and the "near" future are represented in Fig. 4; 
the theory is not contradicted by the observational evidence; 
the latter hardly admits of a more rapid increase in luminosity 
than the computed one, but the actual increase cannot be 
determined with certainty. Thus, on the basis of the complete 
adiabatic model the sun must have started — 3 . I O 9 years ago 
with a hydrogen content X = 40 per cent, and has used up 
to present 3 per cent of it; the accelerated rate of evolution 
on the atomic synthesis basis will come to an end after 9,6.109  

years, but life on earth will be destroyed by heat long before 
that. The total life of the sun on the hydrogen basis is 
12,6.109 years, after which a collapse follows towards the white 
dwarf stage (when the temperature of the earth may fail to 
— 180° C). 

From the table we also infer that a solar mass in com-
plete adiabatic equilibrium containing originally less than 26 
per cent hydrogen must already have become, within 3.IO9  

years, a white dwarf (Sirius B'? cf. Section 6. i). 
The recurrence of the ice ages — i. e., of short minima 

of solar radiation — seems to be rather difficult to explain 
on the completely adiabatic model of the sun, with its complete 
mixing. A composite adiabatic-radiative model, with its 
changing extent of the adiabatic region, progressive strati-
fication at the boundary of the convective core as the central 
exhaustion increases, and the formation of a small collapsing 
kernel, is more likely to lead to fluctuations of luminosity. 
The answer can probably be obtained from numerical comput-
ations. Qualitatively, however, it seems likely that the col-
lapsing kernel (^- 7 per cent of the mass, cf. Subsection a, 
thus small enough to become exhausted during — IO9 years), 
passing through different stages of degeneracy, and gradually 
acquiring mass from exhausted material of the outer shell, 
may produce an uneven Variation in the luminosity. For 
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example, Iet us suppose that the adaptation to the changing 
condition of equilibrium requires an intermittent expansion of 
the outer shell; during the expansion, a fraction of the heat 
output is stored in the form of potential energy of gravitation, 
and the radiation into space is temporarily reduced by a 
corresponding amount. To explain in this way an ice age of 
one million years' duration with a depression of the terrestrial 
temperature by Il0 C, a total expansion (of the shell containing 
— 90 per cent of the solar mass) of less than one per cent of 
the radius is required for an unchanged internal heat output. 
The plausibility of such an explanation adds some probability 
in favour of a complex model of the sun. 

In the case of a superdense core, however, the luminosity 
cannot be calculated in such a simple manner as was 
done above; the degenerate core will not add much to the 
heat output, thus the atomic synthesis will be stiil the main 
source of energy; the luminosity, however, will not rise much 
with exhaustion, because the exhausted material joins the 
degenerate core. A longer age on the atomic synthesis basis 
must result. 

e. Duration of evolution for adiabatic models. 

Here we cannot as yet decide the question of the probable 
structure of the sun and the main sequence stars. As a 
standard of comparison for probable ages we below consider 
the complete adiabatic model for main sequence stars, with 
an initial hydrogen content of 40 per cent as found for the 
sun (cf. Table 4, X = 40% at £ = — 3,15.109 years). 

AUowing for the unknown cause of a depressed luminosity 
in massive stars (which Strömgren 21 ascribed to a large 
hydrogen content, and which we as yet hesitate to accept, for 
reasons given above), we take an empirical mass-luminosity 
relation, or assume luminosities of actual typical stars as 
corresponding conventionally to A=33i per cent, and use the 
hydrogen content only for a differential correction of the 
luminosity in Table 5. We need not bother about the rigour 
of these assumptions, as they are needed only for our order-
of-magnitude comparison. Our table in any case corresponds 

7 
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T a b l e 5. 

Duration of Atomic Synthesis Stage, Complete Mixing. 
M/MQ 1.0 1.5 2.0 2.5 3.0 : 4.o 

begin., m0 . . . . 4.8 3.5 2.2 1.2 0.4 — 0.6 
mean, m 4.0 2.7 1.4 0.4 — 0.4 — 1.4 
end, TO1  - 0.5 — 1.5 — 2.4 — 2.9 — 8.3 — 3.8 
Relative duration 1.000 0.479 0.208 0.115 0.0730 0.0437 
Duration, years . 1,3.1010 6,2.109 2,7. IO9 1,5.109 9,5.108 5,7.108 

V/MQ 5.0 7.0 10* 1 7 36 *** QQ ***••!: 

begin., m() . . . . — 1.4 - 2.3 — 3.3 — 5 1 — 8.4 — 6.0 
mean, m . . . . - 2 . 1 — 2.9 — 3.8 — 5.5 — 8.7 — 6.0 
end, M1  — 4.1 — 4.4 — 4.9 — 6.1 -- 9.1 — 6.0 
Relative duration 0.0301 0.0219 0.0148 0.0060 0.0007 (0.021 :) 
Duration, years . 3,9.108 2,8.10« 1,9.108 7,8.107 9,1.1 Oti 

J0 Vl
 

O
 X
 

* ii Her. br.; ** Y Cygni; *** 11. D. 1337 br.; **** Trumpler's typical 
O type s tar ; no effect of hydrogen content assumed. 

to the actual luminosities of the stars. The relative duration 
is computed with sufficient precision from the foi mula 

t -= 5*34- — 2 512-<4'8  

(^0 — n h ) M 0 
1 — 2.512 

and the mean bolometric magnitude as in Subsection a from 
I/IQ •—- IH I 

m = m0 -f- - (m — m0) dt = m0 — 1.085 - f . — 4 , >.512—'•_! 
where A is a small correction =0.2 — 0.0 mag, and where m0 

and mi are the initial and the final bolometric magnitudes; 
the first formula implies a linear change of the magnitude 
with X (hydrogen content), which is not quite correct, but 
sufficient for the relative duration; the absolute duration for 
M=I, howTever, is taken from Table 4 where it was computed 
step by step, without simplifying assumptions. The most 
interesting feature of the table is the stiil considerable 
relative duration for massive stars: the smaller increase of 
luminosity with exhaustion partly balances here the greater 
initial speed of evolution. Nevertheless, for masses exceeding 
2.0, there seems to be a shortage of the subatomic energy 
source even writh the short time seale. There exists, of course, 
a possibility of increasing the figures: allowing for uncertainties 
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in the internal structure, the initial hydrogen content may 
be increased to about 50 per cent, which lengthens the dura-
tion of the "dwarf" stage by 25 per cent in proportion to the 
store of hydrogen (the theoretically fainter lnminotity for the 
increased hydrogen content does not lengthen our time seale, 
because we started from the observed luminosity of the sun, 
and computed the rest in a differential way). On the other 
hand, for incomplete mixing (composite model), only a fraction 
of the mass is involved in atomic synthesis, so that the 
duration of the dwarf stage may be shorter. The composite 
model may be supposed to enter the giant stage after the 
exhaustion of perhaps 0.25 of the internal mass, thus after 
one-quarter of the time interval of Table 5. With 3.IO9 years 
as the maximum age, the minimum mass of a giant equals 
in this case 1.2Q, which more or less corresponds to the 
observed limit (RT Lacertae, 1.0 and 1.9q; ZHer ft, 1.3q; etc.). 

f. Semi-giants. 

It is tempting to identify the Mt. Wilson s (sharp) and 
n (nebulous) Classification of B and A type stars £8 as corre-
sponding to our two subdivisions of stars without collapsed 
cores: 5, about 0.8 mag brighter than n (for the same spectrum), 
with the "sharp" lines corresponding to a smaller surface 
gravity, may be identified with the "semi-giant" stage, and n 
with the dwarf stage. From certain complicated considerations 
here omitted we estimate the difference of luminosity for 
equal mass, at 0.8X1 = 1-2 mag. From Table 5 it appears 
that the duration of the non-collapsed stage at M ~ 2.5Q 
(A stars) is certainly shorter than 3.IO9 years for the composite 
model (~ 0.25 of the tabulated durations); as non-collapsed 
stars are stiil observed, we must suppose that these stars are 
continually born in the place of those which have become 
giants; in such a case, the relative number of the n and s 
stars must be proportional to their relative lives, or inversely 
proportional to their luminosities, or 3:1 for Am = 1.2, as 
found above. For northern stars brighter than the fifth 
magnitude (complete selection) we find indeed 69 stars B8n — 
A3n, of a mean absolute magnitude 1.0, against 24 stars B8* — 
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A3s, ma&8. — 0.5*; for equal volames of space, the number of 
s stars must be counted to m = 4.5 and is 17; this requires 
a ratio of the relative lives about n:s = 4:1, or slightly 
greater than the theoretical ratio (3:1). The agreement in 
relative number and luminosity is hopeful indeed. If A and 
B stars can be identified as non-collapsed, i. e., as dwarfs or 
semi-giants, their presence in the Galaxy, when confronted 
with the figures of Table 5, and allowance made for the most 
generous increase of these figures, would require a steady 
supply of such stars, to replace those entering the giant 
stage. The production of new stars (not Novae) cannot, of 
course, be limited only to these classes, but must be in this 
case a more general phenomenon. 

The Mount Wilson s and n subdivisions may be looked 
upon also as different stages of exhaustion of the adiabatic model; 
from formula (40'), for M = const., R ~ [(1—X) Zj0-10 (1 — ß)°-u, 
we find for M = 2.5, and an interval of luminosity 
Am = 1.5 mag, X1 = 0.40, X2 = 0.21, = 0.92, 1 — = 0.0145, 
JU2 = 1.26, 1 — ß2 = 0.042, and log ^r

1 - —0.049. This gives an 
JLCQ 

effective relation L~R 1 2 , thus a slow increase of radius with 
luminosity (for X near 0 the radius begins to decrease again). 
In such a case, the difference of luminosity between n — s is 
0.8, practically the same for equal mass, as it, is for equal 
spectrum, and the relative number of n\s to be expected is 
2:1, thus a greater deviation from the observed ratio (4:1); 
the difference, however, is not serious. More serious is the 
question of surface gravity which for the adiabatic model 
varies as g •— L~°-16, and requires a ratio gn:gs == 1.12 only, 
too small to influence sensibly the appearance of spectral lines ; 
whereas for the "semi-giant" theory of the As stars the ratio 
of surface gravity we estimate at yn :gs = 2.3, which may be 
considered as sufficient **. It is, therefore, possible that the 
Mount Wilson As stars are "semi-giants", on the point of 
becoming giants. The An stars may thus be supposed to 

* The difference s — n — 0.5 mag is smaller than the difference for a 
given spectrum (0.8 mag), because of a preponderance of early n subclasses 
and Iate s subclasses in our sample. 

** Computations referring to the semi-giant model will be given in 
another paper. 
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coQtain: all complete adiabat ic models, and the y o u n g e r 
composite models ; whereas As contain only the advanced 
composite models ; in such a case the re lat ive number n\s 
should be greater than the expected, 3 :1 , as actually is the 
case (4: l). 

<j. Statistical equilibrium of evolution. 

Let us consider now the possibi l i ty of an evolution from 
the main sequence towards g i a n t s with a continuous supply 
of main sequence s tars . T a k i n g 3 . I O 9 as the age of our uni-
verse, and a s s u m i n g a uniform ra te of the generation of new 
s t a r s (not Novae) — the order of m a g n i t u d e may be r i g h t 
although more s tars may be supposed to be generated at the 
b e g i n n i n g — f u r t h e r a s s u m i n g that the d w a r f s a f t e r the 
lapse of a time interval td become g iants , — the re lat ive 
number of g iant s and d w a r f s ( including semi-giants) of a 
g i v e n mass will be proportional to 

n 3 . I O 9 — t j 
- (41), 

na h 

where t(l is the total durat ion of the non-collapsed s t a g e ; 
the formula holds for td <C 3.IO9 only, and for the case of an 
inf ini te (suf f ic ient ly long) l ife of the g i a n t s ; for td >> 3.IO9, 
H1 = 0. 

If, however, g iants are also doomed to a short life, t, (41) 
holds for t > > 3 . I O 9 — td, whereas for t < 3 . I O 9 — td we have 

n t 
-1

 = " (42). 

The hypothetical "d i sappearance" of a g iant , at the end 
of its life, may consist in it becoming a Wolf-Rayet s t a r 
(similar to a nucleus of a planetary nebula) of h igh e f fec t ive 
temperature and dens i ty ; the d i f ference of v i s u a l minus 
bolometric magnitude for high temperatures runs as f o l l o w s : 

Table 6. • 
Visual minus Bolometric Magnitude. 

T 3.IO4 6.IO4 IO5 2.IO5 3.IO5 5.IO5 IO6 

m — m 4 - 2.3 4.3 5 6 7.9 9.3 10.9 13.2 



102 A XXXIII.» 

Thus, if the surface temperature of the former giant 
attains IO5 (such a temperature has been actually observed 
for nuclei of planetary nebulae, cf. 8a), and if its bolometric 
magnitude remains unaltered, it will appear fainter by about 
five magnitudes, so that less than one per cent of the former 
giants can be observed. Still higher effective temperatures 
may occur; for Te> IO6 this would mean complete disappear-
ance of all former giants from our catalogues (such high 
temperatures have not yet been observed, but perhaps for the 
same reason — they cannot be observed; the high temperature 
stars are practically invisible). 

Table 7 contains data wrhich may be used as a crucial 
test for the question of the persistence of the giants. Thefirst 
half of the table refers to the distribution In our Galaxy, 
based on the data derived by the writer and his collaborators40 

from proper motions of the Boss catalogue; the original 
figures, referring to a fixed limiting apparent magnitude, are 
reduced to equal volumes of space with the aid of Kapteyn's 
mean density function. The second half of the table represents the 
mean distribution for t h r e e globular C l u s t e r s , derived from Shap-
ley's data 41. The "main sequence" is supposed to indude the 
dwarfs and the semi-giants. Actually, the giants are distinguished 
by their mean density, and there is a possibility for the main 
sequence to contain collapsed stars with a giant structure, 
but of high mean density. The Iine of demarkation is not 
very definite, but this introduces little uncertainty into the data 
for the Galaxy, because stars with transition spectra are few in 
number there. Por the globular C lus te r , the stars near mhoU — 0 
are most numerous for transition spectra, and the relative 
numbers depend more upon the choice of the Iine of demarka-
tion between giants and main sequence stars. 

Ou the assumption that all main sequence stars are trans-
formed into giants within time intervals comparable to about 
one-quarter of those of Table 5, the distribution "around the 
sun" in Table 7 can be satisfied o n l y by assuming comparati-
vely short lives for the giants; a trial-and-error So lut ion gave 
a rough representation, according to formulae (41) and (42), of 
the observed frequency of giants, with the following assump-
tions : td = t = 0.3 times the total ages of Table 5; md — mq *. 

* Tae approximate equality of the average luminosity of a giant and a 
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T a b l e 7. 

Distribution of Bolometric Absolute Magnitudes 

Around the sun /><125 parsec Globular Cluster (Shapley) 
bolom. 

Main sequence Giants Main sequence Giants 

Spectrum Num-
ber Spectrum Num-

ber 
Colour 
class 

Num-
ber 

Colour 
class 

Num-
ber 

—3 O 0.018 BO - M 0.005 0 0 
—7 O 0.045 BO — M 0.047 0 0 
— f) O 0.10 BO — M 0.11 0 0 
— 5 O - B2 2.6 B3 — M 0.75 0 b5 — m 0.7 
- 4 O - Bõ 2.5 B8 — M 2.5 0 12.7 
—3 O - B 5 18 B8 — M 23 0 18.0 

•> BO - AO 105 A2 - M 51 •< aO 0.3 aO — m 46 
— 1 BO — A5 122 FO — M 420 < fo 8.1 fO — m 109 

0 B 3 — A 5 460 FO — M 910 <•: fO 143 ,, 174 
+ 1 AO — P 2 1330 F 5 — M 890 < fO 60 „ 155 
-4- '> AO — GO 4400 G5 — K 5 2400 
+ 3 A3 — G5 O

 
O

 
O

 

KO — K 5 4300 
F5 — G5 SOOO 0 

The same assumptions, however, do not in the least f i t the 
distribution in the globular Clusters; unless all these are less 
than 6.IO7 years oid (thus less than the time of one revolution 
or oscillation in the Galactic system), the existence there of 
red giants, unmatched by main sequence stars, can be explained 
only upon the assumption of a great persistence of the 
giant stars, t > 5 0 td. The discrepancy can be removed only 
by rejecting our f i rs t assumption: we conclude, that not all 
main sequence s tars can be transformed into giants; this con-
clusion agrees with our theoretical considerations (Sections 5 
and 6: complete adiabatic structure). 

The absence of bright main sequence stars in globular 
Clusters may be explained by assuming that no "new" stars 
are born in the Cluster, all its stars being of equal age; in 
such a case the more massive stars have either become giants, 
or collapsed into superdense Wolf-Rayet stars which have become 

main sequence star of the same mass is an observed fact, cf. £ Aurigae and 
Y Cygni above; the smaller hydrogen content of the giants is partly a compu-
tational result counterbalancing Eddington's correction — 2 log Te . 
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itivisible on account of their high effective temperature. For 
an age of 3.IO9 years, Table 5 sets the limit of collapse for the 
adiabatic model at MIMQ = 1.9 (thus above Chandrasekhar's 
limit of degeneracy for zero hydrogen content), initial magni-
tude m0 = 2.3; the bolometric magnitude at the end of the 
main sequence stage, at complete exhaustion, then is: mx = — 2.3 
(cf. Table 5). Shapley's data according to Table 7 indicate a 
limit at —2.0; a better agreement one could hardJy expect. 
Assuming a monotonous distribution of the initial magnitudes, 
the theoretical distribution of the final magnitudes of main 
sequence stars in a globular Cluster is found to be as follows 
(cf. Tables 5 and 4; the magnitude excess m — m0 as a func-
tion of relative age is computed with the aid of the latter 
table, with a reduction of the difference in a, proportion of 

- yyi 
only the adiabatic model, i. e., the durations of Table 5 

O. o 
are assumed, as only this model determines the "top" of the 
residual frequency of luminosities in the Clusters, the compos-
ite model main sequence stars häving changed into giants 
much earlier) : 

Frequency of Main Sequence Magnitudes (boi.) in Globular 
Clusters, and Final Magnitudes. 

Initial mag., m0 . . 3.8 ) 2.8 |2.7 |2.6 [2.5 ] 2.4 ; 2.35] 2.325! 2.31| 2.30 
Assumed frequency . . . 51 46 42 38 19 10 6.4 3.6 
Duration of main 

sequ. stage, ^ 0 = 7,1.109  

Relative age, 
(3.109)//,, = . . ° - 4 2  

Final (present) hyd-
rogen content, X % 34 

Final (present) 
mag., m — . . 3.3 

3,8.109 . .. 

0.79 10.84 

23 

1.5 1.2 

0.8810.9210.96 1 0.98 

14 I 10 21 

0.9 

19 

0.5 —0.2 —0.7c 

0.990 

-1.28 

. . . 3,0.] Ô  

0.996; 1.000 

4 0 

-1.69! —2.3 

Tae resulting distribution, arranged according to the mag-
nitude limits of Table 7, i s : 
Bolom. mag. m, 

limits . . . 1.5....0.5 0.5. . . — 0.5 — 0 . 5 . . . —1.5 — 1 . 5 . . . — 2.5 < — 2 . 5 
Number, com-

puted . . . . 139 48 22 6..6 0 
Number, ob-

served . . . 60 143 8 0.3 0 
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The disagreement between the computed and observed distri-
butions lies chiefly in the observed excess about zero magni-
tude which is near the median magnitude of the Cluster type 
variables (cf. Shaplry 4 1 ) ; if this maximum is smoothed out, the 
agreement between observed and computed distributions may 
become complete; the maximum, and perhaps the Cluster type 
variability, may be intimately connected with some peculiarity 
in stellar structure where the exhaustion of hydrogen has attained 
a certain degree (about 15 per cent, as follows from the table). 

Thus, the presence of massive and luminous main se-
quence stars in the Galactic System in general wre choose to 
ascribe to stars being continually formed in the place of those 
which become giants, or which collapse. The distribution of 
the ages of meteorites (probably mostly interstellar) as deter-
mined by Paneth 6 4 (cf. also 2) from the helium-radium ratio is 
suggestive of a continuous condensation of diffuse matter at a 
uniform rate (no matter whether the meteorites are products 
of direct condensation, or fragments of larger bodies): 

Age, millions of years 0—500 500—1000 1000—1500 1500—2000 2000—2500 
Number of meteorites 4 4 6 3 4 

Age, millions of years 2500—3000 > 3000 — — 
Number of meteorites 3 0 — — 

Thus, the assumption that stars in the Galaxy are also born 
at a uniform rate does not seem quite arbitrary; in any case, 
there seems to be enough di f fuse matter still Ieft for such a 
purpose. Our other assumptions, based upon all the preceding 
theoretical and observational evidence, are: that all stars start 
as main sequence objects with a conventionally constant hyd-
rogen content of 40 per cent; that a fraction a of them are 
adiabatic models, to which the f igures of Table 5 apply, and 
which disappear observationally after the exhaustion of hydro-
gen and the following collapse (Wolf-Rayet stars for iH>l.6G), 
cf. Table 6; white dwarfs for If < 1 . 6 0 ) ; that a fraction 1 — a 
of them are Compound adiabatic-radiative models, which after 
an intermediate semi-giant stage of shorter duration (cf. above) 
become giants after the lapse of 0.3 the durations of Table 5, 
with a mean luminosity equal to m of that table (this is 
an empirical fact, although the decimal of the mean magni-
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tude is uot warranted); that the giant stage for any giant 
lasts for more than 3.IO9 years (cf. globular Clusters). 

Upon these assumptions, and with 3,0.109 years as the 
maximum age, the frequency table for the Galactic System 
(Table 7, i-st half) is analysea below. Unlike the globular 
Clusters, where all s tars are of the same age, all ages are 
represented in the Galactic System, and it is therefore permiss-
ible to use the average magnitudes (m of table 5) as repre-
sentative of the average masses. The Statistical equilibrium 
inimber M1 of Compound main sequence stars is computed from 
the observed number of giants by formula (41) (nd = nu 

td = 0.3 t): the number n.2 of existing adiabatic models is 
n-2 = n

d w — nn where ndw is the total number of observed main 
sequence s tars ; the number of collapsed (invisible, in any case 
not counted in Table õ) adiabatic models nc is given by the 
same formula (41), with td = t (duration from Table 5), and 
with Iic for n , U1 for nd. The total number of adiabatic models 
which have come into existence since the creation of the 
Galactic System is Na = n2 -j- nc; the corresponding number of 
composite models is Nr = w, -f- n. The relative frequency of 
composite models born is 

Nr l—ci= - —, whereas the relative fre-
Js - 4 - N a I r 

quency of composite models among observed main sequence stars 
71 is g = — . On these lines, Table 8 has been computed. 

71 dv; 

The most remarkable feature of this table is, for m> — l.o, 
the steady behaviour of 1 — a (last line) f luctuating around 0.5, 
and the sudden drop for greater luminosities. If our inter-
pretation is correct, this means that masses belowr 4.3O have 
an equal chance to become adiabatic, or composite; whereas 
for larger masses the probability to become composite is small, 
about 0.06; the considerable frequency of luminous giants is, 
from this standpoint, explained by their longer life; ai], of course, 
depends upon our assumptions. 

As to the residual small fraction (1 — a) of composite 
models for i ¥ > > 4 . 3 i ¥ 0 , it may be due to an original differ-
ence in composition between the central region and the rest 
of the star (cf. Section 5. h, and below). 
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T a b l e 8. 

Aaalysis of the Frequency of Main Sequence and Giant Stars 
in the Neighbourhood of the Sun. 

D < 125 parsec. 1 — a = fraction of Compound radiative-adiabatic 
models born (a — fraction of adiabatic models). 

mIrnl. (-mObserved^ 4.0 3.0 2.0 1.0 0.0 — 1.0 

ilf/MQ . . . . . 1.0 1.4 1.8 2.2 2.8 3.6 

t, years 1,3.1010 7,1.109 3,8.109 2,2.10« 1, 2.10 9 7,4.101 

n<, 0 4300 2400 890 910 420 

(< 8000) 12600 1400 250 120 33 

8000 34000 4400 1380 460 122 

• • • • 0.37 0.32 0.18 0.26 0.27 
n2 < 8000 21400 3000 1130 340 89 
11 0 0 0 410 510 270 
N  a < 8 0 0 0 21400 3000 1540 850 359 
x, < 8000 16900 3500 1140 : 1030 453 
1 — O 0.44 0.54 0.42 0.55 0.56 

mbol. ( m observed) —2.0 —3.0 —4.0 - 5 . 0 < — 6.0 
M J/o, 

t, years 
4.9 7.3 10.8 14.9 25: M J/o, 

t, years 4,3. IOs 2.8-108 1,7.108 9,7.107 5,6.107 

nu 51 23 2.5 0.75 0.16 

"I 2.3 0.66 0.04 0.008 0.001 
nd„ 105 18 2.5 2.6 0.16 

<1 = " A f n ; • * * " 0.022 0.037 0.016 0.003 0.006 

103 17 2.5 2.6 0.16 
n 650 160 40 75 8 
N  753 177 42 78 8.2 
Nt  53 24 2.5 0.8 0.16 
1 — a 0.066 0.12 0.056 0.010 0.020 

With respect to the Mount Wilson n and 5 subdivisions 
of A — B stars, Table 8 opens up a different prospect; for the 
typical A star, the table suggests a ratio of n^: nx ~ S : l , or 
approximately equal to the observed ratio of n:s (cf. above); in 
such a case it may seem that the s subdivision comprises the 
entire composite model class, whereas n corresponds to the 
adiabatic model. It is, however, not advisable to go more 
deeply into these details. 
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Oar general results seem to be in favour of our original 
assumptions made in connection with Table 8; it seems that 
these assumptions may be used as a working hypothesis in 
fnture research. As to the correlation of B and M found in 
Sabsection b, in view of the apparently homogeneous material 
for the most important range of the correlation (for i ¥ < 4 . 3 0 , 
constant small fraction q = 0.28 of composite models in Table 8), 
corresponding chiefly to the typical adiabatic model, the con-
clusions drawn with respect to the law of energy generation 
(s = ~ 19) may be considered corroborated: for the adiabatic 
model a considerable progressive inflation of the radius with 
mass does not seem possible. The chances for the reaction 
H1-J-H1-*- H'2, with the protons in their ground states governing 
the atomic synthesis are thus rather low. 

h. Probable structure of the sun and the main sequence stars. 

With respect to the structure of the sun and the main 
sequence stars somewhat more definite statements can now 
be made. Prom Table 8 it appears probable that of the main 
sequence stars born about 50 per cent remain adiabatic models, 
the other half being transformed into composite models. Now, 
a composite model for a given mass and radius must possess 
a higher central temperature than the adiabatic model (cf. 
Table 2: the complex model must have a central temperature 

between the temperatures corresponding to w = — j - ~ i . 7 — 2, 

and n = 3); on the other hand, for a given luminosity (constant, 
or approximately constant) the subatomic energy sources re-
quire an almost constant central temperature; the composite 
model adjusts itself, therefore, from the beginning, to a radius 
by 30—40 per cent larger than the radius of an adiabatic 
model of the same mass, and progressive inflation with the 
gradual exhaustion of the core increases the difference (semi-
giant stage). In f ig . 3 the radius of the sun is 7 per cent 
less than the average, thus the sun is apparently an adiabatic 
model, and Table 4 probably refers to the actual sun; the ice 
ages may perhaps be explained by assuming a perturbing 
effect of a very small central core which is too small to disturb 
the general adiabatic equilibrium. A number of indiyiduals 
in Pig. 3 may be classified as composite models: 
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Star  
Mass  
Excess of radius, per cent . . 

Procyon Sirius A ß Aurigae av. TV Cas. br. 
1.2 2.4 2.4 2.4 2.4 

44 
2.4 
38 66 23 44 38 

a Centaar i B seems to belong to the same class, but this 
resul t depends upon est imated colour temperature and is therefore 
uncertain. The radius of Procyon agrees more or less with 
St römgren ' s f igure , whereas Sirius A differs on account of the 
discrepancy between the measured and Strömgren 's mean 
adopted tempera tures . 

If a main sequence component of a binary is go ing to 
become a giant, i ts expanding envelope may touch and enclose 
the companion; the event mus t lead to catastrophic conse-
quences (even when the period of rotation has t ime to sett le 
itself equal to the period of revolution), perhaps to some kind 
of' a Nova phenomenon. The frequency cannot be g r e a t : about 
one-tenth of the total number of giants in the Galaxy per 3.IO9  

years , or about one in 100 years. Distant companions of large 
eccentrici ty may be also "swallowed" by the expanding giant, in 
which case the effect may be especially violent (revolution and rota-
tion cannot be equalized). Perhaps Supernovae may be explained 
in such a manner (atomic synthesis explosion stimulated by 
the collision). 

Thus, main sequence s tars may become giants, but need 
not. The considerable number of eclipsing binaries writh an 
early primary, and a considerably fainter typical giant second-
ary, in spite of the s t rongly favoured selection of such eclips-
ing systems, is still an a rgument against the supposed evolu-
tion of the more massive main sequence stars ei ther into g ian t s 
or into collapsed nuclei : dur ing the time when the fa in ter 
component has become a giant , the br ighter mus t have long 
ago finished its course of evolution. The a rgument is, how-
ever, a weak one: f rom among visual binaries, from which 
selection of this kind is absent, the main sequence — giant 
pairs are also practically absent (the rule being: primary = giant; 
secondary = main sequence); the eclipsing binaries may re-

i. Close binaries and expanding envelopes. 

Ii. Coexistent faint giants. 
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present exceptional cases. Perhaps for these the giant structure 
of the companion has developed at an early date of the star 's 
life, the giant structure being due to the formation of a core 
with little hydrogen content at the very beginning, as con-
sidered below. 

I. Central core of meteor ic material. 

A giant structure, i. e., an extended outer shell, and with 
an excessive concentration of mass towards the centre, can be 
produced by aa increase of the mean molecular weight towards 
the centre (cf.1, p. 130), and by a peculiar distribution of the 
energy sources, produced by a central exhausted core (Sections 5 
and 6); both conditions are attained early by making hydrogen 
originally less abundant near the centre than in the outer 
regions of a star. Let us inquire into factors other than 
exhaustion which might have Ied to a non-uniform distribution 
of hydrogen inside the star. 

The diffusion. of electrons, with the electrostatic field 
forcing protons to follow (cf. Rosseland,4 3), can hardly be made 
responsible for the differentiation, simply because of rotational 
mixing alone; at an early stage of the contracting nebulosity, 
when the rotation must have been slow (conservation of angu-
lar momentum), the differentiation might have taken place, but 
the time intervals in the most favourable case of feebly ionized 
matter (largest 'ß and temperature, large free path of the elec-
t rons undeflected by ionic fields) are stiil too large; we f ind 

the t ime of r e l axa t ion (cf.1, p. 277 f . ; Jl = 20): t ~ 3 . I O 1 1 | / ^ , t h u s 

decreas ing with increasing radius ; for M=iou gr (SO)1 

E = I O l e cm (one l ight year, .T e =IOO w only), t ~ 3.IO19  

sec = IO12 yea r s : dur ing the short early history of the con-
tract ing star no electrostatic differentiat ion could have taken 
place. 

But, at the low temperature of the primordial nebula, meteor 
pa r t i de s may s tar t condensing and increasing in size (cf. Lind-
blad,44); as shown by Jung 4 5 , electrostatic forces due to ionization 
in interstel lar space would actually resist such an accretion of 
meteoric mass except when the gas density Q exceeds ~ IO -22 g/cm8 . 
In our example, g ~ 10~21, and increases with contraction, t hus 



A XXXIII. 9 Stellar Structure 111 

the process is quite possible. The meleoric dust part ides, 
instead of continuing their rotation with the rest of the gas, 
are forced by gravitation to fail towards the centre (because 
they are no more supported by gas pressure, and because the 
velocity of rotation of a nebula which is able to contract at 
all must be negligible as compared with the circular orbital 
velocity); resistance of the medium (proportional to the mass 
acquired by the meteor) decreases the major axis and the 
ellipticity of the originally very elongated ellipse; as a result, 
the Condensed meteoric dust (it may also have been partly 
captured from interstellar space) collects near the centre of 
the future star (our present, solar meteors are the last rem-
nants of the nebula; they no longer suffer much from the 
resistance of the medium, that is why most of them have stiil 
almost parabolic orbits). Now, as taught by the observed 
composition of meteors and by chemical considerations, in the 
process of condensation hydrogen (free or water vapour), 
helium, and nitrogen are not included, whereas oxygen is partly 
chemically bound (stone meteors) and collects with iron, nickel, 
and other metals near the centre. Thus, in the process of 
condensation, a strong differentiation in the required direction 
must take place. 

It is probable, therefore, that a nucleus poor in hydrogen 
and soon exhausted is present in each star from the very 
beginning; but the nucleus is mostly so small that the radius, 
luminosity, and evolutional trend of the star remain practi-
cally the same as they would be without the nucleus; in rare 
cases « 6 per cent of all, judging from 1 — a of Table 8 for 

4.3O), the original nucleus is large enough to force upon 
the star an evolution towards the giant model, which in some 
cases may start from the beginning. Our conclusion is that 
the stars from the very beginning may possess somewhat 
distetided atmospheres and concentrated central masses, due 
to the deficiency of hydrogen at the centre; rotational mixing, 
which sets in powerfully enough at an early stage of contrac-
tion (when the central convectional currents have not yet 
started), is apparently unable to upset, the differentiation (cf. 
Section 4. f, and 5. h), especially as the larger molecular weight 
at the centre increases the convectional stability of the distri-
bution. Further, as the result of concentration and greater 
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molecular weight, the central temperature must be higher 
than for uniform composition. We further call the model a 
differentiated one. In the differentiated model it is convenient 
to distinguish schematically a core of greater molecular weight 
( ~ 2), surrounded by an outer shell of ^ — l. Let us inquire 
whether giant structure can be produced without the Inter-
vention of the subatomic energy. If subatomic sources of 
energy are absent, and rotational convection is slow, the whole 
differentiated model is in radiative equilibrium (cf. Section 5. h); 
the energy production is chiefly determined by the central 
core which is an incomplete polytrope. The outer shell, fitted 
to it, takes little part in the energy production. If a large 
proportion of the mass is in the core, the luminosities of the 
stars must be much greater than observed, unless we assume 
the hydrogen content in the core as high as now assumed for 
the envelope ( ~ 40 per cent); a small core does not imply 
such a difficulty (cf. Subsection a). The energy is furnished 
by gravitational contraction; subatomic sources being absent 
in- and outside, there is no such obstacle to the outer shell 
following the collapsing inner core as considered in Sections 5. f 
and 6. e. Therefore the contracting model may reveal only 
moderate inflation (semi-giant structure), and the origin of 
diffuse giants remains a mystery as before. 

Thus, we are forced to accept the efficiency of the subatomic 
sources of energy even in the case of the originally differentiated 
model; exhaustion of the central source, and intense subatomic 
energy starting only at a certain distance from the centre, 
give rise to distending forces through which an actual giant 
comes into being *. 

Tartu. October 19, 1937. 

* These qualitative considerations will be discussed mathematically in a 
paper to follow, where examples of the corresponding stellar models are given. 
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