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In the previous paper! arithmetic was used as the
foundation of metric geometry. The paper aimed at some
contribution towards bridging the gap between primitive concepts
and immediate percepts in geometry. What follows aims at the
came end in arithmetic.

1. The primitive ideas.

B. Russel and A. N. Whitehead?® have tried to derive the
concepts of arithmetic from those of logic. Percepts are the
concrete bottom of concepts. The idea of perceiving involves the
following primitive ideas: 1. existence, 1. difference, II. parts,
IV. becoming and V. tendency. The idea of difference in its purest
form is the logical concept of the negation “not”, as the idea
of parts is the concept of the conjunction “and”.

There are constituents [II1]® of the process [IV] of
perceiving: sensation [l Il}, memory [IV 11 IV], thought [1V 1II} and
imagination |V].

There are similar-(partly not different) percepts. The imagin-
ation tends [V] to associate [LII IV] similar percepts with similar
names (denotative words) or [IlI] other [II] similar symbols.

2. Symbols and rules of mathematical deduction.

The identical (not different) part of similar percepts is
called (named) the content of a concept, and these percepts
together [III] the extension of this concept or the class whose
elements or members are these percepts separately (not
together). A class is symbolized by a Latin letter, e. g. a, and
its members by the same letter with an index, e. g. a,.

Thought analyses [[VIII] perception into concepts. The
expression (naming) of a perception in the words denoting the
concepts involved is called a proposition. The proposition “a is
called (or will be or will mean or will denote the same as) 5"

1 Acta et Comm. Univ. Tartuensis A NIX. s (1931).

2 Amer. Journ. of Math. XXIV (1902), p. 378. Mind 171 (1934), p. 297.

3 The square brackets contain references, here to the primitive ideas
involved.
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is called a definition. It will be written (symbolized) by
Heyting’s! symbol “=—":
a—b

The proposition “a; is a member of the class a” will be
written by Peano’s? symbol “g”:

) a; &

So

& . “is a (member of the class)”

The negation “not” will be written by Whitehead’s and
Russel’s? (or Gabelsberger’'s*) symbol “~"":
~ = “not”

Brackets will often be replaced by Leibniz's® dots, greater
bracket by more dots, a group of brackets within a proposition
by the dots replacing the -greatest in the group, omitted at the
beginning and end, e. g.

(~(aeh) ~:~.aseh
~.agb: Tt ~¢b
~ &.==“is not a”

A dot or dots will replace also the conjunction “and”.

There are different steps of perception: by sensation, in
memory, in thought, and in imagination. There are perceptions
pin thought connected with another perception ¢ and not thought
without this, if fully [II ILI] thought of. This connectedness is called
implication of ¢ by p and is written by Gergonne’'s® symbol «“2>7:

pog O qg<p
i. e
pog. - . oif p, then ¢7 or “from p follows ¢ or “p implies ¢
For the sake of brevity instead of
po>q.q>p (from p follows ¢ and from ¢ follows p)

there will be written

Pz
Sitzungsb. d. preuss. Akad. 1930, p. 57.
(. Peano, 1 Principii di Geometria (1889).
A. N. Whitehead and B. Russel, Principia Mathematica | (1910).
A. Padoa, La Logique Déductive (1912), p. 35.

A. Padoa, 1. e, p. 46.
{bidem.

[P U T

o O
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The mental (in memory, thought, and imagination, or repro-
ductive, analysing, and constructive) activity |V IV] produces
[[V] new (non existent in memory) facts (perceptions) implied
by the old (existent in memory) ones. There are immutable
(Il 1V] elements [III] in this mental activity — so-called primi-
tive mental facts. The expressions of these primitive facts are
called primitive propositions — rules, laws, axioms, postulates.
The deriving (producing) of new propositions (¢, ») from the
given (p) and old ones (P) is called deduction.

The rules of mathematical deduction are:

A p>ip. P (if there are any given propositions,

then there are these and the old ones)
B P>y (if there are p and ¢, then there is g¢)
C p.p>qidip.q  (if there is p and from p follows ¢, then

there are p and ¢)
D POgOr.O.pow
pdgsr. tpdq.q s (if from p follows ¢ and from
g follows », then from p
follows )
E POp=p
F P g DiipT LD 1
epEr.O.qEr
2.TEPL.DLTEY
t.~p.0. ~q
tLp.rIdigar
t.r.PIOIr.g

. p CD g (it pdenotes the same as ¢, then in combin-
ations with the symbols "~ &, ~,., >
p may be substituted by ¢)

G ~pe~D2p (from not p does not follow p)

The first rule (A) explicitly justifies the real first step of
mathematical deduction, i.’e. the recourse to the old propositions.
Similarly the second rule (B) justifies the choosing from the
existent propositions of the suitable. These .two rules together
with the “‘rules of inference” (CD) are involved almost in every
deduction, and therefore will not be specially referred to.
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3. Primitive concepts and primitive propositions in
arithmetic.

The primitive concepts in arithmetic are: “ome” [I1II11],
“equal to” [11 1I] and “the sum” [1II}, symbolized by 1, = and -
(plus). These concepts areindefinable in arithmetic (though logically
derivable from primitive ideas indicated in square brackets). Hence
we must have rules for the use of these symbols. These rules
are the primitive propositions of arithmetic. The first of them
is the definition of natural number.

Natural numbers are 1, 14172, 213, 341" 4,
44175, 54+126, 617 74178 81L1=9, 9--1= 10,
10—-17 11, 11 4-17 12, and so on, 19-+17"20, 20 +1 __ 21, and
S0 0N, 99 41 100, 100 -1 = 101, and so on, i. e. one is a natural
number, and if according to this definition ¢ is so, i -+ 1 will be also,
and every natural number is so defined, or in symbols:

lens.this definition.>.ien: >1i4-1l.en
t.a&n.>: this definition.>.asn
::7. n— the class of natural numbers

1

From this moment onwards a, &, ¢ ete. will denote natural
numbers and x the class of natural numbers, if not stated
otherwise. .

The remaining primitive propositions are:

a " h. g a=1"

e

3 | a=b.c=d:>.a+c=b-+d

1 a+b+1)=(a+0b 1

- at+b=c.>2.a¢
:¢?i.~ —

From these primitive propositions and suaitable definitions
according to the rules of deduction in the following pages, the
fundamental facts of arithmetic willbe deduced. The propositions
and their deduction will be written in the introduced symbols.
The deduction will be adjoined to the proposition by the
symbol of implication in its second form “c”.
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Every proposition will have its specifying number (as the
primitive propositions have their numbers 1...5, and the rules
of deduction the letters A... Q).

In the course of deduction the specifying numbers or letters
of propositions needed as arguments will be written under the
symbols of implication and equality or inequality.

4. The values of the natural numbers.

6 (el =20

I O S I A/ B Rl e I
i :

(SR W)
]
i
I~

n=050.>.b=aq

-1

)

t2ita=0.>.a=bt.a.>.a"at.a"b.aza:>:b
: &

tWhizald.b=a
9

8§ a=b=¢.>.a=clta=<b=c.ta=b.b=c¢

ct.a=b=c¢.2:0_a.bT¢in.a"¢c.D.a=c¢
7.2 F 2

9 a=14. .a and b have the same value

10 a-—-b.en (the sum of two natural numbers is a natural
number)
¢t b=1.2ta+b.¢n
i 1.3.2.F

rb=1d¢.ota+b.eni.oib=14+1.5.a-+b
=ao+@G@+D=(+i)+1.2tatb.en
3 4 1.8

11 a+b+ey=(a+b)-+c
.ﬁ::c:l.i.a+(b—}—c)=(a+b)+c

tve=1.2.a+0+te)y=(a4b)Fc:0te=7i+1.>
-a+(b+c)=3a+(b+(i+1))7a+((b+i)+1)

n (a4 —+4) +13:((“+b)+i\)+]
(6D (1) = (a-5) e

4
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12 a41=1-}a
cita=1.2.a+1=1+4a
1 3
=¢.d.a+1l=1I1~+a:dia=¢i+1.>.a-+1
=@ +)+1=0+N+1=1+0GF+1=1"a
3 4 3
13 atb=b+ta
cub=1.>.a+b=b+a
1 12
th=i.0.at+b=bFa:>ib=7i+1.5.a--10
a,~{—(7.'+1)r:(a+i)~|—]:(i—i—a)%—l:i%(a—‘—l)
3 1
IOt @=6+nta=bta

I

1

[8

If x» y, z denote any objects of which equality and sum
are defined and the associative law 11 and the commutative
law 13 hold, then

4 et (y+ 2) = x+(2 +v) =3(5+ y)+= = (y+2)+o = (24
—l/+(:v+7) (x+2 J*(z+9f)—|—y??+(vf+y)
-=f+(y+x)=(y+-l’)+f=(x+y)+f-‘fw+z/+z
13 13 13
Lwxtriy ytrtroytita it ady

¢ +y+x;; the sum of =, », and z
15 a>>b. b<a tc.a=0-+¢
. (has) greater (value) than :<Z.Z . smaller than

:.j>.-,_,,.~> :<|\.7'.~<

16 a=0b.b>c¢cid>.a>>ci.a>b.b=c:d>.a>¢
15.3 15.3

17 a>b>c¢.d>.a>cr.a>b>c. “ta>b0h >
tha==b-|d. [)—(,—+—P >. a——(f’—4~0)+11-f~ {¢c—+—d)
h 15
18 a>b.>.a+e>b+c¢
Cra=0b4-d. ,.a—ﬂ:(b+cl)+(#(1) “4-¢)-+d

1.3 15
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19 aZ1.>.a=b-+1
1

20 a>1:b<a.>.bemiasmic>a.D.cemi.dem>D
i dLadXa)>d>a).(dZa.d Pa)>(d<a)
ddacdPar>@=a)s:s >:den. >.dem

tt.Cit.b=1.>.1legm
]

th=J.a=btvc.e=1:z:1.dema=i——L:0i+1.em
15

th=d.a=bte.e=fL1l:0iiem.a=i+f+1
19
=(z'+l)+/':3:.'i—|—1<a.::'i+1.sm
item, z-{—]—a—f—l 1—{—1>a D1t loem
::c=i:a—{—g.:‘:1'em./z'+1=a+g+l:D
15 15
i1 >ar0i—1.6m
21 a.biostazb.a < D a0 b a{b.a }b:?.a:b
20.17.5.6.G =

= /) | b: D .a<_bs:—.thevalues of the natural num-

bers [9] form an ordered set, and every natural number
a cuts this set into inferior numbers fa< a and superior
numbers Sa > a

22 a+b=b4c.>.a=c

Ci.a-tb=b4c.2:a
21 15.G

Feade

5. The difference, product, and quotient.

It «, y, # denote any defined objects of which the equality
and the sum are defined, then

23 rx4y=z. ax=z—y:zi—y.= .zminus y. .the
difference between z and y
24 a—b=c. (Z—()—f a=d.b=c:2.¢c=Ff
Y] a:(’—i—b d_]‘+€—~f—{—b ;) e+ b=f40

22

[\J
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(a4+8)—a=1b
.Clatdb=c.>.c—a=D
10 23

a>b4ec.>a—(b+e)=(@—0b)—c
Cia>bdce.oia=b+t+c+t+d. >

8 15 14.23
ta—(bte)=d.a—b=c-+d.>
23

(a—b)y—c=d

ae>b. > {a—b+ec=(@+ec—

iCtia—b=d.>:(a—b)Fc=d+t¢
15.23

?g (b—{—d%—c)-—b‘——;(a—i—c)—b

a>b>c¢c.>2.a—0b—c)=(a—b+c
otb=ct+d.a=bte=ct+d-t-e
8 15 15

ota—(b—e¢)=a—d=cte
23 23

.(a—b)—{—c.)—;e—kc

d>>a.b>>eDia>b. g.d~a<d—b:a>b.g.a—c>b—r'
nCna=l+4e.2.b=a—e.2.d—0
15 15 23 21

=d--(a—e)=d—a)+e:(b+—ec=0—0)F¢
28 27

a=1l.aXb: T1X b =biia=it+l.aXb:=(E4+1)Xb
i Xb+bioaX b Zab:.ab—the product of a and?d

ab.sn

tcet.a=1.2:ab.en
1 30

tta=—t.D:ab.eni.Dt.a=t+1l.5:ab.en

30.10
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32 uau=b.c=d:>.ac=0d

t.Clia=b=1.>.ac=0bd
1 30

ta=b=1i.>.ac=0bds>ta=b=i+1.2
30.3

.ac=bd
33  a-c¢)=ab-+} ac

Crra=1.>.a(b-+c)=ab-}-ac
1 30

tea=i.o.ab-to=abtac:>ia=7{+1.>
.a(b—‘f—@);(i%—l)(b—}—c);i(b+c)+b+c

=ib+b+wte=C+1)b+ G+ 1)c=ab} ac
15 30 32

34 a—b=c.>.d(a— b)y=da—db
tCode=(db+ de) —db=d(b+¢)—db=da— db
25 33 24

3 al=1a

Lta=1.2.al=1a
1 32

t.a=i.2.al=1a:Dra=7i-+t1.>.al=(i-+ 1)1
=114+1X1=1{+1X1=1(G¢+1)=1la
30 30

36  ab=ba

.Crb=1.>.ab=1ba
1 35

tb=i.2.ab=ba:D:b=7i+1.>.ab
=a(i4+1l)=aitae=ia+a=(G-+1)a=la
33 30

37 a>b.oe>di . (a—b) (¢ —d) =(ac + bd) — (bc + ad)
.Cita=bte.c=d+t+fio:(a—b)(c—d)=¢f
19 15 23.32
t(ac+ bd) — (be 4 ad) = (be + ed + ef + bd)
36.33

— (be 4 bd - ed) = ¢f
25
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38  (ab)e=a (be) ~abc _~ the product of a, b, and ¢
.C..a—l (ab)cﬂa(bc)
1

teo=i.D.(ab)e=a(be):>ra=i-F+1.>.(sh) ¢

=((i 1) b) e = (3b -+ b) ¢ =(eb) c +be =i (be) — be
30 36.33.36

= (¢ 1) (be) = a(be)
30

If =, y, z denote any objects of which the equality and
the product are defined and the commutative law 36 and
the associative law 38 hold, then

39w (ye) — (’u) (Zy)a" = (Y& ) == =1 ./(~w) = l/( LZ) = (Jca

= (ex)y = z(xy) = (Jx) = (Jr)z = (Ly . ryz mEy
36 38 36
“yrz _yzx - zey — zyxz . the product of x, y,and :

10 a=>b.>.ac>be

Cra=b-+d.>.ac=bc+de
15 15 36.33.36

41 ab=cb.D>.a=c¢

:otab=cb.D:abc.a ¢
21 40 .G

If z, y, z denote any defined objects of which the equality
and the product are defined, then

2 axy=z. .z =fj :/ —.z/y:z[y.=. the quotient of z by y
43 alb=c.de=f.a=d.b=¢:D.c=/f

t.Cia=be.d=¢f:D.bc=c¢ef
42 42

tnbhe=¢ef . b=¢e¢:0.c=f
41 .

l}
44 a)=a
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6. Rational numbers.

ah .. «a a __ . a
45 o b acths of b .= rational number -
i e c b
0
46 be = ac
h .
ach a

Dwac = .. = e
s7 44 b as36 0

- ad .
47 =, .>. natural numbers are rational

ub B
s a:_d‘_;a_d_a
' h'_cc'”"b—e_;—b
+9 }(:; g.(((lzbc.,: (;Z=7b
’ ¢ 36
:C‘;t %.D.Zbd:r; bd. = ad =l
’ 16.38 S G
sy e _e _ @ e
) b AT Ty T f
a ¢ [4 a € .
:C: o bdf= bdf= ", bdf.>.-, bdf= " Wdf
1648 7 d f fm.s b f
« e - a ¢
5 = .17, — have 5
51 ) J ) and a have the same value
) d a d a ada
52 : et 4 L7
0= I;C+ec"' '(b Je)(/ b%e
. the sum of “ and K
b ¢
N_— c _a+e
0 ]; o 7) o b )
a ¢ a ¢ M=
. b= b4+ Cph= ="
15 (7' +b) " b B "% a+c46 o

; ¢ ad-be ¢ a
o4 7])7 + d - 7 b(l 13:"()- d il I)r
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60
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P R ”) b — P cd g
d] " 5245 O d 3944
~ad4-cb
= — bd
6 bd

c €

a c a €
y=a =Ty

a 4 . . .
cer ® = O o adf = bef. . adf -+ ebd
pig b 4 < <

19.32.41 3.22

—cbf+ebd. 2. (%+i) bdf = (;+}f§) bdf
54.46 /

a ¢, e a ¢ ¢
< - — -+ =] b4, - - )b(l/"
4553434411(5 +<d_rf) r ((b+ LZ)+f
a ¢ ¢ a . .e a c o, e
b = o “d < b — T f b4 -+ f
°.> > 40
b> q c.ad>bc.c. = a
36
e, L =0 + cadf =cbf-+ebd .>.ad = ch -+ vbd
5 b f48 asz N
7 ad ¢ a, o ,,,C, qv
.066:3—7()0‘}“.(] 1859 b(l b([+’7d4q)) b - d +/J(]
a _ ¢ ¢ e a__ e

a ¢ g ¢ g
«C E +*:
57 bo7d ho’)f‘h
7 c ¢ _ e a e
R A T R S
¢ ¢ g a
C e = L=
57 457f+k5 b
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3 e a ,7e,,
61 b> >} T)>f
a ¢ g ¢ 2 1 )
Q8. = « Ty =/ o —— D -
S RN A e A R
(e i\ 9 e (i 9
3%( +J)+h 6 f+(,7+h)
“. ¢ o a4 e _°f
62 Z)>(,l C.b‘f>d+f
e 8 Y LAY LR W
=TT T f'55(d+h)+f
(e &\ 9. e (¢ N\ I
e 9y e e_°c 9
l_kd+ll)+f :)D.a‘b 7k
53 L~ oo e _ad—ke
L A T A ¥
a ¢ ¢ cf+tde ,
pe DL O AT df = bef - bde
bz d T foy df wéf f
.D-[l(lf—])(,‘f‘:,)(lb’-D.(ld*b(}:b(?c
23 - 344143 !
e ad — le ad — be e a ¢
=g = T Yy 0T e8¢
! ’ 16 bd d 18 bd f'23 b d
a_ ¢ e_ g ¢ e a ¢ a e
4 - e T = = . D-* =
O T T TR AT T AT 7
¢ > L y_¢e_ Y
d f < d kF h
. a 4 ¢ a C € a c €
B gty 7)—(7+7)—(*5*7)“7
i ( f) adf — (hof < ebd)
I 5163 bdf
)

_ (adf—bef) —ebd (a c) e
63

26 M \bd) T
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. a_ ¢ a o\ e (e ey ¢
o6 F>da£ﬁ“ d)*f‘(b*ﬁ a

. a [ 9 C e 4 C a
A A - B
R e R T R IRl S B S

Faa) r d
c e - ¢ 7 Y
>, S s
A7 Fogen & R F R
Sl e e e e 7
. 7 f b dg b (f+J)

S e 1 N 7
6o d 0 faTd J
s9 Wen. deyy de=(a AV, Byl =2 d
69 c”l'fbn°cXf":(cxfbe“cxf':'Cf
—. the product of — and %
_ a ¢ ac ¢ a
R YaT At ” bow 2aS )
a_, ¢ aclbd  ac
2 X =)bd = age= 5=
a8 (b d) 69.46 44 bd 450d
| @ c¢ o ae  ce
TR AT df
a [4 . -~ ae ce
sCi=— . 2. adef="heef.Z .7 =
by $ou S 0 Al

>R

L { C e ac
72 4 = e St
‘ (d+/) 54.70.33 .51 bd_i—bl‘

o>~ 2

z_q _ @ ae
d fle3.70.34.63 b bf
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a
>

B E> 2

a - e ce
Ci— > — g adef>bcef, > .
b d 58.40.41.21 58 bf df
g 8¢ _ud
O aT e
e (L o\ o ade ade a
o \b dfd s b “be dqgbed 4o
a e - a e e . e a c 5 g,a g ¢
M —=—.72.—/ ===/t = E =
b N S A B d 6™ m b h'd
a_ ¢ - a, e c,e _a_ ¢ 5 g,a g .c
8 = 2 et — 2 L~ Ty
b AT AT d ST ST
4 ¢ ac 5 @ Coa ¢ o0 ¢ 5 a_ ¢
A G I S -y Sl ARl 1 Sty 2 S ARl el
49.58.21
a eoa o, ¢ a c

Il

. the values of rational numbers [51] form an

a
— cuts

ordered set and every rational number ﬁb

this set into inferior numbers

. a [£4
I <3

and superior ones

a

S > b

_— . a
— rational cut s
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t.Cte— > = Dead >be.>iad =be g
b™ d 3 15
+!})(h+i)>rbc(h+’i)+ghi56(h+i)
be{h—+7)+gh

2 > bd (h¥4) >

81 wem.>.uxen:d:a.arm.x < a (every class m of natural num-
bers has among its members 2 a smallest a)

t.Cett.lem.D.1=ua
19.15

st l~em.Dicoc~emixem.d>.c<z:(cH1)em:.Dct1=a

Crissl~em.oixem.D.1 < x
G 19.15

st ~emixgem.>. i< x:.D. (1 1)~ em
: Dsaem, DL 1<
(Crsif 1o it 1Zz:d i1 >
G 21

tew=itj.odibl =gt h=ifj kit 1)
15 15 3 19.14.5

:.0:1hEm Db ~ em
1

c

a e a o e
2 A
8 i

T AR d:-;::ﬁr}:. irreducible

&..la

Up
b g
(rational number) 5

7. The cuts.

a . . aaq
83 e irreducible : D'EE;éQ
aao -~
tCte-=2.2.a0=2bb.>: a0 >0
G bob 49 15

Laa<(2b)(2b) :>: a>b.a<2b:>
40.32.21

.o
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86

87

A XXVIIL,
ta=0b-c. c<b Dt b——c—[—d d—b——c 5
15
aa—l)b+cc—{—260 dd-—(bb—{—cc)——‘zbc >
33.14 27.25
dd
tag +dd =2bb+4-2¢cc. > dd=2¢c.>. — =2
22 49 CC
as _e . a e cc e - ¢ E
84 gl‘)<"f—.-:,j.-b*8_[ T.dd>7r._>g-dé\sil/f
:Le. " . a class of‘ra‘tional numbers -named inferior

numbers of z

: Sz .

a class of rational numbers named superior

numbers of x

il

o]

4
=. square root 01’7

a a ¢ ¢
—~celx.> —eSx:—~s&n.:.ﬁeln

b

xze cut .

) d

LI e
¢Sz st.D.b>d

@]s:

z is an irrational cut in the ordered set of

rational numbers (as [84.83] the square root of 2)

::x ~ ¢. rational cut :>:xe. irrational cut

irrational cut : >:xe. rational cut

el ~ E.

ze cub. >: Lix . Sfx.S¢x~Lx<%

¢ e [¢ 2a o
C..Ik[l/———z. Skx—-—7.(~d——|—§—6)~8bx

e c a
A-— =)/ = B d—cf)3b
(f ) 8b 63.76.44.30 (€ )

¢ N @ .
.79.385.E+((ed—c/)3b)%.sbx
2*
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91

93

94
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:.D:(%—f—m%’)sé‘x.((ed—cf)3b)sm.2~em

1:d>ii.i~em.(t41)em
81

a

’i———l)3b

—~

¢ . a c
.S = 7 +(Z+1)§Z'I"x=3+
zecut.yecut: v Sy . L > Sy  =Z.o>y.—.y<x

xe cut.yscut:z>y:. 0y S

2:C: L > Sy, oL Ly << Sy < Lax < Sk
79.85 79.85

L Ly < Six.o. Ly P Sex
61 79

wecut.yeecut.zecut:a >y >z:. 0.2 >z
C: Ly >8y > L,y>Skz.>.Lx>Skz
38 79.85 61
zecut.yseut:z by cfLy:=.x=y==x
88
zecut.yecut: >ux byxd y:d.x=y:.z py.x7y: >.2<y
91
:.a:<|:y.,1:¢y::>x>y
snC i py.vFy:d.aLy. o=y
G 91
nxfy.2Fy:d.ePyr.o.z=y
91
zecubt.yecut.zecutiz >y .y =z2:.5.8>2

::C . Lie > Sy . Sz = Lie + §(Lix — Siy) . Sy Lz
88 87 91

5.8 P Sy+4+Tix—Sy) . >. Se<llx
62.55 75.62.61.59

zecut.yscut.zscut:x=y.y >z:.>2.x>2

s:C Ly > 8z . S = Lie + 4 (Liy — Siz) . S & Ly
88 87 9N

0. Iix <|: Ly—+sTy—=82z .>. Lax>8z
23.68.64 75.62.61.60
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95

96

21

recut.yecut.zecut:x=y=z2:.>.0=2
G.93.94

zeent.yecut: Lw 4Ly . =. Ii(x+y): Sax -+ Say
=Sty

xecut.yecut:>. (x4 y)ecut

Six > L. Sn/> Luy. Sy (v +y) = Six+ Sy
79 85 96

Az~ y)= D+ Iy i Sux +y) > Iz +y)

i>S,'36~}—Sy : D Sz + Siy
b 62.79.85 b

= Si{x +y).Skx=%— Y
96 23

-%<L‘x —}-L-y:%:%—-—Ikx—{—Iky:Il(x—{—y)

a Lix aly
= b(I,x+Iy)<M Ly= b(I.uc—'—Iy)<Iy

e S,w.S,y.—Z—>S,-x—f— Siy

<~

to~e i;c.I,-y.%<L~x—l—Ly
= 2 L8 S B S < Iy + 2
.. ..-d = b f.- ¥4 o7 k- zf ky kJ f
:D.Skx+8ky<Ikx+Iky+'ef“
o a e c
.D.SkZ+Sky<—-+-——. DSL%+SAy(_
61.62 b f a

2
93 7 7—-5’!(35—1"?/)

|

g a 1 ) i
e —— .1 —_——
A b Lx8>7 Six 3 1Y %Sly 57

20 i+ Ly > S+ Sy —Ji.
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e e le+Ily>_"*’T-D Izl—|-Ily> g
hlb‘) J

N N O
D'h<i)°31'h Li(x+vy)

DO —z+y

79
98 recut.ye cut.ze cut: o: z >y D x>yt

:._..Ir——Sy~|———.S12—LJ+— > ol 2)
96.57.88  88.

a
Ix—{—Iz'~—Sy—|—Sz—1—zb I2+Zb 2
.Lx=&y‘—i—%

99 xscut.yecut.zecut:a:x=y.CD..oc—}—z=y +z
G.98

100 xecut. yscut D x+y—u+x

101 zecut.yecut.zecut:>. x4 (y 2 =@+ y)+ ¢
. 96.56

102 zeeut.yecut.r >y Sz = Sew — Liy : Lix > Siy
D le=Z=hLa— Sy:.oizecut.z =z —y

c--:.Skx>Ikx.Sly>‘]ly:J.Skx—Ily>Ikx—Sly
68.61

——>Su(——]y ?_Sk Ly:skz.skx=%+1,-y

b < Lw— Sy > —Ikx——St/-—]k.d L=+ —{—Siy

::.%:: ~ :Sl-x.liy.—ba—>8i.w;——Ly:. ~ Lz . Sy .%<L~x-—8’iy



A XXVIIL ¢ Foundations of Arithmetic 23

c a4 . ¢

..... —

oot =o 7

e e
.8 I —. I Sy — —.:2
AT

.Sz:);—Ly<I,x—Sty—-}——;—_.m:GéSlx—.Ly<%—}—%. >

.Sz-f*—.[z:t/<%!.3:%>‘z—-3-%‘=SL2
g a 7 7 7
:l—=———.—-lm" Smx———.-Smi <Im — D
ko by "L8>7 2) Js7 y+2J
¢ . a )
.Lnx"—Smy>Smx‘*Imy—"T"D'Imx" Smy>_“_",‘-"3
J 6162 b
PR _'q__. -i _(l.. ;q_.= c . —g’—:
A bmy>h..:>.h<b.:.h Imz...739.b 4

200 8ie = 8Sax—Ly.2>.8x=8z+ Ly {ﬁ]k (z+y)
96.G
dzg=ILx—Sy.>.hae=Lz+Sy}p Sc(z+y:.>
96.G 9

x=z~+y.>.z=xr—y
23

103  zecut.yecut.zecut.tecut:z™>y.2 >t

oty e —y<lr—ziy>2. 2 y—t>z—t

::c:.:.I,-y=S,~2*—f—i

y a
.S,'x=1iac—{— — D.S{(x— 1)
102 B8.57 b 87 2b Y

(Tt 2\ (8ot 2 — (T — 82y — &
102( -t Zb) (S.z—l—b)65 (i — i) — 2

S,x—.[,y=IL73'_S:2'—‘£; S,SU:‘LZ“I—%

2b

: 0. Iy -—-&-z—{»%
23.3

&

::Lg/*-—S;z—{—ﬁ.Sit: I,~t—|—£: > . Lily—1t) = S;z—{—i
b e 26 102 b
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a .o — [ _a_
— (Iit—}—%) :——; (Siz — Lity+ 55
i Ly — Sit = (Siz It)—{- = It-+ = 53

3DIy-—S +

104 =xecut.yscut.zecut.tecut:z>y.2>1

Y=g 2 a—y=ao—ziy=z. 2 y—t=z—1
G10392
105 zscut.yscut.zecutiz >y -tz c.x—(y+2)=(x—y) —=z

(m———(y—l—z)) 1~(Sej+b,z)—1(x—y)—8.z

b Si((x—y)—2). L((w —y)—2)=Lx—Siy+2z)
102 102,65

p = Si(x — (y—{—z)) :

102

106 zecut.yecut.zecut:ux>y:. 2. (w——y)—i—z—(J—|—z)—y
102.68.

107 zecut.yecut.zecut:a>y>z: .0, v —(y—2)=(x —y)+2
102.68. 67

108 wxecut.yecut: >:. (Lx) (Ly).=. L(zy) : (Swx) (Sey) . =. Sp(2y)
109 zecut.ye cut:>. (xy) e cut
LCe S.’L >IA.’L‘ ‘Sly > Imy S (.Ty) === (Slx) (Sly)
7. 85 108
Ay (y) = (L) (Lmyg) 2 > Selawy) => Ly ()
75.108, 61
a
> (S) (S s 21 7 = (Sk) (S) = Bi(y)
79.85 108
S = % / Swy

— < (Lix) (Lyy) : >: - = (Lpx) (Liy) = L(zy)

M = %?—/JQy
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: ."Zf:: ~ ¢+ 8x. Sy .-g—>(S,-x)(S,~y):. ~: Lz .Ly.—Z—< (Lix) (L)

c a

AR R (1—7) Swsﬁw(hx)/( 2f)

< (Lvy)/ (1 _z—f) 5. (8ix) (Sky) < - g’"ﬁ?,(lk?ile)e_
' 74.75 12 ,
F g
<@ﬂ@@J-WM@w<i%b—ﬂo
(LIS P b f
c 4 a 4
- (81z) (Siy) < I SR S (zy)

s % b (1~—7) L >(Sz]‘) (1———) Ilu>(Sly) (1 ——])

(L) (L) > (i) (Sly)(l—-—Jr )>(sw) (S J)(l_gl)

45

i

> (Te) (L) > - (1_ 7) > (L) (Ty) >4

.9 a9 A o S A
> 7 < 2 .138. A Il(xy)"'?g',b xy
110 xecut.yscut.zscut:::x>y.c>.xz’>yz
e ¢ alz
. —IS, 1 :’I,' T ——— ]
8857 I} y+b Z Z+d d Z)Ii.l,'
. a ¢ ac
:0.8:(yz) = L‘.L’—-—~) Lz — = ({[x)Lr) ——
y 108( b T 73.72.65.25 bd
111 wrecut.yscut.zecut:dior=y. 2.0z =yz
G.110
112 xescut.yecut:d.zy = yx
108.70

118 xecul.yecut.zecut : . x{yz) = (xy) z = xyz
1087039

114 zecut,yecut.zecut: 2. ay-+2)=ay-t 1z
108.72
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‘115 zecut.yecut.zecut.y>e: > .xly—2) =xy—az

nCrLi(w(y —2))y = Lz Ly — Lz Siz < Sy (xy — 22)
92.91 108.102.73 79.85.75.68

. Si(x (y—2)) = SieSyy— S Liz > L, (xy — x2)
108.102.73 79.85.75.68

116 xecut.ysCut.zscut.t‘scut.x>y.z>t: So(x—y) (e—t)=

= (#z 4 yt) — («t +-y2)
tL@x—y)(z—1) = (L Lye Sy Sul)
92 91 108.102.74

— (L St Sylid) < 8, ((wz - yt) — (@t + y2))
79.85.75.62.68

Si@w—y)(z —t) = (S,m Siz + Ly Lb)
108.102.7

— (S Lt +LySe) > L (wz+ yt)—(xt+yz2))
79.85.62.68. 75

117 zecut.yecut.Siz=Swx/Liy.lLz=ILx|Sy:>tzecut.z==z/y

28 > L. Sy > Ly s> W See | Ly > I | Sy
78.61

a4 S/ Ly = Siz . Sgr = % Ly

a
te > 8l lys o
b YraTh

<[x/S1y D ——Ikx/Sﬂ —-.Z[CZ Ikx_—— Y

:::%::~:Six.Iiy.?>Siw/L-y:.~: .8y . b<Iac/Sy

(5 a

el *® L m=— —_ e_ x 1A e
s = b/(l f).slngl /( f) Ily>Sy( f)

:%.Szx/lzy<(Il7c/Sly)/( )<(I;x/8ly)/(1————?)

7

E)- >, Slw/Izy<%

. D.SIW/IL?/<—Z-/ (1-— f

SYCY

a
>0 g =52
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g . a AN ) ' i
st = —(1— =) . L > S|l — ). Sy < Ly /1 — =

h b( (7) ﬁ ( 2]) IS '//( 23)
D | Spy > (Spx / Tay) |1 — - - 4 —. S [ I (l~)
E y>( y)( J ,4ﬂ)>( T (1=

.D.Imac/Smy>%(l~—;—_).D.Imx/Smy>%

T 4 AP a_
..:.h<b > “r mz...%.b z
1008 = Six/ Ly D Sw__(S,Z)(IW <f[k(/y)

11z =L [ Sy« > Iix = (L2) (Swy) 3> Sk (2y)
108.G

DL x=2Y.oz=2lYy
91 - 42

118 xeeut.yecut.zecut :>:. z>y.2.x/z>ylz
117.75.110 ,

>y, CD czjlx < zly

119 xzecut.yecut.zecut:ios.x=y .8.:c/z=y/2
G.118

iw=y. 2 .zlz=2ly

120 zecut.yecut.zecut: > .x/y = xz/yz
117.108.91

If x and y denote any defined objects of which the equa-
lity and the product are defined, then

121 z=1yy.=.y=}x:)x =. the square root of z

8. Real numbers.

In the following propositions =z, v, 2, ¢, u, v, w will denote
cuts, if not stated otherwise.

122 x4y —z=(r—2)+y.xr—2z= real number x— 2
123 (w-—y)+y]§(w’+y)—1—w (w—y)+(y+z)——

2.14
=(@+aty)—y=atz
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124 z=(rx—+y)—y.>. the cuts are real numbers
23 122

125 @—y)te=t—uwtez.=Z.z2—y=t—u=x—y
91

126 Jc——y=2~~t.2:x—1—t=y—}—z. g.t-—z———y——w

100
WCrix—y=z—1t. g.(x—gj)+y—}—t
125
=(@E—t)Fy+t.2.ott=24y
123

127 2—y=2—t=u—0V.2.C—y=u—"
95.125

128 ((z—y)+2)HE—w+v) . Z.((x—y) + ¢ —w)+ (¢4 )
t(@x—y)+ (t—u).=. the sum of x—y and t—u

129 (x~y)+(2*t)=(w+z)-—(y+t)$(Z-—t)-i—(w—y)
-§3=(x—?/)+(z—t,)+(y+t)

=(@—p+y) e+t =otz

128
180 w—y——:z—~t.3:(wmy)+ u—v)=(z—1t)+ (u—0)
&) () = () - (@) 2 @) — ()
1)

9
=(z+w)—(t+v).2
126

ztutttv=z4ut+ytv. g xft=2z-4+y

99

181 (2—y)+ (e—8)+(u—0v)) = ((@—y)+(—1)+ @—v)

129 101 (

182 (=) —C— ) =@~ ()= @) ()

Sy~ 2 .8y =) et —(4)
h - A= (t+v) —y+(/+ ol T (48 —(y+2)

1.126
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1383 (w—y)—((z—t}«}—(u-—v));; (x—y) — ((z—{—u)—(t—{—v))
— =9+ (49— +w)
= (@—y)+(t—2)+o—w

129.14
134 z=y.=. 90——1/:0:0:%(‘0:.06:1/—}—2.,5.x—y>0
_f_- x—y.e. positive real number :_ . y—ax <70
E y—2z.e. negative real number
135 0 =0
“i.x = =1 D At =y-4z

.126
186 (@—1)+0 = z—y+G—2)=@+)—@+)=c—y
134.135 129 126

187 (z—y)—0 = x-—y
134.135.132.136

138z y=z-—t.2.(c—y) —(¢—t)=0

:c:x——-y:z‘t.g.x+t=y+z
126

e =0=@E+0—(+a=@—9—(—1
134

139 0—(z—y) = y—2:0—(2—y). .~ (& —y)
132,136

140 r=y+z.0tx—y=z.y—x=—2z
23 139

141 (@—y1(z—108)  (F—yYz—(—yYt. 7. x(z—t)—y(z—1)
.—. the product of x—y and 2 —¢

142 (x-—*l/)(z—ﬂ (W+yt)—($t+1/7)~ (z—8) (= —y)

= (!/—x) (t—2)
100

From this moment onwards a, b, ¢, etc. will denote real
numbers, if not stated otherwise.
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.

143 a4+ (—by=a—»b. a——(~—b)—-a—l—b
iCha=x—y.b=z—t:Dta+(— b)-—(ac——y)—{~(t~—z

=@+ )—(yt+e=@@—y) —(@E—1

129 132

va—(—b) = (x —y)— (t—2) = (x+2) — (y+1)
B 139 132 .

=@—y)+(z—1)

129

144 a(— 5 = —(ab).(—a){(—1) = ad
139.142 139.142

145 a#@.::abzo.g.b:()

t.gitia=x —y.b=z—t:>::a>0.2>:(x—y)z
154 141

:(x—-y)t.g.z———t:.a<0.Dz(y——w)z
111 134
=(y-x)t.g.2=t
111

146 0X 0 = 0
134.142.111.99

147 a;éo_.g.aa>0
140,144

148 aa—}—bb:().g:azo.bzo
147.136.97.G
149 a (b4 ¢)=ab - ac

Clha=2—y.b=z—f.c=u—v:>D
142

ca(b+c) = (@z+zuyt4yv)
142.114
— (y2 4 yu + 2t 4~ 2v) = ((wz +yt) -

129

— (yz + rt) ) + ((@u 4 yv) — (yu - xv))

150 as£0.>:b=c¢c. g.ab=ac
134.149.145
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03

151 a(be) = (ab)c
141.144.113

a a —a a
152 o= e e 0 = T
—byo14a b —bygia b
b ¢ ¢ ¢
153 4£0.5:b=¢.2 . —=—t.a=0z£0.>. =
42,150 @ 42.150 4
4 C )
=0 D a=Db
a b 42150

154 —-+ az20:2.00
b 42.145.146.G

9. Complex numbers.

156 a—bb_.(a—I—b)(a——b)
149.144. 143

157 aa-+bb.—= (a—{—bz) (a —b2) 212 =7 = the imaginary
unit :a -+ bi.7". complex numbera—+ b. =
.the conjugate complex number to a-— b
taa -+ bb. . the norm of a1 bi:) aa 4 b= a—bi|

— . the absolute value of a++ b

158 a-+0i.=a:0+ai =ai
——.purely imaginary number ai: 04+ 07. =0

159 a=b.c=d:—.at}tca=b+di=a+tc
125

160 a+tbi=c+tdi=edfi.>.at+bi=etfi
159.127
161 (a-+bs)+ (r+d1 a4+ )+ (b+d) z—(c+ dé) + (a+h)

162 a4~ bi = c+-di. 2 . (atbi) + (e + fi) = (c--di) + (e-+£i)

161.159.130
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164

166

167

168

169

170
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(600 4 ((e+d) + (e fi)) = ((a+bi) 4 (c+di)) -+ (e} fi)

161.159.131
(a—D1) (¢ -+ di) = . (ac ~— bd) + (ad -+ he)i = (¢ d?) {a + b7)
142.159
: (a4~b) (c-f-di) —— . the product of a-+bi and e+ di

(a-t+b2) ( e+ di) 4 (e4-f7) ) = asz)((Tf]/)+(a+ bi) (e 4 f©)
(a7 ((e+-di) (e4-£7) ) ((a+bz ) (c+di)) (e -+ fi)

a+bi=0.5. (a4 boy(cH{diy=
158.164.143. 146

(a+0bi)(c+de)y=0.a+biz==0:D>.c+di=0
tvCitac—bd=0.ad+bec=0:>

148.158 164.138 164.581
.20, D.bde = ace = —add. >
138.146.135 149
ca(ee+ddy=0.2>.cc+dd=0
145,
th£0. 0 .acd = bdd= —bee. 2. b(dd—-cc) =0
138.146.135 149

a-Fbizt 0.0 etdi = efi . 2 . (a4-1i) (e di) = (a+ bi) (e + fi)

23.134.158.165.167.168

. ¢t-di__acrbd | ad—be,
abiz=0 25150 abi aa4—bb+aa 5"

2. ¢4 et fi
a+biz20.>: c+d2~e+ﬂp]69a+bi =k

ut etfi _etfi
tha-bi= 6+d?¢042169“+b7 i

et fi_et+fi L :
b T :}ZEZ¢O >S.at+bi=c-|de

42.169

e+fi_ta-t-b) e+

a+biz£0,c+diz£0: qu’c—|—'d7 (a4 b7) C+dz
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10. Concluding remarks.

The primitive concepts and primitive propositions together
with the indispensable definitions make up the foundations.
Writer has tried to start from perception and the primitive
ideas involved therein (instead of Veronese’s thought). The defi-
nitions are brought in closer accordance with the historical
development of arithmetical concepts, and, perhaps, also with
the development of individual thinking. Thus the rational,
real, and complex numbers are defined not simply as ordered
pairs of numbers already settled but, following Peano!, as
pairs in proper symbolical connexion. And the formulas for
the fundamental operations are given not in their final form
but in a more suggestive preliminary form, from which, by
proper propositions, the final form is derived.

The symbolics used remain, of course, open to criticism.
For it is a pure convention. The writer has tried to use no
new symbol. Still Heyting’s symbol = is used in a slightly different
meaning as a symbol of definition. The quantity of different
logical symbols is reduced to 5. This has been possible in con-
sequence of writer's aim not to develop an algebra of arith-
metical propositions but to convey to the reader the funda-
mental facts of arithmetic.

The writer is much indebted to Dr. J. Nuut and Dr, A. Tude-
berg tor very valuable criticisms.

Corrigenda.
In the proposition

19 must be az21.>:b.a=0b-11
21 omit a.h:>:: l

45 must be % instead of %
48 must be . instead of :

52 and 69 must be . and : instead of : and ;.

69 omit %b &m . QE &n

f

1 G. Peano, Arithmétique (1898), § 2 P 060.



