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Abstract. 

Namerical i l lus trat ions to certain ideas of stel lar struc-
ture and evolution, developed by the wri ter in a previous 
t reat i se are g iven in this publication. " D w a r f " and "semi-
g i a n t " models, wi th a ratio of central to mean density 
(Qc'-Qm) r a n g i n g f rom 6 to 265, and " g i a n t " models, W i t h p c I e w i  

from 5.IO6 to 4.IO21, are computed. In these computations, 
the a s s u m e d opacity is the usual Convention, i. e. the Krämers 
opaci ty pius e lec t ron s c a t t e r i n g w i t h d u e a l lowance for t he 
hydrogen con ten t . The wide r a n g e in Qe: Qm i s a t t a ined par t ly 
as the resu l t of the d i f f e rence in the mean mo lecu l a r w e i g h t 
a s s u m e d for d i f f e r e n t po r t ions of t h e s ta r , this d i f f e r ence 
being cons idered the r e su l t of evolut ion on an a tomic s y n t h e s i s 
basis wi th a g r a d u a l exhaus t ion of h y d r o g e n (cf .1) ; p a r t l y t he 
r a n g e in Qc: Qm is i n f luenced by a pecul ia r d i s t r ibu t ion of t he 
e n e r g y sources (cf.1); the possibi l i ty of v a r y i n g the type of 
hyd ros t a t i c s t r u c t u r e , as r ep resen ted by d i f fe ren t combina t ions 
of the ad iaba t i c and the r ad i a t i ve equi l ibr ium s t a t e s , a d d s to 
the r a n g e in qc: gm. 

P o r m u l a e for numer ica l computa t ions , a l t hough naost of 
t h e m are no t new, are s u m m a r i z e d ; special cor rec t ions fo r t f ce 
mass of r ad i an t energy , and fo r t h e re la t iv i ty r e d - s h i f t e f fec t 
upon the n e t f lux of rad ia t ion are cons ide red . The depress ion 
of l uminos i ty in some s u p e r g i a n t s tars , such as T r u m p l e r ' s 
massive 0 - type s t a r s , m a y be a sc r ibed to the r ed - sh i f t e f fec t 
which may asympto t i ca l ly t e n d to reduce the l uminos i ty of 
a s u p e r d e n s e c o n t r a c t i n g s t a r to ze ro ; in such a case these 
s t a r s should possess a supe rdense core c o n t a i n i n g the m a j o r 
f rac t ion of mass, in which the r ed - sh i f t effect is cons iderab le 

~ c'2 j 5 a n c ^ a vas t in f l a ted o u t e r s h e l l which we ac tua l ly 

observe. 
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Introdi ict ion. 

In a preceding p a p e r 1 we have s h o w n t h a t composite 
s te l lar s t r u c t u r e s m u s t or ig inate in the course of normal 
stel lar evolution. A central core of smaller (or no) hydrogen 
content is f o r m e d , around which one or several hydrogen-
containing shel ls are placed. The hydrogen content i n a g i v e n 
shell is larger , and consequent ly Ihe mean molecular w e i g h t 
lower, than the corresponding mean v a l u e s ins ide Ihe shel l . 
The s ta te of equi l ibr ium m a y be ei ther radiat ive, or adiabat ic 
(convective); addit ional v a r i e t y in the r e s u l t i n g conf igurat ions 
is produced b y the poss ibi l i ty of d i f f e r e n t s ta tes of equil ibrium 
for each separate shell. 

General and qual i ta t ive cons iderat ions r e f e n i n g to the 
condit ions of origin of composite models and lo the i r roie in 
s te l la r evolution may be found in our above-mentioned p a p e r 1 ; 
here w e propose to i l lus t ra te our f o r m e r conclusions by a 
f e w actual computat ions of s te l lar models. 

1. F o r m u l a e and A s s u m p t i o n s . 

Our aim is to s t u d y the inf luence upon stel lar conf igur-
ations of a d i scont inuous d i s t r ibut ion of the molecular we ight , 
and of special d i s t r ibut ions of the e n e r g y sources . Of the 
v a r i o u s phys ica l condit ions character iz ing ihe s ta te oi mat ter 
ins ide a s tar , only the opacity is not k n o w n wel l enough. 
For our purposes it s u f f i c e s to a s s u m e the same law of opacity 
in all c a s e s ; this we take as the combination of K r ämers ' 
opac i ty *) w i t h e lec t ron s c a t t e r i n g (non-re la t iv is t ic , n o n - d e g e n e r -
ate s t a t e of m a t t e r be ing p r e s u m e d ) . The coe f f i c i en t of opac i ty 

we t h u s a s s u m e to be g iven by 

Ic = Jc0 qT -j- 0 .2 (J -j- X ) ( 1 ) , 

w h e r e q is t he dens i ty , T the t e m p e r a t u r e , X the h y d r o g e n 
c o n t e n t ( f r ac t ion of m a s s ) ; Ic0 is a f u n c t i o n of the compos i t i on ; 
for var iable h y d r o g e n c o n t e n t and E d d i n g t o n ' s m i x t u r e as to 
t h e o t h e r e l e m e n t s we a s s u m e va lues of £0 as quoted in 
Sect ion 5. h o f 1 . 

*) Using a certain mean value of the guillotine-factor. 
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The computat ions will be made by mechanical quadra-
tures. The formulae, mostly wel l-known, are quoted here for 
the sake of completeness, a l though many of them may be 
found elsewhere, or follow in an obvious w a y from publ i shed 
formulae (cf . 2 and3). W e notice that for our genera l case 
the ratio of radiation pressure cannot be considered as constant 
throughout the star, which circumstance renders unusab le 
certain s implif ications which Bddiiigton introduced in his 
" s t a n d a r d " case. 

The universa l constants we as sume according t o 2 : 
log O = 8.8235 (constant of g r a v i t a t i o n ) ; log 9¾ = 7.9168 (gas 
c o n s t a n t ) ; log a = 15.8832 (cons tan t of r ad ia t ion ) . 

The bas ic equa t ions of the ideal gas in s t a t i c equi-
l ib r ium a re : 

dP— _GqMs (9) ' 
dr ra 

-S =<*>"' <2'>; 

dM 
~ d r = ^ Q r " ( 3 ) ; 

4 Jtg ^ , y 
dx Xi 

A M r = ^ n Q { r \ —v\) (3"); 

P = P 9
j T P r (4); 

Pii = \ a T i (5); 

91 
Po=-Qt (6) ; 

Here: P = total p r e s s u r e ; p = g a s pres sure ; pR = radia-

tion p r e s s u r e ; r = r a d i u s ; x = ; q = dens i ty ; M = mass inside 
r r 

a sphere of radius r; ^ — mca:i molecular w e i g h t . 
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The actual u s e of one or another var iant of a formula 
depends upon the character of the mechanical quadrature . 

The equations of heat t r a n s f e r are : 

Lr = Qr -f- Or (8); 

n 16 acT3dT 

JcQ~~dx ( ) ; 

(10). 
dx dr 

Here Lr i s the net total outward f l o w of heat, Qr the t r a n s f e r 
of heat by radiat ion, Cr the t r a n s f e r of heat by convection all 
t h r o u g h a sphere of r a d i u s r. A s shown i n 1 , the Juminosity 
of the s ta r i s equal to the maximum v a l u e of Qr. 

W h e n one of the m e m b e r s in the opacity f o r m u l a ( ! ) 
preva i l s , i t m a y be convenient to u s e the lat ter in a d i f f e r e n t 
form. W h e n the K r ä m e r s opac i t y prevai ls , 

Jc = Jc0QTiF ( 1 ' ) , 

•fV. T? 1 I (l-T~X)Tf 

with F= 1 H = — 
JC0Q 

d i f f e r i n g l i t t le f rom 1. 

W h e n electron s c a t t e r i n g prevails, 

Jc = 0.2(1 4- X)F' (1"), 

w i th F' = H — 
0.2(1 

The above equations already permit us to treat numerical ly 
the problem of rad ia t ive equi l ibr ium, i. e. of heat t r a n s f e r by 
r a d i a t i o n only : C r = O; Lr = Qr. For this purpose w e m u s t 
se t Qr equal to the sum of the phys ica l e n e r g y sources 
ins ide r. A par t icu lar case is represented by the point-source 
model, for which Qr-L= const. However, in the point-source 
model convection necessar i ly takes place, at leas t in a central 
r e g i o n ; therefore the point-source rad ia t ive equi l ibr ium model 
i s phys ica l ly (a l though not mathemat ica l ly) imposs ib le (cf.1). 

A phys ica l ly poss ible analogon of the point-source model 
i s considered b e l o w ; it i s represented by an outer shell in 
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radiat ive equilibrium and Qr = const. for r > r L ; the physical 
e n e r g y sources are all placed ins ide rx \ T1 cannot be chosen 
arb i t rar i ly . 

If no prescript ions wi th respect to Qr are g iven, the 
problem can be rendered def ini te by a s s u m i n g a certain 
equation of state; this may be done quite genera l ly by the 
polytropic equation 

. = ¾ ( i d , 
d ( IogT) 

w h e r e n is the (genera l ly var iab le) po ly t rop ic index d e f i n i r g 
t h e d e n s i t y - t e m p e r a t u r e r e l a t i o n ; the equat ions may be inte-
g ra t ed by p resc r ib ing n as a f u n c t i o n of r ad ius . Fo r t he 
pa r t i cu la r case of n = const . w i th in the g iven l imi ts V1 and r2 

we have: 

¢ - ¢ . ( ¾ " (UO. 

The above equa t ions [up to, and inc lud ing (11), w i t h o u t 
u s i n g ( l l ' ) ] Iead to a h ighly conven ien t g e n e r a l formuJa for 
the t e m p e r a t u r e g r a d i e n t : 

dl= (12). 
dx (n + l)9* 4 T3 

1_ a — /1 3 Q 
For the particular case of ( l l ' ) (or n = const.), equation 

(12) can be approximately i n t e g r a t e d and y ie lds (for 4): 

J! rP \ 4 CT T1" / ™ 4_m mi—w\ __ 
3 9¾ (4 w ) ( n - | - l ) öl y ) 

G/JL M „ 
( X 1 - X ) (12'), 

9¾ (n-j- 1) 

where Mr is an average value of Mr w h i c h is supposed to 
va ry l i t t le w i t h i n the l imi t s rx and r 2 ; (12') ev iden t ly applies 
well to t h e o u t e r r e g i o n s of a s t a r (extended a tmospheres ) . 
For n = 4 we have i n s t e a d of (12'): 

4 au T* OiiM 

T ] ~~ T J r 15 Wloge ^ l 0 g T = "~59T~ ~~X) ' ' 

F u r t h e r , we have : 

^ a p r 6 ( 1 3 ) ; 

1 + 8 3 r " T 
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16 Jta c GM r 
. . (14). 

The above formulae are g e n e r a l and may be used for comput-
ations of a r b i t r a r y stel lar conf igura t ions . The var iab le poly-
tropic index pract ical ly has an inferior l imit in the adiabat ic 
index of the mater ia l : 

When n'>na, pure r a d i a t i v e equi l ibr ium takes p l a c e ; 
convection c u r r e n t s are absent (except those s t i m u l a t e d by 
rotation). W h e n n < ^ n a , convection c u r r e n t s se t in, and a 
considerable fract ion of the heat is t ransported by convect ion; 
in 1 we have shown that the t r a n s p o r t of heat by convection 
is so e f f i c i e n t tha t the depar ture from s ta t ic adiabat ic equi-
l ibr ium is n e g l i g i b l e ; therefore, as soon as convection has 
s ta r ted, n = na r e p r e s e n t s an excellent approximation f o r 
pract ical purposes, and hence na m a y be considered an in fer ior 
l imit for n. It is only in exceptional cases of a very low dens i ty 
and of a l a r g e f l u x of heat, that n may drop considerably 
below na. 

In the computations made below w e have neg lec ted t h e 
inf luence of ionization heat upon the specif ic heats of the 
material, a s s u m i n g t h u s the ratio of speci f ic heats of the 
material to be T = | . A l t h o u g h at t e m p e r a t u r e s of the order 
of IO7 ionization m u s t cons iderably i n f l u e n c e F, i ts n e g l e c t 
does not change our r e s u l t s in principle, and the quant i ta t ive 
c h a n g e s are but s l ight . W i t h h i g h e r temperatures , when 
complete ionization t a k e s place, our assumption i s probably 
correct. 

W i t h the va lue of J T = -jj-, we have (cf. a l s o 2 , p. 191): 

Por considerat ions of convectional s tab i l i ty it may seeni 
more natural to use the dens i ty-pres sure relation for the 
definition of the polytropic index, as has been done by Edding-
ton on several occas ions; however, our criterion of convectional 
s t a b i l i t y (15) r e m a i n s valid w h a t e v e r def ini t ion of the e f f e c t i v e 

n > n (15). a 
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polytropic index we may choose, provided the definit ion is the 
same for both n and na\ the def ini t ion through the tempera-
ture-densi ty relation which we have adopted has the advant-
age of m a k i n g our formulae Iess complicated than would 
have been the case wi th the P — q relation. 

W h e n the polytropic index d i f f e r s from 3, the ratio of 
radiation p r e s s u r e to total p r e s s u r e i s not constant (cf. for-
mula (13)); therefore, even when n and /LI are constant, the 
wel l-known formula d e f i n i n g the centra l temperature as a 
funct ion of mass , radius, molecular we ight , and polytropic 
index (Eddington's formula (58.4),2, p. 85), cannot be applied 
s t r i c t l y ; never the less , for practical u s e we may w r i t e the 
f o r m u l a as f o l l o w s : 

T = _#_ 
c (n -j-1)1/ ' 9¾ R y } ' 

Here ß is a ce r t a in a v e r a g e value of ß, M — the total mass , 
R — the rad ius of the boundary of the s t a r ; R' and M are 
certain c o n s t a n t s of E m d e n ' s tab les ( funct ions of n a lone; 
c f . 2 , p. 8°). 

In ca lcu la t ing ß, i t appea r s to be na tu ra l to apply 
w e i g h t i n g by the i n c r e m e n t of t e m p e r a t u r e i t s e l f ; t h u s , 

,Tc 1 

TT jO ß dT r Q . , T 
= / ß du, w h e r e u = 

r f T c dT J r Tc 
0 0 

W i t h t h e aid of (13) a n d ( l l ' ) t h i s leads f ina l ly to the 
f o l l o w i n g s e r i e s (n = cons t . ) : 

~5 a Ui
 I a 4

 I ^1 0S1 

4 — 7 ^ 2 n ~ f ~ 1 0 — 3 w " 13 — 4n ' 
where 

1 — A O 1 
° = - Ä r ' a n d A = : - - 5 J T W -

+ 3 F QC 

The ser ies is c o n v e r g e n t for /90 0.5; however, the practical 
u s e f u l n e s s of (17) and (18) b e g i n s only w i t h the l a r g e r v a l u e s 
of ß0, especia l ly so b e c a u s e a l a r g e r ad i a t i on p r e s s u r e (smal l ß) 
m u s t in one way or a n o t h e r Iead to a var iable p o l y t r o p i c 
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index. For a v e r y smal l 1 — ß t h e a v e r a g e rad ia t ion p r e s su re 
( 1 — ß ) does no t d i f f e r very m u c h f rom t h e value 1 — ßs com-
pu ted f r o m E d d i n g t o n ' s qua r t i c equa t ion wi th n = 3, as shown 

by the fo l l owing table (for /90, c f . 2 , p. 130): 

n = 3 2.5 2.33 2.0 1.5 

J - = 1.00 0.82 0.82 0.83 0.90. 
l - ß s 

A c c o r d i n g to (13), fo r n <C 3, ß i nc reases , 1 — ß dec reases , 
wi th the d e c r e a s i n g t e m p e r a t u r e , i. e. w i t h the i n c r e a s i n g 
d i s t a n e e f r o m t h e c e n t r e ; fo r n >> 3 the r eve r s e occurs . A n 
i n t e r e s t i n g pecu l ia r case is t h a t of a d i a b a t i c equ i l ib r ium, 
w h e n n = na is itself var iab le , b e i n g de f ined by equa t ion (16). 
F r o m equa t ions ( l l ) , (13), a n d (16) t he fo l lowing d i f f e r e n t i a l 
e q u a t i o n can be d e r i v e d : 

dß ( 1 - / 9 ) / 9 2  

dT T(4—3/9)' 

Upon in t eg ra t i on t h i s y i e l d s : 

ioe § = 1 - 1 5 8 2 ¾ - ¾ + ! 1 ° * - <i9)-

T h i s equa t ion r e p r e s e n t s t he d e p e n d e n c e of ß upon T ; by (16) 
and (13) i t d e f i n e s also t h e va r iab le po ly t rop ic index , and t h e 
equa t ion of s t a t e Q = f (T) which c o r r e s p o n d s to t h e a s s u m e d 
ad iaba t i c Variation of t he po ly t rop ic index . W h e n ß is c lose 
to 1, or 1 — ß is small , n = c o n s t . — 1.5 can n e v e r t h e l e s s be 
a s s u m e d as a u s e f u l approximation. 

It is d i f f i c u l t to der ive an accurate formula for the heat 
t rans fer by convect ion; h o w e v e r , t h e order of m a g n i t u d e of 
this quant i ty may be fa i r ly well e s t imated . For our present 
purposes, it i s not important to obtain here g r e a t precis ion: 
the formulae g i v e n below s e r v e d us la ter chie f ly to ascertain 
that, in cases when convection s t a r t s , adiabat ic equi l ibr ium 
s e t s in a lmost precisely, because convection t u r n s out to be 
a much more power fu l means of heat t ranspor t in s te l lar 
inter iors than radiation i s ; how much more power fu l , is not 
a v e r y important ques t ion u n d e r these c i rcumstances (cf. \ 
Section 5. a). 

Let H = — T1 be the absolute depth of the c i rcu la t ing 
current, AT i t s e f f e c t i v e excess of t e m p e r a t u r e (-f AT in the 
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a s c e n d i n g branch, —. ZlT in t h e d e s c e n d i n g one). In the 
a b s e n c e of p e r c e p t i b l e f r i c t i o n (as in t h e c a s e of a l a r g e -
sca le c u r r e n t ) t h e v e l o c i t y of the c a r r e n t m a y be s e t e q u a l to 

"1OHAT ( 2 0 ) > 

QMr 
w h e r e g = — i s the accelerat ion of g r a v i t y . F u r t h e r , Iet 

dT 
§ = b e ^he a v e r a g e t e m p e r a t u r e g r a d i e n t , and £a t h e adia-

b a t i c t e m p e r a t u r e g r a d i e n t ; in t h e a b s e n c e of a l a t e r a l 
e x c h a n g e of heat, the c h a n g e of s t a t e a l o n g t h e c u r r e n t i s 
p u r e l y a d i a b a t i c ; AT in th is case s h o u l d be equal to the d i f fe r-
ence of t e m p e r a t u r e b e t w e e n the a s c e n d i n g and the d e s c e n d i n g 
c u r r e n t s , the c o r r e s p o n d i n g c h a n g e ZlT t a k i n g place at t h e 
top and at the bottom of t h e c i r c u l a t i n g c u r r e n t ; t h e r e f o r e 

AT^ 2 ( I a - I ) H (21). 

Hence t h e h e a t t r a n s f e r b y convect ion b e c o m e s 

Gr & 4 » v Cf r S H 1 1 / ^ r i ^ i 1 • • • (22), 

w h e r e cp i s t h e s p e c i f i c hea t of the m a t e r i a l ; in f o r m u l a (22) 
i t h a s been a s s u m e d that o n l y one q u a r t e r of 4 j t r 2 i s covered 
b y the cross-sect ion of t h e a s c e n d i n g c u r r e n t . A m i n i m u m 
v a l u e of cp w e o b t a i n b y n e g l e c t i n g the l a t e n t hea t of ioniza-
t ion and a t o m i c t r a n s m u t a t i o n s ; in s u c h a case w e h a v e 

C = C 
P g 

w h e r e 
5 

[ . + f ^ l ™ 

C g
 /j,(r — i) 2 /li 

i s the s p e c i f i c h e a t of the m o n a t o m i c g a s (cf . 2 ). 

Most d i f f i c u l t it is to e s t i m a t e the v a l u e of H. In cer ta in 
e x p e r i m e n t s b y B e n a r d 4 , c o n s i d e r e d b y D e s l a n d r e s 5 a s the 
c lue f o r u n d e r s t a n d i n g the c i rcu la t ion of f loccul i in the so lar 
a t m o s p h e r e , a s h a l l o w l a y e r of l iqu id h e a t e d u n i f o r m l y at the 
bottom p r o d u c e s a more or Iess s t e a d y s y s t e m of c i rcu la t ion ; 
t h e s y s t e m c o n s i s t s of d i s t i n c t ce l lu les , w i t h an a s c e n d i n g 
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current at the centre and a d e s c e n d i n g one at the p e r i p h e r y ; 
the average d iameter of a cellule var ies direct ly as the depth 
of the f l u i d ; the latter m u s t be sm all as compared with the 
width of the container to obtain a tolerably s tab le n e t w o r k of 
convect ive cellules. Inside a s tar a n u m b e r of radial ly super-
posed s y s t e m s of convect ive circulation may be suppoted to 
e x i s t ; a l imitation to the depth of each s y s t e m is set part ly 
by rotational def lect ion (cf. \ Section 4. f), part ly by the 
condition that the material cross-section of the current should 
not v a r y too suddenly , or too much. The mater ia l cross-
section m a y be def ined as the product oo, w h e r e o is the 
g e o m e t r i c cross-section of the current . For a sys tem of circu-
lation placed inside a spherical layer the mater ia l cross-
section is ev ident ly proportional to Qr2. The assumption 
tha t the depth of the circulation is determined by the condition 
o r 2 
— ^ = e ± x fa l l s probably not far beside the point. For the 
Qi r\ ' 

terres t r ia l atmosphere, at least, wi th ^ = I practical ly, the 
r i 

condition y ie lds a depth of about 7—8 k i l o m e t e r s , which is 
close to the observed order of m a g n i t u d e . In the place of 
the above condition which implies d i scont inui ty b e t w e e n the 
s u p e r p o s e d s y s t e m s of c irculat ion, w e int roduce the f ict i t ious 
conception of H v a r y i n g continually with the radius , according 
to the formula 

(24). 
H lo ge dr r 

w h i c h is the continuous d i f f e r e n t i a l equivalent of the f i r s t 
ment ioned condition. Formula (24) m a y under certain circum-
stances yield H= oo, a va lue which certainly cannot possess 
a real meaning wi th respect to (22); the fo l lowing l imitation 
of R to an upper limit appears, therefore. n e c e s s a r y as well as 
p l a u s i b l e ; 

H K 1 - V (24'). 
2 

In the above formulae the mass-dens i ty of radiant e n e r g y 
is neglected ; a l though below, as in most other c a s e s of stel lar 
s t ruc ture , the rat io of the m a s s - d e n s i t y of radiation to the 
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Q 
" m a t e r i a l " dens i ty , , i s small and m a y be n e g l e c t e d , for the 

Q 

s a k e of c o m p l e t e n e s s w e quote the p r o c e d u r e by w h i c h the 
m a s s - d e n s i t y of radiat ion can be t a k e n into a c c o u n t : 

g'
 a

 h>-\ (2o), 
Q C- Q 

w i t h l o g ~ = 36.9290. The r i g h t - h a n d s i d e s of f o r m u l a e (12), 

(14), (2), (2'), (3), O'), and (3") m u s t be mult ip l ied by (1 The 

procednre st i i l iniplies the condit ion of the potent ia l of 
g r a v i t a t i o n to be s m a l l as compared w i t h the s q u a r e 
of the v e l o c i t y of l ight . If t h e potent ia l of g r a v i t a t i o n 
is not smal l , an addi t ional correct ion of f o r m u l a (9) represent-
i n g the n e t f l u x of rad ia t ion is r e q u i r e d . The r e l a t i v i t y red-

U--Pi. i- dv GMdr . „ , p s h i i t correct ion, — = — , is v a l i d lor a q u a n t u m oi 
V C T" 

f r e q u e n c y v t r a v e l l i n g f r o m a d i s t a n c e r lo the d i s t a n c e 
r-\-dr\ c is the v e l o c i t y of l i g h t ; t h i s correct ion, if applied 
to t h e der ivat ion of in the s a m e m a n n e r as f o r m u l a (9) i s 
u s u a l l y d e r i v e d ( v a r i a b i l i i y of /•, g, or JCQ does not i n f l u e n c e 
the formula), l eads to the f o l l o w i n g " r e l a t i v i s t i c " f o r m u l a f o r 
the f l u x of r a d i a t i o n : 

'«*. ' 7 " 7 / / j • ( n 

1 1 1 4 c 2 , - 2 ( - f ) J 

The " r e l a t i v i s t i c " correct ion f a c t o r , bracketed in (9'), m a y 
reduce the r a d i a t i o n to a r b i t r a r i l y smal l v a l u e s ; the f a c t o r , 
h o w e v e r , n e v e r can become n e g a t i v e , b e c a i u e the i n c r e a s e of 
M 
— t n e c e s s a r y f o r t h i s purpose, can t a k e place only w h e n 

accompanied by a pos i t ive f l u x QR: the e x t r a e n e r g y of g r a v i -
tat ional contract ion o u g h t to. be rad ia ted into space, o t h e r w i s e 
contraction is not poss ib le . There fore , a s t a r in t h e s t a g e of 
g r a v i t a t i o n ai col lapse (as a w h o l e , or in a m a s s i v e core only) 

M 
m a y s h o w a l u m i n o s i t y d e c r e a s i n g a c c o r d i n g to (9') as -D-

JX 

i n c r e a s e s ; the l u m i n o s i t y should approach zero a s y m p t o t i c a l l y , 
and t h e r a t e of evolut ion should become s l o w e r as the lumi-
n o s i t y d e c r e a s e s ; it is, therefore, p r o b a b l e t h a t v e r y m a s s i v e 
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s t a r s , of a f a s t init ia l r a t e of evolut ion (cf. T. P. 3 0 . ^ VIII; 
a l so 1 ) , wi l l at p r e s e n t o f t e n be f o u n d in a s t a g e of a d v a n c e d 
contract ion, w i t h a c o n s i d e r a b i y r e d u c e d l u m i n o s i t y ; p e r h a p s 
T r u m p l e r ' s 0 - s t a r s (cf. \ loe. eit.) are s p e c i m e n s of s u c h a 
e la s s of o b j e c t s , in w h i c h case, of course, the main m a s s of 
the s t a r m u s t be c o n c e n t r a t e d in an o v e r d e n s e core, w h e r e a s 
t h e o b s e r v e d s u r f a c e w o u l d b e l o n g to an e x t e n s i v e a t m o s p h e r e 
(an analogon to the e n v e l o p e s of p l a n e t a r y nebulae) . 

2. R a d i a t i v e E q u i l i b r i u m w i t h Constant Net F l u x of R a d i a t i o n . 

This problem o c c u r s w h e n all p h y s i c a l sources of e n e r g y 
are c o n c e n t r a t e d i n s i d e a shel l of r = V1; o u t s i d e rx r a d i a t i v e 
equi l ib r ium wi th Qr = Qrl t a k e s p lace w h e n convect ion is 
a b s e n t . A part icular case i s t h a t of the so-called point-source 
model ; d i f f i c u l t i e s a r i s i n g in the n u m e r i c a l Solution of t h i s 
model have been d e s e r i b e d by E d d i n g t o n (cf. 2, p. 124 f .) ; 
however, E d d i n g t o n ' s m a t h e m a t i c a l Solution, wi th t h e d e n s i t y 
par t ly d e c r e a s i n g i n w a r d s , cannot s a t i s f y u s : ac tua l ly , a con-
v e c t i v e core is f o r m e d i n s t e a d of the r e g i o n of the computed 
n e g a t i v e d e n s i t y g r a d i e n t . In t h e c o n v e c t i v e core, any non-
u n i f o r m i t y of t h e d i s t r ibut ion of the phys ica l e n e r g y s o u r c e s i s 
smoothed out b y the convect ional t r a n s p o r t of heat . T h e r e f o r e , 
t h e t rue d i s t r i b u t i o n of the p h y s i c a l e n e r g y s o u r c e s in t h e 
core is of no impor tance for the t y p e of the r e s u l t i n g s t r u e t u r e ; 
t h e s a m e s te l la r s t r u e t u r e r e s u l t s in the case of a p h y s i c a l 
point-source, and in the case of a more u n i f o r m d i s t r i b u t i o n 
of the e n e r g y s o u r c e s i n s i d e the core. For the s a k e of s im-
pl ic i ty w e m a y a s s u m e , in a p a r t i c u l a r case, t h a t all phys ica l 
e n e r g y s o u r c e s a r e in the c o n v e c t i v e core, no e n e r g y b e i n g 
g e n e r a t e d out s ide of i t ; in s u c h a case Qr = const. i s the equa-
tion of r a d i a t i v e e q u i l i b r i u m o u t s i d e the core. A f i x e d v a l u e 
of Qr, f o r f i x e d d i m e n s i o n s and s t r u e t u r e of the core, g e n e r -
al ly does not Iead to a Solution of r a d i a t i v e e q u i l i b r i u m , as has 
been pointed out by Eddington for the po int-source case (cf . 2

r 

p. 125): " w e t h u s overcondi t ion the p r o b l e m and g e n e r a l l y 
fa i l to reach a So lut ion" ; the Solution is to be f o u n d by a 
method of tr ial-and-error, i n v o l v i n g l a b o r i o u s ca lcu la t ions . The 
Situation is, h o w e v e r , s o m e w h a t d i f f e r e n t f r o m the Situation 
cons idered by E d d i n g t o n , because w e h a v e to a l low for t h e 
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p o s s i b i l i t y of c o n v e c t i v e e q u i l i b r i u m , a c i r c u m s t a n c e d i s r e g a r d e d 
in E d d i n g t o n ' s p u r e l y m a t h e m a t i c a l Solut ion. 

In our present problem the effective polytropic index as 
defined by (11) is a variable quantity; the character of i t s 
Variation, depending upon the assumed initial conditions, deter-
mines the character of the resulting Solution; the polytropic 
index serves as the most useful guiding criterion in our trial-
and-error computations. 

It i s p r o p o s e d to c o n s i d e r f i r s t t h e c a s e w h e n t h e r a d i -
a t i o n p r e s s u r e i s s m a l l , or w h e n ß i s c l o s e t o l ; f o r m u i a (13) 

4-.(JL 
teils us in such a case tha t the member — can be neglected as 

3 

_L~ | \ n 
compared with - — ! — - — ^ in (14), and we obtain, with a suf-

ficient degree of approsimation: 

Mr T3 

n -\- 1 = — — X const (26). 
Hr

 kQ 

Por Qr = const. and k = const. (case of prevail ing electron 
scattering), logarithmic differentiation of (26), together with 
(11), y ie lds : 

dn ( n - ( - l ) dMr (3 — n)(n-\-l)dT 

dr ~ M dr~ T dr ' ' ' (2<)* 
T 

dM dT 
W e n o t i c e t h a t i s a l w a y s p o s i t i v e , n e g a t i v e ; t h e r e f o r e , 

the f i r s t member on the right-hand side of (27) is always posi-
tive, whereas the second member is positive when n^> 3, and 
negative when n < 3. Thus, when at a certain distance r 

from the centre n happens to exceed 3, by (27) -v->>0, and 
dr 

n will steadily increase at an accelerated rate towards n = oo; 
as a result, the Solution in the onter portions of the model 
approaches an isothermal one, of a temperature T 0 0 which is 
not zero (mostly a large fraction of Tc), although g may 
approach zero rapidly; this Solution cannot be considered a 
real one for individual stars belonging to our universe (where 
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T o o - S 0 K in galactic space is practically zero), although i t may 
apply to stellar models in an imaginary universe where the 
temperature of interstel lar space is as h igh as T 0 0 . 

When n i s Iess than 3, the f i r s t member in (27) is positive, 
the second n e g a t i v e ; according to the relat ive size of the two 
members, n may either increase or decrease. Characteristic 

(jt Ti 
of the f inal Solution is the behaviour of — in the outer por-

dr 
dMr 

tions of the s t a r : ---- approaches zero there, and the f i r s t 

member in (27) may be neg lected; when n < 3 at the same 

time, is negat ive, and n decreases at an accelerated r a t e : 
dr 

as soon as n fa l l s below na, convection s t a r t s ; thus a second, 
outer convectional region originates, separated from the inner 
one by an intermediate shell in radiat ive equil ibrium. And 
only in the l imit ing case, when in the outer portions n ap-

(I' 71/ 
proaches 3, does the outer region of radiat ive eqnil ibrium 

become complete. Summariz ing we may say that n = 3 is a 
critical value for models in radiative equilibrium with Qr = const. 
and Tc = const. : when n happens somewhere to exceed 3, there 
does not exist a real Solution; when n never attains the value 3, 
a second convective region or ig inates in the outer regions, of 
a width depending upon the initial condit ions; and when n 
approaches asymptotical ly 3 as the surface of the star is 
approached, complete radiat ive equilibrium takes place outside 
the convective core. 

F1Or the Kramers law of opacity, and ß near 1, the cr i t ical 
value of n is 3.25 (the proof is t r ivial , and the t heo rem not 
n e w ; we omit the proof). P o r c o m b i n e d K r a m e r s a n d e l e c t r o n i c 
sca t t e r ing opacity, t he cri t ical value of n l ies somewhere be-
tween 3.25 and 3. 

Not very d i f f e r en t r e su l t s are ob t ined w h e n 1 — ß, 
a l t h o u g h not negl ig ible , is a small f r ac t ion of 1 (less than 0.2). 

Por fixed size a n d s t r u e t u r e of the convect ive core t h e 
charac te r of the ensu ing Solution is actual ly de te rmined by the 
in i t ia l va lue of n according to (26), i. e. the value of the poly-
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tropic index j u s t outs ide the b o u n d a r y of the c o r e ; e v i d e n t l y 
n —j— 1 is i t i v e r s e l y proport ional to Qrx in such a c a s e ; a cer ta in 
v a l u e of Qrl = Q0 l eads to complete r a d i a t i v e e q u i l i b r i u m out-
s ide the c o r e ; w h e n Qrl >> Q0, an o u t e r c o n v e c t i v e reg ion i s 
f o r m e d (composite model, cf. 1, Section 5. f , h), i n c r e a s i n g i n e x t e n t 
as Qrl i n c r e a s e s , j o i n i n g the inner c o n v e c t i v e reg ion at a cert-
a in va lue of Qrl = Qa (complete ad iabat ic model, cf. 1 , Section 
5. e, g). W h e n Qrl <C Q0, no r e a s o n a b l e Solution does ex i s t . 

Let Qi be the net f l u x of r a d i a t i o n j u s t ins ide the bound-
a r y of the c o n v e c t i v e c o r e ; w h e n the ini t ia l condi t ions a r e 
a r b i t r a r i l y chosen, Qi g e n e r a l l y need not be equal to Q0. W h e n 
Qi ^ Qa, in no port ion of the s t a r can r a d i a t i v e e q u i l i b r i u m 
e x i s t : the model is of the complete a d i a b a t i c type (actual ly , in 
the n o r m a l c o u r s e of s te l l a r evolut ion, Qi n e v e r can exceed 
Qa, cf. 1 , Section 5. g). W h e n Qa~> Q i > Q0, the model i s of 
the compos i te t y p e , wi th two convect ive r e g i o n s s e p a r a t e d 
b y a she l l in r a d i a t i v e equi l ib r ium. W h e n Qi-Qot the 
composi te model cons i s t s of a complete r a d i a t i v e shel l s u r r o u n d -
i n g a c o n v e c t i v e core. W h e n Qi <C Q0, no Solution of Qr = Q 
e x i s t s ; Q0 is a m i n i m u m v a l u e of the tota l f l u x of heat at t h e 
b o u n d a r y of t h e c o n v e c t i v e core, and, in the a b s e n c e of ad-
e q u a t e p h y s i c a l s o u r c e s of e n e r g y at, or outs ide i\, an a d d i t i o n a l 
s u p p l y of hea t C i b y convect ion f rom t h e core m u s t be 
s t i m u l a t e d i n e v i t a b l y , so t h a t Q0 = Qi -f- Ci, and the case be-
comes a g a i n one of comple te r a d i a t i v e equi l ib r ium in the outer 
shel l . It i s a lso c o n c e i v a b l e t h a t c o n v e c t i o n p r o v i d e s even 
more t h a n th i s n e c e s s a r y minimum, Qa > Q i + Ci ^ Q0, or 
Qri = Qi j T Ci, so t h a t the other t y p e s of s t e l l a r s t r u e t u r e 
d e s e r i b e d above become p o s s i b l e f o r the case Q {<CQ0i loo. 

W h e n there is a core of s m a l l e r h y d r o g e n content, or of 
g r e a t e r mean ^ as compared w i t h t h e shel l , the convect iona l 
c u r r e n t s of the core cannot cont inue by iner t ia f a r into the 
s h e l l : a c o n s i d e r a b l e t r a n s p o r t of heat b y convect ion at t h e 
b o u n d a r y of t h e core can exis t , and, at t h e s a m e t ime, the 
convect iona l motion m a y cease a b r u p t l y o u t s i d e the core 
(cf.1, Section 5. h). T h e r e f o r e , for s u c h a model w i t h a h e a v y 
core, the a b o v e t y p e s of s te l lar s t r u e t u r e can be Obtained j  

for a f i x e d core, by a s u i t a b l e choice of Qri = Qi -j- C., w h i c h 
d e p e n d s upon the more or Iess a r b i t r a r y v a l u e of C.. 
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W h e n the s ta r is of a uniform compositum throughout r 

the search for a Solution is somewhat more complicated. There 
is no reason for a s y s t e m of convection currents to stop at 
the boundary of the core u n l e s s it g radnal ly dies out inside 
the core already, as the boundary of the latter is ap-
proached ; in such a c a s e , however, the convectional t ransport of 
heat m u s t also g r a d u a l l y die out and reach the value C1==O 
at the boundary of the core. Hence Qrl = Q.; for a core of 
f ixed s t r u e t u r e (including central conditions) and for a g i v e n 
r a d i u s rx there ex i s t s only one type of Solution; Qrl cannot be 
var ied at will, and the d i f f e r e n t types of solutions in the case 
of homogeneous composition can be obtained only by v a r y i n g 
rlf the r a d i u s of the convective core. Two critical v a l u e s of 
the radius exist , rt = rmin , corresponding to Q r l = Q0, and 
r i = ro > rmin> corresponding to Qrl = Qa (at the same t ime 
this is Qmax in the polytropic s t rueture of the core, cf.1, Sec-
tion 5. b); for r, << rmin no Solution e x i s t s ; for rx = rmin the 
outer shel l i s i n complete radiat ive equi l ibr ium; when r 0 > r x > r m m r 

the type of s t r u e t u r e wi th two convect ive reg ions r e s u l t s ; 
when rx > r 0, the s t r u e t u r e i s adiabatic throughout . 

Near the critical initial value rx = rmin, the Solution is 
extremely s e n s i t i v e wi th respect to the initial condit ions 
chosen; smali e h a n g e s in r x Iead to la rge changes in the 
r e s u l t i n g mass M and the rad ius R of the model. Thus, in 
Table 1 below, Models No. 6 and 7, the relat ive d i f f e r e n c e in rs 

/| /y /| / \ y 
is onlv — 1 = —0.00001, w h e r e a s --- = 4 - 0.009 = —900 — 1 , and 

" Vx M rx 

A 7? Ar — = 4 - 0 . 3 3 = —33000 In the present case this, however,. 
R r x 

is a purely computational instabi l i ty which cannot be re-
f lected in actual eireumstanees of nature . For a g iven s t a r r 

the m a s s M i s a constant, and our models of var iable m a s s 
cannot be considered as r e f e r r i n g to one and the same star . 
Por M = const., the character of the ins tab i l i ty depends upon 
an addit ional condition. Por the rather arti f icial condition 

dR E = const., —- = 0 and no instabi l i ty exis t s . W i t h T= const . 

(cf. Table 3), the d i f fe rence b e t w e e n Models No. 6 and 7 is : 
A' AR Ar - I 1 = —o 009 -fr- = 4-0.30 = — 3 3 — 1 , or 1000 t imes smaller than 
V1 R 
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in our original data of Table .1; here the changes in T1 and R 
are now comparable with respect to their order of magni tude. 

A s to the evolntional course, if the d i f ferent types of 
s t rue ture can change one into the other, the completely radiat ive 
outer shell should be the f i r s t type of equilibrium at which the 
contract ing star sett les down because this type corresponds to 
mininium luminosity ( = Q0) and maximum radius (cf. below), 
thus to a minimum central temperature and density su f f ic ient 
to s t imulate the subatomic energy sources and to keep a balance 
with the radiation into space, removing thus the need of a 
fur ther supply of gravi tat ional e n e r g y by contraction; even 
for constant Tc, the configuration of the complete radiat ive 
shell p o s s e s s e s the g r e a t e s t radius, and the greates t potential 
energy of gravi tat ion among the types of s t rue ture con-
sidered here. Therefore, the natural order of evolution may 
be the f o l l o w i n g : the composite model of complete radiat ive 
s t rueture outside the convective core; the composite model of 
two convective reg ions separated by a layer in radiat ive equi-
librium, the width of the layer exhibi t ing a decreasing tendency; 
the complete adiabatic model. This course of evolution may, 
or may not take place; if in the core the exhaustion of hydro-
gen is accomplished before the complete adiabatic model is 
reached, the collapse of the core devoid of subatomic e n e r g y 
sources must change the direction of evolution, leading to g i a n t 
s t rueture (cf.1, Sections 5 and 6). W e are not go ing to d i s c u s s 
here in more detail the question of the evolution of the com-
posite model, a l though this would be of considerable i n t e r e s t ; 
a special discussion of this subject, based on more computa-
tional and observational data, may follow. 

3. Composite Models of U n i f o r m Molecular Weight . 

A set of models of uni form composition based upon the 
same s t rue ture (not extent) of the convective core is computed 
below (Table 1). A s shown in the preceding section, the 
choice of the model is determined by the boundary radius of 
the core. The latter is assumed to represent the central portion 
of a certain polytrope, built according to a constant adiabatic 
polytropic index; for the sake of s implici ty we as sumed the 

2* 
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latter to be na = 1.5, a l though in the d w a r f model here consi-
dered, na may v a r y be tween 1.7 and 1.6; the Variation of na 

along the r a d i u s is also neglected, because l — ß is smal l 
[cf. f o r m u l a (16)]. No se r ious d i f f e rence in the conc lus ions can 
r e s u l t f r o m such a smal l d i f f e rence in na , w h e r e the a d v a n t a g e 
of the r o u n d c o n s t a n t va lue adop ted is t h a t i t m a k e s poss ib le 
t h e u se of Emde ivs tables . The molecu la r w e i g h t is a s s u m e d 
as equal to Ji= 1.063, a n d log Ic0 = 25.0660; t h e s e f i gu re s a re 
supposed to co r re spond to 3 3 | per cent h y d r o g e n . 

The a b s o r p t i o n coe f f i c i en t is mos t conven ien t ly ca l cu l a t ed 
f r o m (1') in t h e p r e s e n t c a s e : t h e roie of e lec t ron s c a t t e r i n g is 
smal l here , a n d F = 1 m i g h t have been a s s u m e d ; n e v e r t h e l e s s , 
th i s s impl i f i ca t ion was not i n t roduced , t h e cor rec t ion f ac to r F 
h ä v i n g been a l w a y s taken into account. In the external port ions 
of the complete radia t ive shell (Model No. 7, Table 1), as soon 
as n approached 3, k = const. — o T w a s a s s u m e d for the sake 
of s impli f icat ion; the last s t a g e of the calculation could be 
accomplished in th i s case according to the polytropic scheme 
(n = 3), which does not involve so much labour as the rad ia t ive 
equi l ibr ium scheme does. Such a s impli f icat ion for the outer 
layers of a s tar may correspond to actual c i r c u m s t a n c e s : our 
s implif ication corresponds to the assumption of a p r o g r e s s i v e l y 
smaller opacity, as compared with the K r ä m e r s va lue ; now, 
the d e c r e a s i n g re la t ive n u m b e r of f r ee e lec t rons , caused by 
t h e d e c r e a s i n g degree of ionizat ion, should t end to r e d u c e the 
K r a m e r s c o m p o n e n t of opac i ty as t he b o u n d a r y of t h e s t a r is 

a p p r o a c h e d . 

T a b l e 1. 

Models of U n i f o r m C o m p o s i t i o n (33-5 per cent h y d r o g e n ; C. G. S. 
u n i t s and d e g r e e s K). 

a) M o d e l No. 1. 

Comple te ad iaba t i c , na = 1.5. Tc = 13,2.106 d e g ; log gc = 0.9277; 

1 — /? = 8,84.10- 3 ; 1 — ß = 3,54.10 ; F = 6,971.1010 cm ; 

M = 20,0 1 6..1032 g ; log Qmax = 33.6707 ; mhol = 4.41 ; 

o : o = 6.00. 
^ tn 
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Table i . C o n t i n u e d . 

ß) M o d e l No. 2. 

Compos i t e , t w o c o n v e c t i o n a l r e g i o n s s e p a r a t e d by a she l l in 
r a d i a t i v e e q u i l i b r i u m . 

C e n t r a l c o n d i t i o n s as b e f o r e ; ^ = 2 , 3 7 6 . 1 0 1 0 c m ; iv = 6 ,986 .10 1 0 cm' 
M = 19,964.1032 g ; l og Qrl = 33.6578 ; mhol = 4.45 ; Qc: Qm^ 6.06. 

r T log () 

g/cm3 

Mr Pg PR 

IO10 cm IOfi dcg 

log () 

g/cm3 IO32 g 
IOio dyne 

j cm2 
1013 d J a i e  

cm2 

n 

Central convective region 

0 I 
2.376 

13.200 

10.136 

0.9277 

0.7554 

0 

3.773 

8.682 

4.482 

7.736 

2.687 
1.50 

Shell in radia t ive equil., QR — QRL = const. 

2.4 [ 10.080 0.7518 3.871 4.422 2.631 1.50 
2.5 
2.6 

9.849 

9.617 

0.7366 

0.7208 
4.289 

4.726 

4.172 • 

3.927 

2.397 

2.178 
1.52 
1.57 

1.58 
2.8 

3.0 j 

9.148 

8.667 

0.6868 
0.6497 

5.651 

6.634 
3.455 

3.005 

1.783 

1.436 

1.52 
1.57 

1.58 

3.2 8.158 0.6107 7.663 2.586 1.128 1.49 

External convective region, n 1.50 

3.4 7.644 0.5683 8.725 

3.6 7.127 0.5227 9.805 

3.8 6.611 0.4737 10.888 

4.0 6.098 0.4211 11.958 

4.2 5.591 0.3645 13.001 
4.4 5.092 0.3037 14.003 
4.6 4.604 0.2381 14.952 
4.8 4.128 0.1670 15.837 
5.0 3.665 0.0895 16.647 
5.2 3.218 0.0047 17.375 
5.4 2.788 1.9113 18.016 
5.6 2.375 1.8067 18.565 
6.0 1.604 1.5511 19.371 
6.4 0.907 1.1797 19.819 
6.8 0.282 2.4186 19.957 
6.986 0 — GO 19.964 
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Table 1. Continued. 

y) M o d e l No. 3. 

Type of strueture and central conditions as before ; 

V1 = 2,281.10]° cm; iž = 7,168.1010 cm; ! / " = 20,358.1032 g ; 
log Qr 33.6433; m. 4.49 ; Q.: o 6.42. 

r 

IO10 cm 

T 

10,; deg 

log (i 
g/cm3 

K 
IO32 g 

V, 

IO15 

9 

dyne 
cm2 IO13 

PR 

dvne 

Central convective region 

0 13.200 0.9277 0 8.682 7.736 0 
1.50 

2.281 10.34S 0.7690 3.393 4.722 2.919 

Shell in radiative equil., Q r
 = ^rl = const. 

2.3 10.305 0.7664 3.466 4.674 2.872 2.3 
1.50 

2.4 10.079 0.7520 3.864 4.423 2.63 2.4 
1.63 

2.6 9.633 0.7200 4.718 3.927 2.19 2.6 
1.76 

2.8 9.193 0.6843 5.640 3.452 1.82 1.82 
1.83 

3.0 8.756 0.6456 6.616 3.007 1.50 3.0 
1.87 

3.2 8.316 0.6038 7.632 2.594 1.22 3.2 
1.84 

3.4 7.866 0.5595 8.675 2.216 0.976 3.4 2.216 
1.69 

3.6 7.394 0.5138 9.733 1.875 0.761 

Externa! convective region, n — v a = 1.50 

3.8 6.881 0.4672 10.797 

4.0 6.372 0.4169 11.854 

4.2 5.869 0.3634 12.891 

4.4 5.374 0.3060 13.895 

4.6 4.889 0.2444 14.854 

4.8 4.415 0.1780 15.756 

5.0 3.955 0.1064 16.593 

5.2 3.509 0.0284 17.356 

5.4 3.079 1.9432 18.039 

5.6 2.665 1.8492 18.637 

6.0 1.888 1.6246 19.559 

6.4 1.182 1.3195 20.131 

7.0 0.254 2.3178 20.353 

7.168 0 — CXD 20.358 
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T a b l e 1. C o n t i n u e d . 

(5) M o d e l N o . 4. 

T y p e of s t r u e t u r e a n d c e n t r a l c o n d i t i o n s a s b e f o r e ; 

T1 = 2 , 2 3 4 . 1 0 1 0 c m ; jR = 7 . 7 4 3 . I O 1 0 c m ; M = 2 1 . 3 6 8 . 1 0 3 2 g ; 
l o g Qrl = 3 3 . 6 3 4 9 ; MM = 4 . 5 1 ; : QM = 7.70. 

r T log Q 

g/cm3 

"" 

Mr 

V9 VR 

IO10 cm IO0 deg 
log Q 

g/cm3 IO32 g 1 0 l 5 ^yne 
cm2 1 0 i3 d Z n e  

cm2 

ii 

0 
2.234 

4.8 
5.0 
5.2 
5.4 

5.6 
6.0 
6.4 
7.0 
7.6 
7.743 

13.200 

10.452 

Central convective region 

0.9277 J 0 8.682 
0.7756 ! 3.212 4.843 

7.736 

3.04 

Shell in radiative equil., Qr = Qrl = const. 

2.3 10.304 0.7665 3.464 4.675 2.87 
1.55 

2.4 10.083 0.7519 3.862 4.424 2,63 4.424 
1.70 

2.6 9.649 0.7195 4.715 3.929 2 21 2 21 
1.85 

2.8 9.225 0.6835 5.635 3.458 1.85 
1 QQ 

3.0 8.810 0.6439 6.608 3.014 1.54 
9 1 1 

3.2 8.404 0.6007 7.619 2.603 1.27 
- . 1 1 

0.6007 
2.18 

3.4 8.007 0.5546 8.653 2.230 1.05 1.05 
2.29 

3.6 7.617 0.5051 9.695 1.8932 0.858 
2.31 

3.8 7.234 0.4532 10.731 1.5952 0.697 
2.33 

4.0 6.855 0.3989 11.750 1.3340 0.562 
4.2 

2.27 
4.2 6.474 0.3427 12.742 1.1072 0.448 0.3427 

2.08 
4.4 6.079 0.2858 13.699 0.9118 0.348 

1.81 
4.6 5.657 0.2290 14.619 0.7445 0.261 

External convective region, n = n = 1.50 

5.191 
4.737 
4.297 
3.871 
3.460 
2.682 
1.967 
1.012 

0.191 
0 

0.1731 

0.1133 
0.0499 
L9818 
T.9087 
1.7427 
f.5408 
1.1079 
2.0114 
— oo 

15.500 
16.339 
17.127 
17.859 

18.529 
19.660 
20.506 
21.219 
21.365 
21.368 

1.50 
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Table 1. Continued. 

s) M o d e l No. 5. 

Type of s t rueture and central conditions as be fore ; 
r, = 2 , 2 2 4 . 1 0 1 0 c m ; R = 8 , 4 0 1 . 1 0 1 0 c m ; M = 22,1 1 6 . 1 0 3 2 g; 

l o g Qrl = 3 3 . 6 3 3 2 ; mbol = 4.52 ; QR: QM = 9.51. T h e c o m p u t a t i o n s 

s t a r t at r = 4,4.1010 cm, by interpolation of trial models. 

r T log Q Mr 

PY PR 

IO10 cm IO6 deg g/cm3 IO32 g 1015 .dZ l ie 1 ms ^y n e n 
IO6 deg cm2 cm2 

Central convective region 

13.200 
10.473 

0.9277 
0.7770 

0 
3.177 

8.682 

4.868 

7.736 

3.07 

Shell in radiative equil., Q — Q 1 — const. 

4.4 6.242 0.2789 13.663 . . . 

4.6 5.914 0.2173 14.564 0.7576 0.312 

4.8 5.594 0.1541 15.415 0.6196 0.249 

5.0 5.277 0.0895 16.213 0.5038 0.198 
5.2 4.957 0.0247 16.958 0.4075 0.154 
5.4 4.619 1.9600 17.651 0.3272 0.116 

5.6 4.241 1.8982 18.297 0.2606 0.0824 

External convective region, 

n — nn — 1.50 

6.0 3.472 1.7678 19.447 

6.4 2.762 1.6188 20.400 

7.0 1.802 1.3404 21.419 

7.6 0.964 2.9333 21.969 

8.2 0.238 2.0207 22.110 

8.401 0 CX) 22.116 
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T a b l e 1 . C o n t i n u e d . 

C) M o d e l N o . 6 . 

T y p e of s t r u e t u r e a n d c e n t r a l c o n d i t i o n s a s b e f o r e ; 

T1 = 2 , 2 2 2 4 2 . 1 0 1 0 c m ; B = 9 , 6 4 8 . 1 0 1 0 c m ; M = 2 2 , 8 0 2 . 1 0 3 3 g ; 

l o g Q r l = 3 3 . 6 3 3 0 ; mbol = 4 . 5 2 ; Qc: Qm = 1 3 . 9 6 . T h e c o m p u t a t i o n s 

s t a r t a t r = 5 , 6 . 1 0 1 0 c m , b y i n t e r p o l a t i o n o f t r i a l m o d e l s . 

IO10 cm IOb d e g cm- CliTi-

Central c o n v e c t i v e reg ion 

0 I 13.200 j 0.9277 ! 0 . . . 

2.222 j 10.477 j 0.7772 [ 3.172 . . . 

Shell in rad ia t ive equil., Qr = Qn = const. 

5.6 4.563 1.8801 18.237 . . . 
5.3 

— 2 98 
5.3 4.318 1.8090 18.808 2.161 0.887 

6.0 

0.887 
2.96 

6.0 4.083 1.7367 19.326 1.730 0.708 
2.96 

6.2 

0.708 
2.95 

6.2 3.857 1.6636 19.795 1.3807 0.564 

6.4 3.636 

0.564 
2.91 

6.4 3.636 1.5894 20.217 1.0972 0.445 

6.6 
_ 

1.0972 0.445 
2.79 

6.6 3.418 1.5147 20.595 0.8687 0.348 
2.79 

6.8 

0.8687 0.348 
2.59 

6.8 3.200 1.4402 20.934 0.6846 0.267 
2.59 

7.0 2.970 
_ 

0.6846 0.267 
2.29 

7.0 2.970 1.3663 21.237 0.5361 0.198 
2.29 

7.2 
1.77 

7.2 2.710 1.2960 21.509 0.4161 0.137 
1.77 

External convect ive region, 

n = Hn = 1.50 

7.6 2.166 1.1500 21.969 

8.2 1.434 
j 

2.8814 22.456 

8.8 0.791 2.4942 22.721 

9.4 0.226 3.6780 22.797 

9.648 0 ! — CO j 22.802 
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T a b l e 1. C o n t i n u e d . 

t]) M o d e l No. 7. 

C o m p l e t e r a d i a t i v e o u t e r s h e l l , c e n t r a l c o n d i t i o n s as b e f o r e ; 

r, — 2 , 2 2 2 4 0 . 1 0 1 0 c m ; l — ß = 5 , 2 1 . 1 0 " 3 ; B = 12,658.IO1 0 c m ; 

M = 22,989.10 3 2 g ; l o g Qrl = 33 .6329 ; mhol = 4 .52 ; Oo : = 31.27. 

T h e c o m p u t a t i o n s s t a r t a t r = 5,6.10 1 0 c m , b y i n t e r p o l a t i o n of 

t r i a l m o d e l s . 

r i T 

IO10 cm j IO6 d eg 

lOg Q 

g/cm3 IO3- IO14 d y n e IO12 

Pu 
<> dyne 

Central convective region 

0 13.200 0.9277 i 0 . 
1.50 

2 222 10.477 0.7772 ! 3.172 

Shell in radiative equil., Qr — Qrl = const. 

5.6 4.568 1.8799 : 18.236 
3.01 

5.8 4.325 1.8086 I 18.806 2.162 0 . 8 9 1 

0 . 7 1 5 
3.04 

6.0 4.093 1.7360 19.324 1.7315 0 . 7 1 5 6.0 4.093 
3.03 

6.2 3.872 1.6626 , 19.792 1.3829 0.572 3.872 
3.05 

6.4 3.659 1.5879 20.213 1.1004 0.457 

Same, simplified calculation: u = const. = 3; 
l- = const. = Ic at r = 6,4.1010. 

7.0 3.069 1.3584 21.217 
7.6 2.549 1.1169 21.910 
8.2 2.094 2.8604 i 22.368 
8.8 1.694 2.5847 i 22.655 
9.4 1.342 2.2811 22.824 

10.0 1.030 3.9367 22.915 
10.6 0.753 3.5281 22.958 
12.658 0 — co 22.989 

T h e s e v e n m o d e l s p r e s e n t e d in T a b l e l c a n n o t b e t r a n s 
f o r m e d one i n t o a n o t h e r by h o m o l o g o u s c h a n g e s of m a s s , 
r a d i u s , t e m p e r a t u r e , e te . T h u s e a c h of t h e s e s e v e n m o d e l s i s 
a r e p r e s e n t a t i v e of a p a r t i c u l a r t y p e of s t e l l a r s t r u e t u r e , n o n -
p o l y t r o p i c , e x c e p t Model No. 1. E a c h of t h e s e m o d e l s , h o w e v e r , 
a l l o w s of a h o m o l o g o u s t r a n s m u t a t i o n of t h e v a r i a b l e s . To 
c o m p a r e the p r o p e r t i e s of t h e m o d e l s u n d e r s i m i l a r c o n d i t i o n s , 
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we reduced the data to M=MQ, R = RQ, thus to the ob-
served m a s s and r a d i u s of the sun; the r e s u l t s are contained 

in Table 2. In this table, L is the l u m i n o s i t y ( g e p , MBOL — 

Table 2. 

Character i s t ic Data for the Models of Table 1, reduced 
to Solar Mass and Solar Radius. 

(n = 1.50; 331 per cent h y d r o g e n ; uni form composit ion) 

Model No. , D 3 4 5 6 7 

Mri : M 0.2496 0.1890 0.1667 0.1503 0.1434 0.1392 0.1381 
(1-,7) X 103 3.4 3.9 3.7 3.6 3.5 3.6 3.9 

10-- 6- Tc 13.1 13.2 13.3 13.6 14.2 15.8 20.6 
tJc '• Qm ti.OO 6.06 6.42 7.70 9.51 13.96 31.27 

log L — 33 0.652 0.650 0.594 0.487 0.421 0.579 0.417 
mhol 4.46 4.47 4.61 4.88 5.04 5.15 5.05 

a 2.018 2.025 2.302 2.951 3.439 3.788 3.457 

the bolometric magni tude, a — E d d i n g t o n ' s d iv i sor of the 
l u m i n o s i t y [cf. form. (35)]; a = 2.5 has been considered by 
E d d i n g t o n as a fair g u e s s , a l l o w i n g for the u n c e r t a i n t y in the 
d i s t r ibut ion of the e n e r g y sources ins ide the s ta r ( c f . 2 ) ; for 
the a v e r a g e of the models of Table 2, a = 2.5 appears to be 
qui te a s a t i s f a c t o r y approximation. MRL: M is the f ract ion 
of m a s s contained in the convect ive core. The o b s e r v e d bolo-
metr ic m a g n i t u d e of the sun, 4.65, corresponds m o s t closely 
to Model No. 3 ; however, this r e s u l t depends ent i re ly upon 
the a s s u m e d h y d r o g e n content, 33-j- per cent. W i t h 35 per cent 
h y d r o g e n , Model No. 1, and with 29 per cent, Model No. 7 
Iead to an a g r e e m e n t betw reen the o b s e r v e d and the computed 
luminosi ty . A s shown in \ there are severa l r e a s o n s to believe 
tha t the sun is a complete adiabat ic s t r u e t u r e , Iike Model No. 1. 
If t h i s w e r e so, TC ~ 13.IO6 may be cons idered the more or 
Iess f i x e d centra l temperature for s t a r s of solar m a s s and of 
approximately the solar l u m i n o s i t y : the high s e n s i t i v i t y of 
the yie ld of s u b a t o m i c e n e r g y to changes in TC Warrants the 
practical constancy of the central temperature . In such a case 
the d i f f e r e n t models of Table 2 cannot represent s t a g e s of 
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evolution of the same s t a r ; in the eventua l course of evolution, 
TA should remain nearly constant, and the rad ius should v a r y . 
Dis regard ing evolution, we may s ta te that a s tar of g i v e n mass 
and composition may assume conf igura t ions corresponding 
to one of our models, in such a manner, that the centra l 
temperature remains nearly constant. Table 3 represents da ta 
for such c o n f i g u r a t i o n s . 

Table 3. 
Radii and Luminos i t ies of the Models of Table 1, for 

T0 = 13,1.106 and M = MQ. 

(n a = 1.5; 33J- per cent h y d r o g e n ; u n i f o r m composition) 

Model No. 1 2 3 4 
i 

5 6 7 

E'.B0 1.000 1.007 1.013 1.042 1.092 1.217 1.584 

Q '• QQ 1.00 0.98 0.96 0.88 0.77 0.55 0.25 
/Jmb — 1.25 BJRQ 0.00 0.00 -(-0.01 -f 0.02 +0.05 1+0.11 +0.25 

MB0L 4.46 4.47 4.62 4 90 5.09 j 5.26 5.30 

QC 6.0 6.0 6.2 6.8 7.3 7.7 7.8 

In the th i rd Iine of the table, Jmb i s the correction to 
be added to mb of Table 2; the correction is e q u i v a l e n t to 
Eddington ' s ef 'fective temperature term, — 2 log TE (cf.-, p. 137), 
and f o l l o w s direct ly f rom \ form. (35), if electron s c a t t e r i n g 
i s d i s r e g a r d e d ; for our models the lat ter is small indeed, be ing 
of the order of 0.01 or Iess of the K r ä m e r s opaci ty . 

In Table 3 we not ice t h a t the l u m i n o s i t y s t ead i ly d e c r e a s e s 
as t he r ad ia t ive e q u i l i b r i u m zone w i d e n s : t h e lowes t lumino-
s i ty occurs f o r No. 7, t h e comple te r a d i a t i v e shell model . In 
Table 2, t h e t r e n d of t h e l u m i n o s i t y w a s n o t so r e g u l ä r a s 
t h a t : at c o n s t a n t r a d i u s , t h e m i n i m u m l u m i n o s i t y occu r s for 
Model No. 6. A s a l ready m e n t i o n e d , t he c o n d i t i o n s for a c t u a l 
s t a r s shou ld be those of Table 3. 

If t h e mode l s can t u r n one i n t o the o the r , t he i r o r d e r 
should be f rom No. 7 to No. 1, because th i s wou ld c o r r e s p o n d 
to a c o n t r a c t i o n a l t r e n d of e v o l u t i o n : a d e c r e a s i n g r a d i u s , 
l e ad ing to a c o n s i d e r a b l e c o n t r a c t i o n in the o u t e r p o r t i o n s of 
t he s ta r , whe re t h e re leased g r a v i t a t i o n a l e n e r g y exceeds 
the a m o u n t s p e n t upon expans ion of t h e c e n t r a l core (cf. 
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Table 3, o t); and an increas ing luminosity, requ i r ing a s l i g h t 
increase of the central temperature, thus leading to a s l ight 
contraction in the central regions, too. J u d g i n g from the 
rat ios MRL: M as given in Table 2, this trend of evolution must 
be accompanied by an increase of the mass and of the extent 
of the central convective region. 

Of course, a model of uniform composition may remain 
such only when throughly mixed, o therwise the p r o g r e s s of 
the atomic s y n t h e s i s soon introduces a dif ferentation of com-
position between core and periphery (cf. '). Thus, only Model 
No. 1 can be considered of a more or Iess permanent character, 
whereas Models No. 2—7 may appear only as t ransient con-
f i g u r a t i o n s at an early s tage of the Iife of a s ta r ; these models 
are soon t rans formed into those of non-uniform composition, 
examples of which are g iven in the fol lowing section. 

All the above computations have been made wi th the 
conventionally constant value of na = 1.5; if for s t a r s of about 
the solar mass this assumption is perhaps not far from the 
trnth, la rger s tars , of smaller ß, m u s t have a l a rge r value of 
na [form. (16)]; t he re cannot , however , exist a d i f fe rence of 
principle on th i s account , a l though the quant i ta t ive pictujre may 
d i f fe r c o n s i d e r a b l y ; t h u s t he f r ac t i on of mass comprised in 
the core m u s t be l a rger for a l a rger na (cf.1, Table 2). 

4. Composite Models of Non-IIniform Molecular Weight. 

Below are g iven c o m p u t a t i o n s of models c o n s i s t i n g of a 
€ore of constant dimensions and strueture, devoid of hydrogen, 
surronnded by a shell of 33J per cent hydrogen. T h e s e m o d e l s 
are supposed to represent thus an advanced s t a g e of the 
composite adiabat ic-radiat ive conf igurat ion (cf.1). n a = l . 5 i s 
a s s u m e d as before. Por the core [i = 2.24 and log Ic0 = 25.4660 
were t a k e n ; for the envelope, the constants are the same as 
in the preceding section. Por an invar iable core, the d i f f e r e n t 
models can be obtained only by a Variation of the luminosi ty 
L = QE, where QC de no te s the net f lux of radiation j u s t outs ide 
the boundary (rx) of the core; Q E » QI, where QI is the net 
f lux of radiation j u s t ins ide ; the d i f fe rence QE-QI = CRL evid-
entJy must be supplied by convection. The r e s u l t s of the 
computation are collected in Table 4. 
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T a b l e 4. 

Models of Non-Uniform Composition.. 

(Core with 0 per cent, shel l wi th 3 3 p e r cent hydrogen.) 
a) St rueture of the adiabat ic core, the same for Models 

No. 8—12 ; n — n = 1.5. 7
 a 

r 

IO10 cm 
T 

10° deg 
log () 
g/cm3 

Mr 

1(F g 
lOg Qr i-ß 

0 15.710 1.0345 0 OO 0.0240 

2 222 9.268 0.6907 3.172 33.4521 0.0111 

('•]) (Qi) 

ß) M o d e l No. 8 

[core, cf. a)]. 

Comple te ad iaba t ic , w a = l . 5 ; two n o n - m i x i n g p r inc ipa l con-
vec t ive r e g i o n s . Log Qe = 34.0915 ; 1 — ß= 0.0105 (average f o r 
the whole mode l , i n c l u d i n g t h e co re ) ; B = 10,230.101° c m ; 

M = 17,353.1032 g ; QE : QM = 27.98. 

r T lOg Q Mr r T lOg Q K 
IO10 cm IO6 deg g/cm3 1032 g IO10 cm IOfi deg g/cm:i IO32 g 

2.222 9.268 0.3670 3.172 5.2 4.568 1.9020 10.073 

2.3 9.100 0.3550 3.287 5.6 4.070 1.8246 11.154 

2.4 8.892 0.3400 3.441 6.0 3.596 1.7420 12.197 

2.6 8.498 0.3105 3.773 6.4 3.145 1.6520 13.179 

2.8 8.127 0.2815 4.135 6.8 2.717 1.5537 14.081 

3.0 7.775 0.2525 4.525 7.2 2.313 1.4449 14.886 

3.2 7.438 0.2237 4.942 7.6 1.932 1.3226 15.582 

3.4 7.114 0.1947 5.385 8.0 1.576 1.1837 16.162 

3.6 6.801 0.1654 5.851 8.4 1.243 1.0204 16.622 

3.8 6.493 0.1365 6.337 8.8 0.932 2.8167 16.962 

4.0 6.202 0.1052 6.841 9.2 0.645 2.5588 17.189 

4.2 5.914 0.0737 7.361 9.6 0.379 2.1638 17.314 

4.4 5.633 0.0414 7.892 10.230 0 — CO 17.353. 

4.8 5.089 1.9738 8.977 
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T a b l e 4. C o n t i n u e d . 

y) M o d e l N o . 9 [ c o r e , c f . a)]. 
C o m p o s i t e m o d e l , w i t h a n o u t e r c o n v e c t i o n a l r e g i o n s e p a r a t e d 

f r o m t h e c o r e b y a r e g i o n i n r a d i a t i v e e q u i l i b r i u m . 

L o g . QE = 3 4 . 0 4 1 7 ; 1 - / 9 = 0 . 0 1 0 4 ; R = 1 0 , 3 2 7 . 1 0 1 0 c m ; 

M = 17,624.10 32 O " O 2 8 . 3 4 . 

T 

10" deg 
lOg (j 

g/cm3 IQ''« g IOu 

Pg 

dyne 
Pr 

l0 i2 d Z l i e 

Shell in radiative equil., Qr — Qe — const. 
2.222 9.268 ! 0.3670 3.172 j 16.760 18.8 1 

I 

16.760 
1.82 

2.3 9.116 0.3539 3.287 15.995 17.6 
1.74 

2.4 8.929 

T 1 
OO 
CO 
ö 3.441 i 15.111 16.2 

2.6 

T 1 
OO 
CO 
ö 

1.69 
2.6 8.565 ! 0.3078 3.771 13.518 13.7 

1.69 
; 1.54 

2.8 8.209 j 0.2791 4.131 j 12.122 11.6 

External convective region, n = na = 1.50 
3.0 7.857 0.2506 4.519 
3.2 7.521 0.2222 4.935 
3.4 7.197 0.1934 5.376 
3.6 6.884 0.1645 5.840 
3.8 6.581 0.1352 6.325 
4.0 6.286 0.1054 6.829 
4.2 5.998 0.0748 7.349 
4.4 5.717 0.0436 7.881 
4.8 5.173 1.9784 8.970 
5.2 4.652 1.9094 10.072 
5.6 4.154 1.8354 11.163 
6.0 3.679 1.7564 12.219 
6.4 3.227 1.6710 13.218 
6.8 2.798 1.5782 14.140 
7.2 2.392 1.4760 14.968 
7.6 2.009 1.3623 15.690 
8.0 1.650 1.2340 16.297 
8.4 1.314 1.0857 16.785 
8.8 1.000 2.9078 I 17.154 
9.2 0.709 2.6837 17.408 
9.6 0.439 2.3716 17.558 

10.0 0.189 3.8226 1 17.618 
10 327 0 

I 
— oo i 17.624 
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T a b l e 4. C o n t i n u e d . 

(¾) M o d e l N o . 10 [ c o r e , c f . a)]. 

T y p e of s t r u e t u r e a s b e f o r e . L o g Qe = 3 4 . 0 0 3 1 ; 1 — ß = 

= 0 .0107 ; R = 12,772.10 1 0 c m ; M = 21 ,116 .10 3 2 g ; QC: QM = 44 .75 . 

T h e c o m p u t a t i o n s s t a r t a t »• = 2 , 8 . 1 0 1 0 cm, b y i n t e r p o l a t i o n 
of t r i a l m o d e l s . 

r T ! log (> Mr 
P0 Pr 

IO10 cm IOfi deg g/cm3 g !QU 
cm-

1 0 ia d y n e 

cm2 
n 

Shell in radiative equil., Qr — Qe = const. 

2.222 9.268 p O
 3.172 16.760 18.8 

2.8 8.329 I 0.2734 4.125 2.07 
3.0 8.045 j 0.2423 4.507 10.921 10.7 2.09 
3.2 7.779 0.2116 4.914 9.834 9.33 2.15 
3.4 7.525 ! 0.1806 I 5.343 8.859 8.18 2.18 
3.6 7.283 0.1496 5.793 7.985 7.17 2.23 
3.8 7.051 0.1184 6.261 7.195 6.30 2.24 
4.0 6.829 ! 0.0871 6.745 6.481 5.54 2.31 
4.2 6.614 0.0552 7.242 5.834 4.88 2.28 
4.4 6.407 0.0233 7.750 5.249 4.29 2.37 
4.8 6.011 ' 1.9580 8.789 4.239 3.33 2.41 
5.2 5.640 I 1.8912 9.844 3.410 2.58 2.41 
5.6 5.286 1.8233 10.899 2.733 1.99 2.37 
6.0 4.943 1.7544 11.938 2.181 1.52 2.24 
6.4 4.603 ! 1.6853 12.951 1.7328 1 . 1 4 1.96 
6.8 4.250 1.6174 13.913 1.3681 0.831 1.46 
7.2 3.847 j 1.5542 14.S79 1.0704 0.558 

External convective region, n = na = 1.50 

7.6 3.463 1.4858 15.790 
8.0 3.098 1.4132 16.650 
8.4 2.751 1.3358 17.450 

G
O

 

Q
O

 2.421 1.2526 18.182 
9.2 2.108 1.1624 18.838 

9.6 1.812 1.0639 19.414 
10.0 1.532 2.9546 19.907 

1J.0 0.900 2.6079 20.742 
12.0 0.358 -f 

O
 

O
 

I^l 21.079 

12.772 0 —• OC 21.116 
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T a b l e 4. C o n t i n u e d . 

s) M o d e l No. 11 

[core, cf. (a)]. 

T y p e of s t r u e t u r e a s b e f o r e . 

L o g QE = 34.0027 ; 1 — 0 = 0 . 0 1 1 0 ; iž = 15,158.10 1 0 c m ; M = 

= 22,560.10 3 2 g ; Qe : e w = 69.98. 

T h e c o m p u t a t i o n s s t a r t a t r = 6,8 .10 1 0 cm, b y i n t e r p o l a t i o n 
of t r i a l m o d e l s . 

r 

IO10 cm 
T 

10« deg 
lOg Q 

g/cm3 

Mr  

W* g 

P 1 1J 

1 0 i 3 d y n e 

cm2 

Pn 
loa 

cm-
•u 

Shell in radiative equil., Qr = Qe — const. 

2.222 9.268 0.3670 3.172 167.()0 188 
6.8 4.438 1.6072 13.885 13.885 

2.77 
7.2 4.174 1.5332 14.800 11.067 7.73 

_ 2.79 
7.6 3.925 1.4586 15.662 8.764 6.04 7.6 

2.80 
8.0 3.688 1.3831 16.467 6.922 4.71 

O T 

8.1 3.461 1.3074 17.215 5.456 3.65 _ 2.63 
8.8 3.239 1.2316 17.906 4.288 2.80 

2.42 
9.2 3.016 1.1565 18.542 3.359 2.11 

2.07 
9.6 2.781 1.0835 19.127 2.618 1.52 

2.07 
1.48 

10.0 2.506 1.0165 19.669 2.022 1.00 
1.48 

Exteraal convective region, 
n = m„ =1.50 

11.0 1.876 i 2.8278 20.825 

12.0 1.325 2.6013 21.685 

13.0 0.843 , 2.3067 22.243 

14.0 0.422 3.8560 22.519 

15.0 0.054 4.5166 22.560 

15.158 0 — OO 22.560 

3 
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T a b l e 4. C o n t i n u e d . 

£) M o d e l No. 12 

[core, cf . (a)]. 

C o m p l e t e r a d i a t i v e o u t e r s h e l l . 

L o g QE = 3 4 . 0 0 2 7 ; 1 — /? = 0 . 0 1 2 1 ; R = 2 3 , 8 8 6 . 1 0 1 0 c m ; 
M = 2 3 , 3 4 6 . 1 0 3 2 g ; 

o : o = 264.6. 
^ c 

T h e c o m p u t a t i o n s s t a r t a t r = 8 , 8 . 1 0 1 0 c m , b y i n t e r p o l a t i o n 
of t r i a l m o d e l s . 

r T lOg q Mr 
Pg Pr 

IO10 cm IO6 deg g/cm3 IO32 g 1 0 i3 d y n e 

cm2 
I0H dyne 

cm-
n 

Shell in radiative equil., Qr = Qe const. 

2.222 9.268 0.3670 3.172 167.60 188 
8.8 3.290 1.2282 17.894 

9.2 3.097 1.1503 18.523 3.401 2.34 
9.6 2.915 1.0721 19.097 2.673 1.84 

Same, simplified calculation: n — const. = 3; 
Tc = const. = Ji at r = 9,6.1010 

10.0 2.743 2.9929 19.617 

11.0 2.353 2.7931 20.697 

12.0 2.013 2.5900 21.512 

13.0 1.715 2.3812 22.112 

14.0 1.454 2.1661 22.541 

15.0 1.224 3.9417 22.840 

16.0 1.021 3.7053 23.041 

17.0 0.840 3.4512 23.170 

18.0 0.679 3.1740 23.249 

23.886 0 — CO 23.346 

T h e d a t a f o r t h e m o d e l s of T a b l e 4, r e d u c e d t o M = MQ 

a n d R = Rq b y h o m o l o g o u s t r a n s f o r m a t i o n , a r e c o l l e c t e d i n 

T a b l e 5. 
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Table 5. 

Character i s t ic Data for the Models of Table 4, reduced to 
Solar Mass and Radius. 

(Central core devoid of h y d r o g e n ; outs ide the core 33-J 
per cent hydrogen.) 

Model No. 3 9 10 11 12 

Mri: M  0.1828 0.1800 0.1503 0.1406 0.1360 
( 1 - Ä 1 0 : !  13.1 12.6 9.0 8.2 8.5 

10 ~ ' . T e  26.5 26.3 27.2 30.3 46.1 

CE ' CM  27.98 28.34 44.75 69.98 264.6 

log L — 33 1.4883 1.4054 0.9938 0.8757 0.8947 
mbo1  2.37 2.58 3.61 3.90 3.86 
Hydrogen j true  27.2 27.3 28.3 28.6 28.8 
per cent (. apparent . . . 13 15 22 25 24 

The " t r u e " h y d r o g e n content is the a s s u m e d percentage 
of h y d r o g e n in the whole model ; the " a p p a r e n t " hydrogen 
content (in the las t Iine of the table) is the p e r c e n t a g e 
computed f rom the luminos i ty , on the assumption of a poly-
tropic s t r u e t u r e n = 3 ( d e t e r m i n g the centra l conditions), and 
a divisor of luminos i ty a = 2.5. W e see that, in v i e w of the 
poss ib i l i ty of the ex i s tence of d i f f e r e n t t y p e s of composite 
s t rueture , the computed "apparent" h y d r o g e n content m a y 
d i f f e r cons iderab ly from the t rue one, the deviat ion b e i n g 
negat ive in all c a s e s ; in other w o r d s , th is means that, w i t h 
the exhaust ion of hydrogen in the centra l core, the luminos i ty 
of the s ta r increases more rapidly than it would in the case 
of a uniform dis tr ibut ion of h y d r o g e n t h r o u g h o u t the s tar . 

In a preceding paper 1 , w e r a i s e d a n u m b e r of a r g u m e n t s 
in f a v o u r of the sun b e i n g bui l t a c c o r d i n g to the complete 
adiabat ic model (Model No. 1, p r e c e d i n g section); also, w e 
compared the theoretical rate of the increase of the luminos i ty 
of the s u n with certain geologic f a c t s ; we found tha t th i s 
theory, wi th the adiabat ic model for a bas is , i s not contra-
dicted by the scanty o b s e r v a t i o n a l f a c t s . If a composite 
s t r u e t u r e for the sun w e r e postulated, the f i g u r e s of Table 5 
would require a f rom two to four t imes more rapid increase 

3* 
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of the solar luminos i ty d u r i n g the geolog ica l a g e s ; in such a 
case permanent glaciation in moderate l a t i t u d e s should be 
found in the Iate Archaean, which does not seem to be the 
case. Thus, f rom th i s s tandpoint, too, a complete adiabat ic 
model of uni form composition s e e m s to be the more prob-
able one. 

Por a constant central t e m p e r a t u r e the data are repre-
sented in Table 6, wrhich is an analogon of Table 3. 

Table 6. 

Iiadii and Luminosi t ies of the Models of Table 4, 
for TC = 13,1.106 and M = MQ 

(core devoid of hydrogen ; envelope wi th 33-J- per cent hydrogen) . 

Model No. 8 9 10 11 12 

2.025 2.013 2.078 2.309 3.519 
0.12 0.12 0.11 0.081 0.023 
0.38 -f 0.38 -j- 0.40 + 0.45 + 0.65 
2.75 2.96 4.01 4.35 4 54 
3.4 3.4 4.9 5.7 . 6.1 

R: Rq  

V
 : <'G) 

/Jwh = 1.25 log- J t / n Q •h 

mi,oi • • 

Qc-QQ • 

The condition TC = const . m u s t be r e g a r d e d as a good 
approximation to actual condit ions from the s tandpoint of 
stel lar e n e r g y genera t ion; therefore the radii and l u m i n o s i t i e s 
of Tables 3 and 6 may be considered more or Iess represent-
ative of the d i f f e r e n e e s due to internal s t r u e t u r e for s t a r s of 
the solar m a s s . In Table 3, Model No. 1 is the only p e r m a n e n t 
o n e ; Models Nos. 2 to 7, in the course of evolution determined 
by the p r o g r e s s i v e exhaust ion of h y d r o g e n in the core, must 
g r a d u a l l y become more and more similar to the models of 
Table 6. The Iine of evolut ion is probab ly d e t e r m i n e d by the 
init ial f raet ion of m a s s in the core, MRL: M; e. g., if this 
f raet ion is a s s u m e d to remain constant, Model No. 4 may be 
supposed to t u r n u l t imate ly into No. 10, Model No. 7 into an 
i n t e r m e d i a t e one between Nos. 11 and 12. Certain consider-
at ions , however, r e n d e r it probable that the e f f e c t i v e ratio 
M1: M in the course of evolut ion decreases (c f . 1 , the core may 
become s t r a t i f i e d ) ; in such a case all the composite models 
should approach s o m e t h i n g s imi lar to Model No. 12, w rhich 
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may be considered an advanced s tage of the semi-giant class 
( c f . S e c t i o n 6. h and 7. f ) . In the course of evolution with 
constant central temperature, the radius of a star, according 
to our computations, may increase to f rom two to three t imes 
i t s original value, and more, depending upon the original 
content of hydrogen and the degree of exhaust ion at ta ined. 

5. "Griant" Composite Models. 

It is possible to construct " ' inf lated" models, of low mean 
densi ty and of large concentration QC: QM, along the lines of 
the preceding sect ion: with a sui table choice of the ratio of 
molecular w e i g h t s in the core and in the envelope, a " g i a n t " 
s ta r may be obtained, wi th all the e n e r g y sources sti i l con-
centrated in the core. In \ however, we considered as the 
speci f ica l ly " g i a n t " s t r u e t u r e a model cons i s t ing of an ex-
hausted, eventual ly overdense core, devoid of subatomic energy 
sources, sur rounded by a hydrogen-containing envelope, able 
to genera te subatomic energy. 

Below are g iven sample computat ions for an extreme 
case of the " g i a n t " model — for extremely large masses , partly 
corresponding to those of the la rges t supergiants, part ly 
exceeding any stellar m a s s observed, or imaginable. All the 
models are built up upon the same core. The chief purpose w a s 
to show that arbi t rary degrees of " in f la t ion" can be obtained, 
wi thout making any ad hoc assumptions with respect to the 
coeff icient of opacity or other physical laws . The coeff icient 
of opacity as def ined by (1) in all the computations cited below 
is pract ica l ly determined by electron scatter ing, independent 
of temperature and density, the K r a m e r s t e r m of opacity being 
quite small. Further, for the la rge m a s s e s considered here, 
ß is smal l , o f ten very small , and na is a lways elose to 3 
[cf. (16)]; the re fore , the ef fec t ive polyt ropic index r e m a i n s 
here elose to 3, too, f l u e t u a t i n g even tua l ly on both s ides of 
th i s value. 

In the models below th ree d i s t ine t reg ions are cons idered 
sche ina t i ca l ly : (1) a cen t r a l core, devoid of h y d r o g e n , and of 
suba tomic e n e r g y sources ; e lec t ronic opacity = 0.2; Iogzfc0 = 
= 25.4660; fl = 2.24; ri = 3; (2) an i n t e r m e d i a t e shell , devoid of 
hydrogen, bu t con ta in ing 75 per cen t hel ium, cons idered con-
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ventional ly as the product of an already terminated process 
of the s y n t h e s i s f rom h y d r o g e n ; the helium is supposed to 
change g r a d u a l l y into heavier e lements, r e l e a s i n g thus some 
subatomic energy (at the bottom of the shel l); fu r ther , the 
hydrogen suppl ied by the outer envelope may be considered 
a p o w e r f u l sonrce of subatomic energy at the top of the 
in termediate she l l ; in th is shell we a s s u m e the electronic 
opacity [not by (1)] = 0.206, log Ic0 = 25.4100, JU = 1.48; (3) an 
outer shell, of 75 per cent of hydrogen, electronic opacity = 
= 0.350, log /c0 = 24.4200, Ji = 0.631. Thus, in addition to the 
grav i ta t ional e n e r g y of the s u p e r d e n s e core, and of the 
intermediate shell, all the in termedia te shell, and eventual ly the 
bottom of the outer shell, may supply subatomic e n e r g y . The 
introduction of the intermediate shell i s not n e c e s s a r y from 
the s tandpoint of our computat ions; we introduce it only to 
avoid the g r o t e s q u e impression of a hydrogen-containing ma-
terial which, at temperatures of the order of IO9, st i i l g r a d u a l l y 
re leases subatomic e n e r g y , instead of h ä v i n g used up all i ts 
s tore of hydrogen long before such high t e m p e r a t u r e s had 
been reached (cf.L). In other respects , w e did not care to 
represent the ra te of s u b a t o m i c e n e r g y generatiion by def ini te 
f o r m u l a e ; we are content to s t u d y w h a t happens when e n e r g y 
sources are present in an in termedia te shell . The computa-
tional r e s u l t s of our qua l i ta t ive picture cannot be changed 
in principle if a d e f i n i t e law of e n e r g y generation is a s s u m e d ; 
only the computat ions would become much more complicated 
in such a case. 

In a real g i a n t model w e have to a s s u m e a g r a d u a l , more 
or Iess balanced, f low of the mater ia l into the central core 
( c f . ] ) ; the mater ia l outside the core s i n k s concentrical ly 
i n w a r d s , the temperature i n c r e a s i n g and the atomic s y n t h e s i s 
s teadi ly a d v a n c i n g at the same t i m e ; the gravi tat ional e n e r g y 
of the s i n k i n g mater ia l adds to the s u b a t o m i c e n e r g y re-
l e a s e d ; a g r a d u a l s t ra t i f icat ion of the material in the interme-
diate shell m u s t be the resu l t , the molecular w e i g h t s tead i ly 
i n c r e a s i n g i n w a r d s ; therefore, convect ion c u r r e n t s in the 
intermediate shell are not v e r y l ikely to occur; such c u r r e n t s 
may be a s s u m e d to s tar t only in the outer shell, at a level 
where the temperature is low enough for atomic s y n t h e s i s to 
proceed not too violently. These cons iderat ions should be 
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kept in mind w h e n d e a l i n g w i t h the f o l l o w i n g c o m p u t a t i o n s ; 
t h e y j u s t i f y the i n t r o d u c t i o n of the i n t e r m e d i a t e he l ium s h e l l 
a s a s c h e m a t i c S u b s t i t u t e for the m o r e complicated s t r a t i f i e d 
s t r u e t u r e of a s t e a d i l y v a r y i n g composi t ion. Tab le 7 c o n t a i n s 
t h e detai led r e s u l t s , and Table 8 g i v e s a s y n o p s i s of the m o s t 
i m p o r t a n t c h a r a c t e r i s t i c data . Some c o m m e n t s on the f e a t u r e s 
of the l a t t e r tab le m a y be m a d e . T h u s , the heat Output per 
u n i t of m a s s ( f rae t ion of h e a t : f r a e t i o n of m a s s ) i s l a r g e s t 
f o r the i n t e r m e d i a t e shel l , and s m a l l e s t f o r the o u t e r shel l in 
all three c a s e s ; t h i s c i r c u m s t a n c e r e f l e c t s t h e pecul iar d i s t r i-
but ion of the e n e r g y s o u r c e s in the g i a n t model , d i s e u s s e d 
q u a l i t a t i v e l y i n 1 . The e f f e c t i v e t e m p e r a t u r e of t h e s u r f a c e 
of Model No. 13 c o r r e s p o n d s to an e a r l y O-type s t a r ; Model 
No. 14 c o r r e s p o n d s to s p e c t r u m F ( s u p e r g i a n t ) , w h e r e a s Model 
No. 15 r e q u i r e s 496° abs . or -j- 223° C : the s ta r , in sp i te of i t s 
l a r g e Output of heat, w o u l d be i n v i s i b l e . A l t h o u g h of v e r y 
l o w d e n s i t y , the d i m e n s i o n s of No. 15 (about 0.2 p a r s e c 
d i a m e t e r ) are st i i l too smal l for a n e b u l a . T h e condi t ions of 
r a d i a t i o n p r e s s u r e b e i n g h i g h l y v a r i a b l e i n s i d e t h e s a m e 
model, a homologous t r a n s m u t a t i o n of t e m p e r a t u r e , r a d i u s , 

Tab le 7. 

" G i a n t " Models. 

(Core devoid of h y d r o g e n or h e l i u m ; i n t e r m e d i a t e shel l w i t h 
75 per cent hel ium, no h y d r o g e n ; outer shel l w i t h 75 per c e n t 

h y d r o g e n . ) 

a) Model No. 13. 

A d i a b a t i c o u t s i d e t h e core. L o g QMAX= 40.2001; R = 5,102.10 1 1 cm; 
M = 2,4406.10 8 5 g ; Q :Q = 4,74.10 6. 

IO10 cm IO6 deg 

Core, n = 3 = const. assumed 

0 
0.43-47 

4962.0 
1782.3 

6.3184 
4.9845 

0 
1.3177 

O.6OSO 
0.6080 

0 
40.0901 



E. ÕPIK A XXXIV. 5 

T a b l e 7. C o n t i n u e d . 

(Model No. 13.) 

r 
IO10 cm 

T 
IO6 deg 

log (> 
g/cm3 

Mr  

10:tt g 
n 1 — 
! O 8 J log Qr n 

Intermediate shell, adiabatic, n = na defined by equation (16) 

0.4347 1782.3 4.8046 1.3177 0.6080 40.0977 2.9128 
0.4400 1761.1 4.7894 1.3255 0.6076 2.9127 
0.4500 1721.1 4.7603 1.3404 0.6067 40.1045 2.9124 
0.5000 1539.1 4.6188 1.4096 0.6024 40.1246 2.9118-
0.5556 1365.6 4.4677 1.4773 0.5978 40.1430 2.9108 
0.6250 1181.8 4.2850 1.5494 0.5921 40.1611 2.9097 
0.7143 986.7 4.0572 1.6237 0.5850 40.1781 2.9083 
0.8333 779.5 3.7594 1.6958 0.5756 40.1922 2.9064 
1.0000 559.1 3.3402 1.7577 0.5619 40.2001 2.9036 

Outer shell, adiabatic, n — na defined by equation (16) 

1.0000 559.1 2.9699 1.7577 0.5619 39.9969 2.9036 
1.1111 510.4 2.8550 1.7704 0.5580 2.9028 
1.2500 460.9 2.7264 1.7854 0.5537 2.9020 
1.4286 410.5 2.5804 1.8034 0.5488 2.9010 
1.6667 359.1 2.4119 1.8257 0.5430 2.8998 
2.0000 306.3 2.2116 1.8543 0.5360 2.8983 
2.273 273.9 2.0710 1.8759 0.5311 2.8972 
2.500 251.9 1.9655 1.8928 0.5274 40.0213 2.8964. 
2.778 229.5 1.8485 1.9124 0.5232 2.8953 
3.125 206.7 1.7171 1.9354 0.5184 2.8943 
3.571 183.38 1.5666 1.9628 0.5129 2.8930 
4.167 159.44 1.3908 1.9963 0.5063 2.8914 
5.000 134.68 1.1789 2.0383 0.4983 2.8896 
5.556 121.97 1.0547 2.0637 0.4935 2.8885 

6.250 108.96 0.9129 2.0929 0.4880 2.8872 

7.143 95.63 0.7496 2.1269 0.4815 40.0605 2.8856 

8.333 81.88 0.5552 2.1669 0.4737 2.8838 

10.000 67.65 0.3159 2.2145 0.4640 2.8814 

11.111 60.31 0.1727 2.2417 0,4581 2.8798 

12.500 52.80 0.0060 2.2715 0.4511 2.8780 

14.286 45,07 1.8083 2.3039 0.4427 2.8758 
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Table 7. Continued. 

(Model No. 13.) 

r 

10 lü cm 
T 

IO6 deg 
log (> 

• g/cm3 

M 
1035 g 

, 1—ß log Qr 

Outer shell, adiabatic, n = = na defined by equation (16), continued 

16.667 37.11 1.5657 2.3385 j 0.4321 2.8731 

20.000 28.86 1.2521 2.3743 0.4181 2.8693 

22.73 23.74 1.0089 2.3953 0.4069 40.0905 2.8662 

25.00 20.24 2.8104 2.4085 
I 

0.3975 40.0898 2.8634 

27.78 16.66 2.5686 2.4204 ! 0.3858 2.8«01 
31.25 12.98 2.2588 2.4302 0.3704 2.8555 
35.71 9.18 3.8294 2.4371 0.3483 2.8486 
41.67 5.18 3.1227 2.4404 0.3095 2.8360 
50.00 0.52 6.7177 2.4406 i 0.1615 2.779 
51.02 0 — CO 2.4406 — OO 1.500 

ß) Model No. 14. 

L o g Qmax = 42.4736; R = 1,915.1015 cm 
Q : o = 1,41.1015. 
^ n nr ' 

M = 435,5.10 35 

r T l O g Q Mr 

1
 1}<, Pr ! 

IO10 cm IO6 deg g/cm3 1035 o- i n 2 i dyne l02i d Z n e ! n 

I 
g/cm3 

cm2 cm2 

Core: same as No. 13. 

Intermediate shell, radiative equilibrium with log Qr = 40.0901 

0.4347 j 1782.3 j 4.8046 1.3177 6.340 25.706 

0.4400 j 1760.5 j 4.7902 1.3257 6.057 24.460 

0.4500 ! 1720.6 j 4.7582 1.3405 5.500 I 22.334 

const. 

3.00 

(2.67) 

3.23 

1010 cm 

T 

IO6 deg 

lOg () 

g/cm8 

M r 

IO35 
i i—/? loo; —L-

b P 
log Qr 

Intermediate shell, continued: radiative equilibrium with n — 3.25 = const. 
and variable Qr 

0.5000 j 1544.6 ' 4.6058 j 1.4085 j 0.6202 i 40.1211 
0.5556 I 1380.1 ! 4.4469 ! 1.4737 ; 0.6324 j 40.1426 
0.6250 : 1212 5 j 4.2642 ! 1.5424 ! 0.6465 I 40.1647 
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Table 7. Continued. 

(Model No. 14. 

Iog Qr 10° de IO10 cm 

Intermediate sliell, continued: radiative equilibrium with n = 3.25 = const. 
and variable Qr 

0.7143 1042.3 4.0507 1.6144 0.6629 40.1873 
0.8333 870.4 3.7962 1.6890 0.6825 40.2103 
1.0000 698.9 3.4865 1.7654 0.7063 40.2321 
1.1111 613.7 3.3032 1.8039 0.7204 40.2430 
1.2500 529.3 3.0942 1.8422 0.7365 40.2544 
1.4286 446.2 2.8531 1.8799 0.7550 40.2652 
1.6667 365.0 2.5697 1.9165 0.7768 40.2760 
2.0000 286.4 2.2274 1.9514 0.8032 40.2870 

Intermediate shell, continued: radiative equilibrium with n = 3.30 
and variable Q 

const. 

2.0833 270.79 2.1449 1.9581 0.8128 40.2883 
2.1739 255.52 2.0614 1.9644 0.8204 

2.2727 240.34 1.9736 1.9708 0.8284 

2.500 210.70 1.7852 1.9831 0.8455 

2.778 181.88 1.5743 1.9947 0.8647 

3.125 154.06 1.3364 2.0055 0.8863 

3.571 127.35 1.0635 2.0154 0.9111 

4.167 101.95 0.7447 2.0243 0.9401 

5 000 78.05 0.3619 2.0321 0.9749 
5.556 66.74 0.1375 2.0355 0.9953 

6.250 55.90 1.8834 2.0386 1.0184 

7.143 45.60 L5917 2.0413 1.0449 

8.333 35.90 1.2488 2.0436 1.0761 

10.000 26.86 2.8330 2.0455 1.1139 

11.111 22.620 2.5869 2.0463 1.1362 

12.500 18.593 2.3060 2.0470 1.1628 40.3279 

14 286 14.798 3.9787 2.0476 1.1915 40.3286 

16.667 11.252 3.5863 2.0480 1.2272 40.3289 

20.000 8.006 3.0982 2.0483 1.2719 40.3285 

25.000 5.116 4.4564 2.0185 1.3299 40.3271 
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T a b l e 7. C o n t i n u e d . 

(Model No. 14.) 

r T log (> Mr 

IOto cm IO6 deg g/cm3 IO35 g 

Outer shell, n = 3 = const.; adiabatic equilibrium [na for such a high value 
of the radiation pressure, ß = 0.04469 = const., differs from 3 but 

negligibly); 

Q 
log —— = 4.8346 when k is const. 

K 

25.00 5.116 4.0861 2.0485 
50.00 2.786 5.2944 2.0487 

100.0 1.6208 6.5885 2.0489 
200.0 1.0382 6.0083 2.0494 
500.0 0.6885 7.4731 2.0516 

1000. 0.5717 7.2310 2.0591 
2000. 0.5126 7.0888 2.0992 
3000. 0.4923 7.0360 2.1911 
4000. 0.4815 7.0072 2.3540 
5000. 0.4745 8.9880 2.6044 
6000. 0.4692 8.9736 2.9691 
8000. 0.4609 8.9502 4.1049 

10000 0.4538 8.9301 5.886 
12000 0.4470 8.9103 8.423 
15000 0.4368 8.8803 13.844 
20000 0.4183 8.8239 27.626 
25000 0.3977 8.7582 47.366 
30000 0.3755 8.6832 72.41 
40000 0.3288 8.5101 133.63 
50000 0.2825 8.3124 198.52 
60000 0.2395 8.0973 259.60 
80000 0.1680 9.6353 350.74 

100000 0.1153 9.1448 400.92 
120000 0.0762 10.6054 423.8 
150000 0.0354 11.6034 432.6 
191500 0 — 435.5 
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T a b l e 7. C o n t i n u e d . 

7) Model No. 15. 

Log Q = 42.5641 ; R = 2 , 8 9 9 . 1 0 " c m ; M == 5 3 4 . 1 0 8 5 ; 
Pc : G w = 3,98 .10 2 1 . 

Core a n d i n t e r m e d i a t e s h e l l u p to r < 25,000.10 1 ° c m s a m e a s i n 

M o d e l N o . 14. 

IO1" cm 

T 

10(i deg 

log Q 

g/cm3 
K 

IO3"' gr 

Intermediate shell, radiative equilibrium, n = 3.30 

25.000 

29.412 

5.116 

3.577 

4.4564 

5.9435 

2.0485 

2.0486 

Outer shell, n • 3 = const. (cf. Model No. 14); ß — 0.04030= const. 
Qr 

log — 4.8366 when Ic ~ const. 

29.412 3.577 5.5732 2.0486 
50.00 2.106 6.8832 2.0487 

200.0 0.5290 7.0832 2.0489 
500.0 0.2136 9.9015 2.0490 

1000.0 0.10847 9.0186 2.0491 
2000.0 0.05591 IÕ.1552 2.0492 
5000. 0.02437 11.0734 2.0493 
10000 0.01386 12.3375 2.0494 
20000 0.008597 13.7159 2.0497 
50000 0.005442 13.1201 2.0507 

100000 0.004389 14.8399 2.0538 

r T 
IO15 cm i deg 

lOg Q 

g/cm3 

Mr 

IO35 

2.0 

5.0 
10.0 

15.0 
20.0 
25.0 

Same, continued 

3860 
3528 
3384 
3302 
3226 
3146 

14.6725 
14.5552 
14.5009 
14.4691 
74.4388 
14.4058 

2.0695 
2.2621 
3.473 
6.512 

12.023 
20.468 
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Table 7. Continued. 
(Model No. 15.) 

r T log <j Mr 

IOir' cm deg g/cm» 1035 g 

Same, continued 

30.0 3058 14.3689 32.096 
40.0 2863 14.2831 64.89 
50.0 2649 Ti. is i7 107.88 
60.0 2425 14.0668 158.62 
80.0 1985 15.8061 265.7 

100.0 1591 15.5178 359.6 
120.0 1255 !"5.2085 430.0 
150.0 862 16.7192 493.5 
200.0 423 17.7916 528.4 
289.9 0 — OO 534.0 

and mass does not seem possible, even as an approximation; 
therefore, we had to leave all our resul t s unchanged, thus 
deviating from the procedure employed with respect to the 
types of strueture diseussed in the preceding sections. 
Although a quantitative application of our result to smaller 
masses is not possible, qualitatively similar types of strue-
ture may be expected to resul t for s tars of di f ferent m a s s e s ; 
Models No. 14 and No. 15 are of a size which does not 
occur in our observational data, but we may expect similar 
s t ruetures to exist 1'or masses of the observed order of 
magnitude. 

W i t h respect to the distribution of mass between the 
di f ferent sections of the star, our examples refer to two 
extreme cases : Model No. 13, with the major fraetion of mass 
in the core, but at the same time with the mass of the outer 
shell comparable to the mass of the core; Models No. 14 and 
15, with almost the whole mass in the outer shell, and an 
almost negligible fraetion of mass in the core. Without doubt, 
intermediate cases could be constructed, as well as such 
where the major fraetion of the mass is in the core, the outer 
shell f i g u r i n g as an extended atmosphere of a relatively 
small mass. 
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Table 8. 

Character i s t j c Data for the Models of Table 7. 

(T = 4,96.10° deg ; QC = 2,08.106 g/cm 3 .) 

Model No. 13 14 15 

R - . R 0 

M: . U q 

mioi • -

Qo • Qm 

Praction 
of mass 

Fraetion 
of heat 

'j intermediate shell 

I outer shell 

1 core 
) intermediate shell . 
\ 

output *) I outer shell . . . . 

Bottom ( 27 de0-

of outer ! ö 

shell { Q ff/cm®  

I centre  

ß 

I interm. 
) shell 
) 

outer 
shell 

( bottom . . . . 

\ top  

( bottom . . . . 

I top  

Effective temperature of the surface, 
deg abs  

7.36 

123.0 

— 11.91 
4,74. IO0  

0.54 

0.11 
0.35 
0.78 
0.22 

0 

559. IO6  

933 

0.198 

0.198 
0.215 
0.215 

1.000 

95900 

27500 

22000 
— 17.59 

1,41.1015  

0.0030 
0.0017 

0.9953 
0.0041 

0.0031 
0.9928 

5,12.1015  

1,22.10—4 

0.198 

0.198 
0.045 
0.045 
0.045 

5790 

4,18.106  

26900 
- 17.82 

3,98.1021  

0.0025 
0.0014 

0.9961 
0.0034 
0.0024 

0.9942 

3,58.106  

3,74.10—&  

0.198 
0.198 
0.040 

0.040 

0.040 

496 

Our computat ions w e r e made w i t h o u t consideration b e i n g 
g i v e n to any de f in i te propert ies of the phys ical source of 
s tel lar e n e r g y . Of course, g r a v i t a t i o n a l e n e r g y . mainly as a 
source in the core, i s s e l f - r e g u l a t i n g u n d e r all c i rcumstances . 
However, f rom the s tandpoint of the t ransmutat ion of the 
e lements, the condit ions at the bottom of the h y d r o g e n -
containing outer shel l determine the secular s t a b i l i t y of the 
model. In Model No. 13, the t e m p e r a t u r e and d e n s i t y at the 
bottom of the outer shell (cf. Table 8) are ra ther h i g h , 
r e q u i r i n g a v e r y intense development of subatomic e n e r g y , 
w h e r e a s the amount which the outer shell is able to g e t rid 

*) Net output radiated into space. 
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of is zero; therefore. Model No. 13 would not be secularly 
stable, and should go on expanding ins tead. In Model No. 14, 
and still more so in No. 15, the temperature and dens i ty at 
the bottom of the outer shell are too low for an appreciable 
amount of subatomic energy to be produced, whereas the loss 
of energy by this shell is very la rge ; the models will contract. 
Prom such considerations it appears that a secularly s table 
type of s t rue ture may be an intermediate one between No. 13 
and No. 14. Given a definite law of subatomic energy genera-
tion it may be possible to calculate secular ly stable g iant 
models of a g rea t var ie ty of s t r u e t u r e depending upon the 
initial conditions. This problem we hope to d i s e u s s in f u t u r e 
in a cooperative invest igat ion. 

Tartu, March 5, 1938. 

Note added in proof. 

The importance of convection as a means of heat transport, and the 
fact that the adiabatic value of the temperature gradient cannot be much 
exceeded, has been pointed out by Jeffreys (Monthly Notices 91, 121, 1930), 
and has been more thoroughly studied by L. Biermann (Zeitsch. für Astroph. 
5, 117, 1932; Astron. Nachr. 257, 269, 1935 and 2(J4, 361, 1938), who also 
computed some models with convective zones and with a small degree of 
concentration of the energy sources (s T, cf. i b i d e m , and Astr. Nachr. 
258, 257, 1936). The only case of a convective model with a concentrated 
source of energy ("point-source") hitherto computed is Cowling's (Monthly 
Notices 96, 58, 1935). 
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